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Abstract. An important step in solving a stochastic optimization problem is the search for an 
efficient method for discretizing the distribution of the random parameters. This step becomes even 
more critical when one works with multistage problems for which the discretization of the underlying 
stochastic process leads to a scenario tree of potentially gigantic size. Finding smartly designed 
scenario trees is therefore essential to broaden the class of solvable multistage problems. In this 
paper, we introduce a new approach for generating scenario trees based on a quality criterion 
called the figure of demerit, which takes into account the structure of the optimization problem to 
design suitable scenario trees. This approach is versatile as it can be applied to essentially any 
problem, regardless of linearity, convexity, etc., and combined with a great deal of discretization 
methods used in numerical integration. The way it is implemented, however, depends on the 
properties of the problem and the stochastic process, and is explained through examples and 
algorithms. 
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1 Preliminaries

Multistage stochastic programming provides a mathematical framework for modeling and solving
multistage decision-making problems that involve uncertain parameters. Sources of uncertainty
are numerous in real-word optimization problems: the prices of assets in a portfolio optimization
problem; see, e.g., Ziemba [44] and Yu et al. [43]; the energy demand and price, and the natural
inflows in reservoirs in a hydroelectricity production problem; see, e.g., Wallace and Fleten [42]
and Kovacevic et al. [21]; the number of customers on each route of a transportation network in
a network design problem; see, e.g., Louveaux [24] and Powell and Topaloglu [34]; etc. Provided
a probability distribution is available for the underlying stochastic process –most often inferred
from available data– a multistage stochastic programming problem (MSPP) can be formulated and
addressed using different approaches; see, e.g., Ruszczyński and Shapiro [36], Birge and Louveaux
[1], and King and Wallace [20].

In this paper, we consider a MSPP with discrete stages t = 0, 1, . . . , T , with T ∈ N+, and for
which the objective function is given as the expectation of a revenue function. The revenue function
depends on the uncertain parameters, which are modeled at each stage t = 1, . . . , T by a Rdt-valued
random vector ξt, and on the decisions yt ∈ Rst made at t = 0, . . . , T with the goal to maximize
the objective function while satisfying the constraints; for the sake of clarity and without loss of
generality we assume that st = s and dt = d for all t. For notational convenience, we add an
artificial random vector ξ0 at stage 0 that takes only one possible value ξ0 with probability one. We
consider, therefore, the following dynamic of actions from stage 0 to T :

y0 = x0(ξ0)
ξ1−→ y1 = x1(y0; ξ0, ξ1)

ξ2−→ · · · ξT−→ yT = xT (y..T−1; ξ..T ). (1)

This dynamic means that the decision y0 is made when only the non-random information ξ0 is
available, then a realization ξ1 of ξ1 is revealed and based on it a decision y1 is made at stage 1.
The decision y1 is therefore a function of y0 and (ξ0, ξ1), which we denote by y1 = x1(y0; ξ0, ξ1).
Note that we keep the notation with y’s for decision vectors and the notation with x’s for decision
functions; the latter are functions of the y’s and the random parameters ξ. At each stage t ≥ 2, the
decision yt = xt(y..t−1; ξ..t) is a function of the previous decisions y..t−1 := (y0, y1, . . . , yt−1) and the
random information ξ..t := (ξ0, ξ1, . . . , ξt) available at this stage.

The MSPP considered in this paper can be formulated recursively by introducing the stage-t
recourse function Q∗t and the stage-t expected recourse function Qt, which are linked by the following
set of stochastic dynamic programming equations:

Q∗t (y..t−1; ξ..t) := sup
yt∈Yt(y..t−1;ξ..t)⊆Rs

Qt(y..t−1, yt; ξ..t), t = 0, . . . , T, (2)

Qt(y..t; ξ..t) := E[Q∗t+1(y..t; ξ..t+1)|ξ..t = ξ..t], t = 0, . . . , T − 1, (3)

where the set-valued mapping (y..t−1, ξ..t) ⇒ Yt(y..t−1; ξ..t) ⊆ Rs models the feasible set at stage t
and, to complete the definition at the first and last stage, the equation (2) is initialized at t = T by
setting

QT (y..T ; ξ..T ) := q(y..T ; ξ..T ), (4)

where q : R(T+1)s×R(T+1)d → R is the revenue function, and at t = 0 we remove the y..t−1-argument
of the feasible set and recourse function, i.e.,

Y0(y..0−1; ξ..0) = Y0(ξ0) and Q∗0(y..0−1; ξ..0) = Q∗0(ξ0). (5)

The quantity Q∗0(ξ0), which is no longer a function as ξ0 takes only one value, is the optimal-value
of the MSPP. The optimal decision policy of the MSPP is the sequence (x∗0, x

∗
1, . . . , x

∗
T ) where x∗0(ξ0)
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is a maximizer of Q0(· ; ξ0) and x∗t (y..t−1; ξ..t) is a maximizer of Qt(y..t−1, · ; ξ..t) in (2). We refer to
Keutchayan et al. [19], which provides the ground for our approach, for a complete and rigorous
presentation of the MSPP.

Example 1.1. An important particular case of the above general problem is the semi-linear MSPP
(linear in the constraints, non-linear in the revenue function) for which the following simplifications
occur:

• q(y..T ; ξ..T ) =
∑T

t=0 qt(yt; ξt);

• Y0(ξ0) = {y0 ∈ Rs : A0(ξ0)y0 = b0(ξ0), y0 ≥ 0};

• Yt(y..t−1; ξ..t) = {yt ∈ Rs : At(ξt)yt +Bt(ξt)yt−1 = bt(ξt), yt ≥ 0} for every t = 1, . . . , T ;

where q0(· ; ξ0), b0(ξ0), A0(ξ0) are deterministic function, vector and matrix, respectively, and
qt(· ; ξt), bt(ξt), At(ξt), Bt(ξt), for t = 1, . . . , T , depend on ξt and hence are realizations of ran-
dom quantities. In a linear MSPP the revenue function is further simplified as qt(yt; ξt) = ct(ξt)

>yt.

In this paper, we consider the MSPP in its general form (2)-(3), along with the set of conditions
detailed in Keutchayan et al. [19] ensuring that it is well-defined, as the mathematical developments
below allows to consider essentially any MSPP.

Problems in the form (2)-(3) are generally hard to solve. First, the exact computation of
the expectation (3) cannot be carried out in most applications involving continuous distributions.
Second, even when the distribution sits on finitely many points, the size of the resulting problem
(measured in terms of the number of decision variables and constraints) is generally too large
to be solved exactly by optimization tools. The approach that we follow in this paper to solve
approximately the MSPP consists in building a scenario tree, i.e., a discretized representation of the
stochastic process that involves only a limited number of its scenarios; see, e.g., Dupačová et al. [6]
and Defourny et al. [3].

More explicitly, we call scenario tree a triplet (T ,P,W) where

(D1) T = (N , E , n0) is the rooted tree structure with N the finite node set, E the edge set and n0
the root node;

(D2) P = {ζn ∈ Rd : n ∈ N} is the set of discretization points (one point ζn for each node and at
the root ζn0 = ξ0 by definition);

(D3) W = {wn ∈ (0,∞) : n ∈ N} is the set of discretization weights (one weight wn for each node
and at the root wn0 = 1 by definition).

On top of the above definition, we introduce the following additional notations and terminology
that will help us describe conveniently a scenario tree:

(N1) [n,m] is the (unique) sequence of nodes from n to m where m is a descendant of n; we write
(n,m] when n is excluding from the sequence;

(N2) t(n) is the stage (or depth) of n, i.e., the number of edges between n0 and n, and Nt := {n ∈
N : t(n) = t};

(N3) ζ ..n := (ζm)m∈[n0,n] is the discretization sequence leading to n and Wn :=
∏
m∈[n0,n]

wn is the
product weight of n;

(N4) C(n) is the set of children nodes of n ∈ N \ NT , i.e., those connected to n at stage t(n) + 1,
and p(n) is the parent node of n ∈ N \ {n0}, i.e., that connected to n at stage t(n)− 1;
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(N5) Pn (resp. Wn) is the set of discretization points (resp. weights) at C(n);

(N6) b := (b0, . . . , bT−1) is the bushiness of T where bt(n) := |C(n)| is the branching coefficient at
stage t(n); the concept of bushiness is defined only for symmetrical tree structures, i.e., those
for which |C(n)| = |C(m)| whenever t(n) = t(m);

(N7) W is said to be normalized if
∑

m∈C(n)w
m = 1 for all n ∈ N \ NT (this also implies that∑

n∈NtW
n = 1 for all t = 0, . . . , T − 1), and W is said to be standardized if it is normalized

and satisfies wn = wm whenever p(n) = p(m) (standardized weights have a unique form given
by wn = |C(p(n))|−1 for all n ∈ N \ {n0});

(N8) N (n) and E(n) denote the node set and edge set of the sub-scenario tree rooted at n.

To give sense to the scenario tree as a discrete approximation of the stochastic process, we
require that the triplet (T ,P,W) satisfies the additional two properties:

(D4) each scenario-tree leaf is at depth T (a leaf is any node n 6= n0 incident to only one edge);

(D5) each discretization sequence ζ ..n for n ∈ NT is a possible realization (or scenario) of the
stochastic process.

Given a scenario tree, the discrete approximation of the MSPP, called the scenario-tree approx-
imate problem (STAP), is defined as follows:

Q̂∗t (y..t−1; ζ
..n) := sup

yt∈Yt(y..t−1;ζ..n)⊆Rs
Q̂t(y..t−1, yt; ζ

..n), t = 0, . . . , T, n ∈ Nt, (6)

Q̂t(y..t; ζ
..n) :=

∑
m∈C(n)

wm Q̂∗t+1(y..t; ζ
..n, ζm), t = 0, . . . , T − 1, n ∈ Nt, (7)

where Q̂∗t and Q̂t are the scenario-tree estimators of Q∗t and Qt, respectively, and, similarly to (4)
and (5), at t = T the equation (6) is initialized by setting

Q̂T (y..T ; ζ ..n) := q(y..T ; ζ ..n), for every n ∈ NT , (8)

and at t = 0 we remove the y..t−1-argument, i.e.,

Y0(y..0−1; ζ
..n0) = Y0(ζ

n0) and Q̂∗0(y..0−1; ζ
..n0) = Q̂∗0(ζ

n0). (9)

The quantity Q̂∗0(ζ
n0) is therefore the optimal-value of the STAP, it is the scenario-tree estimator

of Q∗0(ξ0) and the difference |Q̂∗0 − Q∗0| is called the optimal-value error (we drop the arguments
for conciseness). The optimal decision policy of the STAP is the sequence (x̂∗0, x̂

∗
1, . . . , x̂

∗
T ) where

x̂∗0(ζ
n0) is a maximizer of Q̂0(· ; ζn0) and x̂∗t (y..t−1; ζ

..n) is a maximizer of Q̂t(y..t−1, · ; ζ ..n) in (6).
When dealing with a real-word application, the scenario tree must be carefully chosen in order

to provide a good approximation of the original problem. What constitutes a “good approximation”
is an open question and will generally depend on the considered problem; see Kaut and Wallace
[17] and Keutchayan et al. [18]. In this paper, we follow the common guideline that consists in
constructing the scenario tree with the goal to keep the optimal-value error as small as possible for
a given finite computational cost. We emphasize that by “scenario tree” we mean the whole triplet
(T ,P,W) described above, and not only the set of discretization points and weights (P,W). In
particular, we want to improve the efficiency of the scenario-tree approach by searching for appro-
priate tree structures T , which means searching also among structures that are not symmetrical.
We will see that using non-symmetrical structures allows to capitalize on some knowledge that the
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decision-maker may have about the revenue function and the constraints of the problem, which is
not permitted by purely distribution-based scenario-tree generation methods, which focus only on
the stochastic process and are blind to the specific structure of the problem.

Our approach differs from those based on scenario reduction (see Dupačová et al. [7] and Heitsch
and Römisch [14]) also by the fact that we do not reduce a given large set of scenarios so that it
reaches the required size. We rather build the scenario tree directly with the required size; by
“size” we mean the number of scenarios, i.e., |NT |. The way we generate the scenario tree relies
to some extent on pure discretization methods used in numerical integration, such as quasi-Monte
Carlo methods, optimal quantization methods, numerical integration rules, etc.; see, e.g., Sobol
[41], Pagès et al. [30], and Davis and Rabinowitz [2]. These methods have already been applied
to scenario-tree generation, for instance in Pflug [31] and Hilli and Pennanen [16], however, they
generally require a predetermined tree structure. The novelty of our work is to provide a systematic
approach for finding suitable tree structures to be used alongside any discretization method to
improve the overall efficiency of the scenario-tree solution approach.

To develop our approach, we use the optimal-value error bound derived in Keutchayan et al. [19]
and derive from it a figure of demerit for scenario trees. The decision-maker shall use this figure as
a quality criterion to find an appropriate scenario tree to solve a given MSPP or a given class of
MSPPs (a class is a set of problems having similar structure).

The remainder of this paper is organized as follows: In Section 2, we introduce the figure
of demerit and explain the general procedure to find scenario trees. In Section 3, we show how
the framework can be simplified and implemented in different settings; in particular, Section 3.1
deals with the case of stagewise independent stochastic processes, while Sections 3.2 and 3.3 deal
with stochastic processes with dependence across stages, the former is specifically on short-range
dependence and the latter is on long-range dependence. In Section 4, we conclude the paper and
discuss the outlook. Along the lines of our development, we illustrate the approach using several
examples; all corresponding figures are gathered in Appendix A.

2 Definition of the figure of demerit

We recall below the optimal-value error bound that we use to derive the figure of demerit:

Proposition 2.1 (Keutchayan et al. [19]). The optimal-value error between the MSPP and the
STAP for any scenario tree (T ,P,W) is bounded as follows:

|Q∗0 − Q̂∗0| ≤
∑

n∈N\NT

Wn sup
f∈Gn

|En(f)|, (10)

where, for every t = 0, . . . , T − 1 and n ∈ Nt, En(f) is the integration error at node n defined as

En(f) = E[f(ξt+1)|ξ..t = ζ ..n]−
∑

m∈C(n)

wmf(ζm), (11)

and Gn is any set of functions integrable with respect to the conditional distribution of ξt+1 given
ξ..t = ζ ..n that contains the set Qn of recourse functions defined as

Qn =
{
Q∗t+1(y..t; ζ

..n, · ) : y..t = x..t(ζ
..n) with x..t ∈

t∏
i=0

{x∗i , x̂∗i }
}
. (12)
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In (12),
∏t
i=0 denotes the (t+1)-fold Cartesian product, hence x..t is any decision policy having

each of its components equal to either x∗i or x̂∗i , and x..t(ζ
..n) denotes the decisions made with x..t

when the realization is ζ ..n in the dynamic of actions (1).
The above result shows that the optimal-value error can be kept small if the discretization at

each node n ∈ N \ NT is adequate to approximate the expectation of any recourse function in
Qn. These functions are not known exactly but we may know some of their properties, such as the
magnitude of their variation with respect to the random parameters, that are useful to forecast the
magnitude of the integration error (11) at node n. Thus, the general idea to adapt the tree structure
to the MSPP is the following: for a given node n ∈ N \ NT , it may occur that the functions in Gn
are easy to integrate numerically, in the sense that En(f) tends to be small for all f ∈ Gn regardless
of the number of nodes in C(n); in this case it makes sense to have only few nodes in C(n) and to
use the extra nodes in C(m) where m is such that Em(f) tends to be larger.

A core step in the development of our approach is therefore the search of relevant measures for
assessing the difficulty of numerically integrating the functions f ∈ Gn, in order to identify when
En(f) tends to be large or small. To this end, we introduce the set Gt(ξ..t) of recourse functions
defined as

Gt(ξ..t) = {Q∗t+1(y..t; ξ..t, · ) : y..t ∈ Zt(ξ..t)}, (13)

for every t = 0, . . . , T − 1 and ξ..t, where Zt(ξ..t) is the set of all feasible decision sequences up to
stage t for the realization ξ..t defined recursively as Z0(ξ0) = Y0(ξ0) and

Zt(ξ..t) = {y..t ∈ Rs(t+1) : y..t−1 ∈ Zt−1(ξ..t−1), yt ∈ Yt(y..t−1; ξ..t)}. (14)

We make the two following assumptions regarding Gt(ξ..t):

Condition 1. For any scenario tree (T ,P,W) and node n ∈ N \NT , the set Gt(n)(ζ ..n) is included
in a function space F for which it holds that

|En(f)| ≤ VF (f)DF (Pn,Wn), for every f ∈ F , (15)

where 0 ≤ VF (·) <∞ depends only on the integrand f and 0 ≤ DF (·, ·) <∞ depends only on the
discretization points and weights (Pn,Wn).

It is also possible to assume a weaker form of Condition 1, where the bound (15) does not hold
for any scenario tree but only for points and weights (P,W) that are restricted to some specific
form: normalized and standardized weights (cf. (N7), Section 1), points forming lattices, etc. If
the weaker form is assumed, then the development below holds only for the corresponding subset
of scenario trees. However, for the sake of conciseness, we do not treat this case separately and we
simply assume that Condition 1 holds in its strong form.

Function spaces for which (15) holds (in strong or weak form) are for instance:

(S1) F = W
(1,...,1)
2,γ,mix([0, 1]d) is the weighted tensor product Sobolev space: VF (f) is the norm of

f in that space and DF (Pn,Wn) is the so-called weighted discrepancy ; see, e.g., Sloan and
Woźniakowski [40], Sloan et al. [39], and Dick and Pillichshammer [5], Chapter 3.

(S2) F is a reproducing kernel Hilbert space of integrable functions for which the functional f 7→
En(f) is continuous: VF (f) is the norm of f and DF (Pn,Wn) is the norm of the representer of
En(·) given by Riesz representation theorem; see, e.g., Dick and Pillichshammer [5], Chapter
2, and Dick et al. [4].
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(S3) Fq is the space of integrable Lipschitz continuous functions of order q ∈ [1,∞): VFq(f)
is the order-q Lipschitz constant of f and DFq(Pn,Wn) is the order-q Fortet-Mourier dis-
tance between the conditional distribution of ξt(n)+1 given ξ..t(n) = ζ ..n and the distribution∑

m∈C(n)w
mδζm , where δζm is the Dirac measure at ζm andWn is normalized; see, e.g., Pflug

and Pichler [32].

(S4) F is a Banach space of integrable functions for which the functional f 7→ En(f) is continuous:
VF (f) is the norm of f and DF (Pn,Wn) is the worst-case error of (Pn,Wn) in F ; see, e.g.,
Hickernell et al. [15], Kuo et al. [22], and Novak and Wozniakowski [28].

The setting (S1) is a particular case of (S2), and the settings (S2) and (S3) are particular cases of
(S4). In their recent work on two-stage linear problems, Heitsch et al. [13] showed that the functions
f ∈ Qn0 almost belong to the function space of setting (S1) if the effective dimension of f is small;
see also Griebel et al. [11].

What makes Condition 1 useful is the fact that when it holds VF (f) can be interpreted as
a measure of difficulty for numerically integrating f ∈ F . Indeed, if VF (f) almost equals zero,
then the integration error En(f) is small regardless of the number of discretization points and
weights. Conversely, if the bound is tight, a large value of VF (f) means that f is difficult to
integrate numerically. In the latter case, it makes sense to add more nodes in C(n) and to spend
more computational time searching for (Pn,Wn) minimizing DF (Pn,Wn). We call DF (Pn,Wn)
the demerit of node n and VF (f) the VF -variation of f , as the latter is typically linked with the
intuitive sense of how much the values of f vary over its definition domain.

The second condition ensures that VF (f) does not go to infinity as f varies in Gt(n)(ζ ..n):

Condition 2. For each t = 0, . . . , T − 1 and realization ξ..t, the recourse functions Q∗t+1(y..t; ξ..t, · )
have uniformly bounded VF -variation with respect to y..t ∈ Zt(ξ..t).

When the set Zt(ξ..t) is a compact subset of Rs(t+1) (as holds under the conditions given in
Keutchayan et al. [19]), Condition 2 is satisfied in particular if the mapping Zt(ξ..t) 3 y..t 7→
VF (Q∗t+1(y..t; ξ..t, · )) is upper semi-continuous.

We define now two new concepts of prime importance in the development of our scenario-tree
generation approach:

Definition 2.2. We call set of guidance functions the set Γ := {γt(·) : t = 0, . . . , T −1}, where each
γt(·) is a R≥0-valued function defined on the set of all realizations ξ..t. We call figure of demerit of
the scenario tree (T ,P,W) for the set of guidance functions Γ the quantity

M(T ,P,W; Γ) :=
∑

n∈N\NT

Wn γt(n)(ζ
..n)DF (Pn,Wn). (16)

The guidance functions γ0(·), γ1(·), . . . , γT−1(·) are specified externally to the problem by the
decision-maker with the goal to match the VF -variability of the recourse functions at each stage and
for each value of the random realizations. Thus, these guidance functions carry information about
the structure of the MSPP related to its stochastic process, revenue function and constraints. For
a suitable choice of Γ, the figure of demerit plays the role of a measure of quality for the scenario
tree, as shown by the following theorem:

Theorem 2.3. Under Conditions 1 and 2, there exists a set of guidance functions Γ̃ = {γ̃t(·) : t =
0, . . . , T − 1} such that for every scenario tree (T ,P,W) the figure of demerit M(T ,P,W; Γ̃) is an
upper bound on the optimal-value error, i.e,

|Q∗0 − Q̂∗0| ≤
∑

n∈N\NT

Wnγ̃t(n)(ζ
..n)DF (Pn,Wn). (17)
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Proof. We show that the guidance functions defined as

γ̃t(ξ..t) := sup
f∈Gt(ξ..t)

VF (f), for every t = 0, . . . , T − 1 and ξ..t, (18)

are a possible choice for (17) to hold. Such γ̃0(·), . . . , γ̃T−1(·) are well-defined since the supremum
is finite by Condition 2. Let (T ,P,W) be any scenario tree. Taking Gn := Gt(n)(ζ ..n) for every
n ∈ N \ NT in Proposition 2.1 ensures that Qn ⊆ Gn and allows to write by Condition 1:

|Q∗0 − Q̂∗0| ≤
∑

n∈N\NT

Wn sup
f∈Gn

|En(f)| (19)

≤
∑

n∈N\NT

WnDF (Pn,Wn) sup
f∈Gn

VF (f). (20)

The last term is precisely the right-hand side of (17) for this choice of guidance functions.

The above theorem provides the theoretical justification of our approach to generate scenario
trees. This approach is in two steps: first, a set of guidance functions Γ is specified by the decision-
maker with the goal to match the VF -variability of the recourse functions with respect to the
random parameters; second, the scenario tree with the lowest figure of demerit M(T ,P,W; Γ) is
chosen among all scenario trees (T ,P,W) of a given size. This last step amounts to finding a
suitable tree structure along with the corresponding discretization points and weights.

We make now several remarks about the first step of the approach: The choice of guidance
functions is not unique. Not only any functions larger than the ones used in the proof will keep the
inequality valid, but more importantly, more suitable functions can be chosen (at least theoretically)
by considering functions sets that are strictly smaller than Gt(ξ..t) (in the sense of inclusion) but
still include Qn for each possible scenario tree. Finding such sets is however difficult since we face
the problem that we do not know x∗ and that x̂∗ depends on the scenario tree. On the practical
side, though, the choice of guidance functions is much more flexible that it can appear at first in
the theorem. Indeed, even if the figure of demerit is not a valid bound on the optimal-value error
for the chosen functions, we argue that minimizing the figure of demerit still provides a suitable
scenario tree if the guidance functions single out the “easy” scenarios (those with low variability)
from the “difficult” ones (those with high variability). Therefore, in practice, the guidance functions
are scale-free, in the sense that multiplying each function by the same constant essentially scales
up or down the figure of demerit but does not change the minimizing scenario tree.

We also make several remarks about the second step of the approach: Minimizing the figure of
demerit in the general form above turns out to be a difficult task in itself. It requires to optimize
simultaneously over the Cartesian product of the discrete set of all tree structures T and the
continuous set of all discretization points and weights (P,W). One way to tackle this issue is to
decouple the minimization, i.e., iterate over the structures and minimize in (P,W) at each iteration.
However, the minimization in (P,W) at fixed T remains difficult as it is highly non-linear. A way
to go around this difficulty is to restrict our attention to points and weights (Pn,Wn) of some
specific forms that are designed to keep the node-n demerit as small as possible. This is where
discretization methods used in numerical integration are useful, because they provide the theory
and the algorithmic tools to find (Pn,Wn) that minimizes DF (Pn,Wn) for each node n ∈ N \NT ;
see, e.g., L’Ecuyer and Munger [23]. Thus, by employing the previous simplification, we essentially
reduce the minimization of M(T ,P,W; Γ) in (P,W) at fixed T to the following two steps: (i) the
minimization of DF (Pn,Wn) at each node, and (ii) the right assignment of the discretization points
and weights to the appropriate nodes. The importance of the latter step will become clear in the
next section.
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We end this section by showing in the example below, which we purposely simplify, how a tree
structure can be found by minimizing the figure of demerit:

Example 2.1. Consider that we want to build a scenario tree for the following problem: At the
beginning of the year (stage 0) a humanitarian organization chooses the different locations of its
facilities in some part of the world that faces natural disasters on a yearly basis. In spring (stage 1),
the organization observes the risk forecast for the year and, based on it, assigns the equipment to
the different facilities accordingly. The risk forecast is represented by a random variable ξ1 taking
four different values: ξ11 (low risk) to ξ41 (extreme risk) with probability p1 to p4 inferred from
historical data. In summer and fall (stage 2), the natural disasters may occur, their intensities and
locations are represented by a random vector ξ2 having continuous distribution correlated to ξ1,
and the organization responds to them in a way to maximize the rescue efficiency.

We consider a scenario tree with four stage-1 nodes N1 = {n1, n2, n3, n4} having discretization
points ζni = ξi1 and weights wni = pi and we want to find the number of children nodes Mi := |C(ni)|
for each stage-1 node ni that minimizes the figure of demerit among all tree structures having less
than N scenarios. Since the scenario-tree discretization at stage 1 is exact, the integration error
En0(f) is zero regardless of f and hence we can set DF (Pn0 ,Wn0) = 0. The figure of demerit of the
scenario tree is therefore

M(T ,P,W; Γ) =

4∑
i=1

piγ1(ξ
i
1)DF (Pni ,Wni), (21)

where the guidance function γ1(ξ
i
1) has the following interpretation: it measures the variability

of the rescue efficiency at stage 2 given the realization ξi1. For more clarity, let us assume that
γ1(ξ

1
1) ≤ γ1(ξ

2
1) ≤ γ1(ξ

3
1) ≤ γ1(ξ

4
1). Such a difference in the variability may come from the fact

that the conditional variance of ξ2 given ξi1 increases with i, i.e., years of extreme risk coincide with
natural disasters of highly variable intensities and locations.

If we assume that the optimal points and weights (Pni ,Wni) minimizing the node-ni demerit
satisfy DF (Pni ,Wni) = A/|C(ni)|α = A/Mα

i for each i = 1, . . . , 4, with α and A two positive
constants, then the distribution of children nodes at stage 2 that minimizes the figure of demerit is
given by the optimal solution of

min
M=(M1,...,M4)∈N4

+

4∑
i=1

piγ1(ξ
i
1)

Mα
i

subject to
4∑
i=1

Mi ≤ N. (22)

As a result, the optimal Mi tends to be large if the product piγ1(ξ
i
1) is large. Conversely, if piγ1(ξ

i
1)

is close to zero (i.e., if ξi1 almost never occurs or if the conditional future given ξi1 is almost not
uncertain), then the optimal Mi equals one, which means that only one node is necessary in C(ni)
to reduce the discretization error, the remaining nodes being more useful elsewhere. We show in
Figure 1, Appendix A, the optimal tree structures obtained for α = 1 and different choices of pi

and γ1(ξ
i
1).

3 Simplifications and implementation

The computation of the node-n demerit is a core step in the application of our approach. A general
formula for it that would cover all possible types of scenario trees does not exist, it can only be
derived in some particular cases after having specified the function space F and the discretization
points and weights (Pn,Wn) (cf. the settings (S1) to (S4) in Section 2). It is however possible to
work with a simplified form, while keeping some generality, by merely assuming the following:
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Condition 3. We know a discretization method that generates points and weights, denoted specif-
ically by (P∗,W∗) throughout this section, that satisfy

DF (Pn∗ ,Wn
∗ ) = ft(n)(|C(n)|), for every n ∈ N \ NT , (23)

where f0, . . . , fT−1 : N+ → [0,∞) are monotonically decreasing functions.

This condition allows to consider a great deal of discretization methods, each having its specific
speed of convergence toward zero for the node demerit given by f0, . . . , fT−1, while providing a
more practical formula. The interest of a decision-maker should obviously go toward methods such
that each ft decreases to zero sufficiently fast. A typical family of decreasing function is given by
ft(x) = A/xα with α > 0 the rate of convergence of the discretization method and A > 0 a constant,
both α and A may depend on t and d.

We show now how Condition 3 allows us to find the scenario tree of lowest figure of demerit
given some decreasing functions f0, . . . , fT−1 and a set of guidance functions Γ. The way this is
done depends on the range of dependence of the guidance functions.

3.1 Constant guidance functions

We consider the semi-linear MSPP described in Example 1.1 with the additional assumption that
the stochastic process (ξ0, . . . , ξT ) is stagewise independent, i.e., for each t = 1, . . . , T the random
vector ξt is independent of (ξ0, . . . , ξt−1). In this setting, the variability with respect to ξt of the
stage-t recourse function does not depend on the realization (ξ0, . . . , ξt−1), hence it is relevant to
consider guidance functions Γind that do not depend on past realizations:

Γind := {γ0, γ1, . . . , γT−1}. (24)

We restrict our attention to scenario trees with symmetrical tree structures, which are characterized
by the bushiness b = (b0, . . . , bT−1); cf. (N6), Section 1. As for the discretization points and weights
(P,W), it is fruitful to differentiate two ways of generating them: in the first way, for any two nodes
n,m such that t(n) = t(m), the points and weights (Pn,Wn) and (Pm,Wm) need not be equal.
This leads to a scenario tree with a number of scenarios that typically grows exponentially with
increase of the number of stages; specifically the number of scenarios equals

∏T−1
t=0 bt. In the second

way, (Pn,Wn) and (Pm,Wm) are equal whenever t(n) = t(m). This leads to a scenario tree with
many redundant nodes, i.e., nodes being the roots of identical sub-scenario trees, and hence the tree
structure can be recombined without loss of information so that its number of nodes only grows
linearly with increase of the number of stages; specifically the number of nodes equals 1 +

∑T−1
t=0 bt.

Scenario trees of the second kind generally provide a less accurate optimal-value Q̂∗0 (see Shapiro
et al. [38], Section 5.8.1, where this conclusion is reached for scenario trees filled with Monte Carlo
sampling points), but they improve the computational efficiency of the nested cutting plane method
since they allow cut sharing (see Ruszczyński [35], Section 5.3). The latter property is also key in
the stochastic dual dynamic programming (SDDP) method, which has proved to be very efficient
for solving linear MSPP with long time horizon using recombined scenario trees; see, e.g., Shapiro
[37]. Whichever the type of scenario tree considered, standard or recombined, the tree structures
minimizing the figure of demerit are given by the following proposition:

Proposition 3.1. Consider a semi-linear MSPP with a stagewise independent stochastic process
and a set of guidance functions Γind. If W∗ is normalized, then:
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(a) the symmetrical tree structure of lowest figure of demerit having at most N scenarios is the
one with the bushiness given by the optimal solution of

min
b=(b0,...,bT−1)∈NT+

T−1∑
t=0

ft(bt)γt subject to
T−1∏
t=0

bt ≤ N. (25)

(b) the recombined tree structure of lowest figure of demerit having at most N nodes is the one
with the bushiness given by the optimal solution of

min
b=(b0,...,bT−1)∈NT+

T−1∑
t=0

ft(bt)γt subject to

T−1∑
t=0

bt ≤ N − 1. (26)

Proof. It follows directly from the equality (23) and the fact that the structure T is symmetrical
that

M(T ,P∗,W∗; Γind) =
∑

n∈N\NT

Wn γt(n) ft(n)(|C(n)|) (27)

=
T−1∑
t=0

ft(bt)γt
∑
n∈Nt

Wn (28)

=

T−1∑
t=0

ft(bt)γt, (29)

where at the last equality we use the fact that W∗ is normalized, i.e.,
∑

n∈NtW
n = 1 for any

t = 0, . . . , T − 1. This proves the objective function in (a) and (b). The two constraints follow from
the discussion above about the number of scenarios and nodes of standard and recombined scenario
trees.

We show in Figures 2 and 3, Appendix A, the tree structures of lowest figure of demerit in
their standard and recombined forms for different choices of ft and Γind (because of the exponential
growth of the number of scenarios, standard tree structures are displayed with less stages than
recombined structures).

3.2 Current-stage dependent guidance functions

We consider the semi-linear MSPP described in Example 1.1 with the additional assumption that
the stochastic process (ξ0, . . . , ξT ) is modeled as

ξ0 = ε0 and ξt = ϕt(εt−1, εt), for every t = 1, . . . , T, (30)

where ε0 is deterministic and ε1, . . . , εT are independent random vectors of arbitrary dimensions. It
is convenient to work with the stochastic process (ε0, . . . , εT ) instead of (ξ0, . . . , ξT ) as the former
is stagewise independent. Note, however, that the MSPP modeled with (ε0, . . . , εT ) is no longer
written in the form of a semi-linear problem, hence the results of the previous section do not apply
here. In particular, the recourse function at stage t is now composed with ϕt, and hence the
variability with respect to εt of the composite function depends on the realization εt−1. Thus, it is
relevant to consider guidance functions Γcs that depend only on the current-stage realization:

Γcs := {γ0(ε0), γ1(ε1), . . . , γT (εT )}. (31)
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The figure of demerit of the scenario tree takes the simplified form

M(T ,P∗,W∗; Γcs) =
∑

n∈N\NT

Wnγt(n)(ε
n)DF (Pn∗ ,Wn

∗ ), (32)

where P∗ = {εn : n ∈ N} and W∗ = {wn : n ∈ N} are the sets of discretization points and
weights of (ε0, . . . , εT ) generated by the discretization method of Condition 3. Unlike the setting
of the previous section, it is not straightforward to find the tree structure minimizing (32). An
algorithmic approach to do so is to enumerate tree structures, minimize the figure of demerit with
respect to (P∗,W∗) for each one and retain the one with the lowest figure. The following result
provides a necessary and sufficient condition for (P∗,W∗) to be a minimizer of (32) at fixed T :

Proposition 3.2. Consider a semi-linear MSPP with a stochastic process modeled as (30) and a
set of guidance functions Γcs. If W∗ is standardized, then (P∗,W∗) minimize the figure of demerit
(32) at fixed structure T if and only if:

|C(m)| ≤ |C(n)| ⇐⇒ γt(m)(ε
m) ≤ γt(n)(ε

n), whenever p(n) = p(m) 6∈ NT−1. (33)

Proof. Under Condition 3, the figure of demerit is simplified as

M(T ,P∗,W∗; Γcs) =
∑

n∈N\NT

Wnγt(n)(ε
n)ft(n)(|C(n)|). (34)

The equality (23) holds regardless of the way we assign the points Pn∗ = {εm : m ∈ C(n)} to the
nodes in C(n), hence (34) is minimized by finding at each node n ∈ N \ (NT ∪ NT−1) the optimal
permutation of the points {εσ(m) : m ∈ C(n)} with σ : C(n)→ C(n). Using the decomposition

N \NT = {n0} ∪
(
∪T−2t=0 ∪n∈Nt ∪m∈C(n) {m}

)
, (35)

and the equality Wm = Wn/|C(n)| for all m ∈ C(n) (cf. (N3) and (N7), Section 1), we can write
the above sum as

M(T ,P∗,W∗; Γcs) = γ0(ε
n0) f0(|C(n0)|) (36)

+
T−2∑
t=0

∑
n∈Nt

Wn

|C(n)|
∑

m∈C(n)

γt(m)(ε
σ(m))ft(m)(|C(m)|). (37)

Thus, for any n ∈ N \ (NT ∪ NT−1), the optimal permutation σ∗ : C(n) → C(n) is the one that
minimizes ∑

m∈C(n)

γt(m)(ε
σ(m))ft(m)(|C(m)|). (38)

It is easy to show that for any xi, yi ≥ 0, i = 1, . . . , N , the sum
∑N

i=1 xσ(i)yi is minimized by the
permutation σ∗ : {1, . . . , N} → {1, . . . , N} such that xσ∗(i) ≤ xσ∗(j) ⇐⇒ yi ≥ yj for every i, j =
1, . . . , N . The assertion (33) follows directly from this and the fact that ft(m)(·) is monotonically
decreasing.

The necessary and sufficient condition (33) is quite intuitive: a node n that has a larger value of
γt(n)(ε

n) leads to a larger variability of the recourse function at stage t(n) + 1, and therefore should
have more children nodes to reduce the integration error at this stage.

The implementation of Proposition 3.2 to find the scenario tree of lowest figure of demerit is
done as follows :
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Inputs.

– Discretization method such that (23) holds.

– Guidance functions Γcs in the form (31).

Step 1. Pick a tree structure T and set εn0 := ε0 and wn0 := 1.

Step 2. For each stage t = 0, . . . , T − 2 and node n ∈ Nt:

Step 2.1. Set N := |C(n)| and index the nodes C(n) = {m1, . . . ,mN} such that

|C(m1)| ≤ |C(m2)| ≤ · · · ≤ |C(mN )|. (39)

Step 2.2. Generate N discretization points {εmi : i = 1, . . . , N} of εt+1 and index the
elements such that:

γt+1(ε
m1) ≤ γt+1(ε

m2) ≤ · · · ≤ γt+1(ε
mN ). (40)

Step 2.3. Compute (38) for the optimal permutation:

vn :=
1

N

N∑
i=1

γt+1(ε
mi)ft+1(|C(mi)|). (41)

Step 3. Compute the figure of demerit using (36):

M(T ,P∗,W∗; Γcs) = γ0(ε
n0) f0(|C(n0)|) +

T−2∑
t=0

∑
n∈Nt

Wnvn. (42)

Step 4. If some stopping criteria is fulfilled: go to Step 5; otherwise: go to Step 1.

Step 5. Set ζn0 := εn0 and for each node n ∈ N \ NT :

– if t(n) ≤ T − 2: set ζm := ϕt(n)+1(ε
n, εm) for each m ∈ C(n);

– otherwise: generate |C(n)| discretization points {εm : m ∈ C(n)} of εT and set ζm :=
ϕT (εn, εm) for each m ∈ C(n).

The algorithm starts in Step 1 by picking a tree structure. An exhaustive iteration over all
structures is computationally impossible unless the MSPP has a small number of stages and the
structure is restricted to a fairly small number of scenarios. A more reasonable approach may
consist in exploring the space of tree structures using an heuristic method such as the variable
neighborhood search; see Mladenović and Hansen [26] and Gendreau and Potvin [8]. In Step 2, the
algorithm assigns the discretization points to the appropriate nodes in accordance with Proposition
3.2 to minimize the figure of demerit at fixed structure. The figure of demerit is computed in Step
3 and a stopping criteria is met in Step 4. The algorithm may stop if the improvement of the
figure of demerit over the k previous iterations is smaller than a certain threshold or if a maximum
number of iterations is reached. In step 5, the discretization points of the original stochastic process
(ξ0, . . . , ξT ) are computed from those of (ε0, . . . , εT ) using (30).
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Example 3.1. The stochastic modeling (30) can be seen as a first step in generalizing the stagewise
independent setting of the previous section. This generalization allows the realization at the previous
stage (and only this one) to influence the realization at the current stage. A simple example of such
influence is when the previous-stage realization alters the degree of uncertainty of the current-
stage random vector, i.e., when it alters the dispersion of the distribution (e.g., the variance) while
keeping the location of the distribution the same (e.g., the mean). Consider for example the following
stochastic process:

ξ0 = ε0 and ξt =

{
εt if εt−1 ∈ Θt−1,

λt(εt) otherwise,
for every t = 1, . . . , T, (43)

where Θt−1 is a subset of possible realizations of εt−1 and the function λt(·) is such that

E[λt(εt)] = E[εt] and
Var[λt(εt)]

Var[εt]
= β2. (44)

Let us derive the form of guidance functions that is relevant for such stochastic modeling. Suppose
that we want to build a scenario tree that provides a suitable discretization of (ξ0, . . . , ξT ) for the
approximation of E[

∑T
t=0 ξt] by a finite sum. By the law of total expectation, this means that

the scenario tree must approximate at each stage t = 1, . . . , T the conditional expectations defined
recursively as

gt−1(ξ0, . . . , ξt−1) := E[gt(ξ0, . . . , ξt)|ξ0, . . . , ξt−1], (45)

where gT (ξ0, . . . , ξT ) :=
∑T

t=0 ξt. The functions g0, g1, . . . , gT−1 have a closed-form given by

gt(ξ0, . . . , ξt) =

t∑
i=0

ξi + E[ξt+1 |ξt] +

T∑
i=t+2

E[ξi], (46)

which shows that the difficulty in approximating the right-hand side of (45) lies in the conditional
variability of ξt + E[ξt+1 |ξt] given ξt−1. A simple measure of variability is given by the standard
deviation Var(·)1/2, hence we may define the guidance functions as

γt−1(εt−1) = Var(ξt + E[ξt+1 |ξt]|εt−1)1/2 (47)

=

{
Var(εt)

1/2 if εt−1 ∈ Θt−1,

βVar(εt)
1/2 otherwise.

(48)

3.3 Long-range dependent guidance functions

We consider the general MSPP with a stochastic process (ξ0, . . . , ξT ) modeled as

ξ0 = ε0 and ξt = ψt(ε0, . . . , εt), for every t = 1, . . . , T, (49)

where ε0 is deterministic and ε1, . . . , εT are independent random vectors of arbitrary dimensions.
As in the previous section, it is convenient to work with the stochastic process (ε0, . . . , εT ) instead
of (ξ0, . . . , ξT ) since the former is stagewise independent. Under the above stochastic modeling, the
recourse function at stage t, which in the general MSPP depends on (ξ0, . . . , ξt), is now composed
with (ψ1, . . . , ψt), and hence the variability with respect to εt of the composite function depends on
all the realizations ε0, . . . , εt−1. Thus, the guidance functions Γ must take into account all previous
realizations and the figure of demerit has the general form:

M(T ,P∗,W∗; Γ) =
∑

n∈N\NT

Wnγt(n)(ε
..n)DF (Pn∗ ,Wn

∗ ), (50)
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where P∗ = {εn : n ∈ N} and W∗ = {wn : n ∈ N} are the points and weights of (ε0, . . . , εT )
generated by the discretization method of Condition 3.

Finding the scenario tree that minimizes the figure of demerit (50) for general Γ is computation-
ally cumbersome, even under the simplification (23), since each (εn, wn) for t(n) ≤ T − 2 appears
in exponentially many terms of the sum. However, a systematic and computationally less costly
approach to minimizing (16) exists if we consider guidance functions Γprod of the product form:

γ0(ε0) = 1 and γt(ε0, . . . , εt) =
t∏
i=1

ρi(εi), for every t = 1, . . . , T − 1, (51)

for some functions ρ1, . . . , ρT−1 : Rd → [0,∞). With the above guidance functions, the figure of
demerit takes the form

M(T ,P∗,W∗; Γprod) =
∑

n∈N\NT

Wn
( ∏
m∈(n0,n]

ρt(m)(ε
m)
)
DF (Pn∗ ,Wn

∗ ). (52)

This form can be minimized recursively from the tree leaves to the root node, as shown by the
following proposition:

Proposition 3.3. Consider a general MSPP with a stochastic process modeled as (49) and a set
of guidance functions Γprod. The discretization points and weights (P∗,W∗) minimize the figure of
demerit (52) at fixed structure T if and only if:

Mm(T ,P∗,W∗; Γprod) ≥Mn(T ,P∗,W∗; Γprod) (53)

⇐⇒ wmρt(m)(ε
m) ≤ wnρt(n)(εn), whenever p(n) = p(m) 6∈ NT−1,

where Mn(T ,P∗,W∗; Γprod) is the figure of demerit of the sub-scenario tree rooted at node n ∈
N \ NT defined as

Mn(T ,P∗,W∗; Γprod) =
1

Wn

∑
m∈N (n)\NT

Wm
( ∏
o∈(n,m]

ρt(o)(ε
o)
)
ft(m)(|C(m)|). (54)

Proof. It follows from Lemma 3.4(a) in Keutchayan et al. [19] that the figures of demerit of the
sub-scenario trees can be written recursively (from the tree leaves to the root node) as

Mn(T ,P∗,W∗; Γprod) = ft(n)(|C(n)|), for all n ∈ NT−1, (55)

and, for all n ∈ N \ (NT−1 ∪NT ):

Mn(T ,P∗,W∗; Γprod) = ft(n)(|C(n)|) (56)

+
∑

m∈C(n)

wmρt(m)(ε
m)Mm(T ,P∗,W∗; Γprod). (57)

Thus, the figure of demerit of the whole scenario tree, which corresponds toMn0(T ,P∗,W∗; Γprod),
is minimized by finding for each n ∈ N \ (NT ∪ NT−1) the permutation of the points and weights
{(εσ(m), wσ(m)) : m ∈ C(n)}, with σ : C(n)→ C(n), that minimizes∑

m∈C(n)

wσ(m)ρt(m)(ε
σ(m))Mm(T ,P∗,W∗; Γprod). (58)

Using the same argument as in the proof of Proposition 3.2, we conclude that the optimal rear-
rangement of the nodes is the one that satisfies (53).
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The necessary and sufficient condition (53) has an intuitive meaning similar to that of (33): a
node n that has a larger value of wnρt(n)(ε

n) leads to a larger variability of the recourse functions
at stage t(n) + 1 and at all stages afterwards, as the term ρt(n)(ε

n) appears also in the guidance
function γt(m)(ε

..m) for every node m in the sub-scenario tree rooted at n. Therefore, the node n
should be associated with the sub-scenario tree of lower figure of demerit to reduce the integration
error at all subsequent stages.

The implementation of Proposition 3.3 to find the scenario tree of lowest figure of demerit is done
as follows (for conciseness we write Mn as a shorthand of Mn(T ,P∗,W∗; Γprod) in the algorithm
below):

Inputs.

– Discretization method such that (23) holds.

– Guidance functions Γprod in the form (51).

Step 1. Pick a tree structure T and set εn0 := ε0 and wn0 := 1.

Step 2. For each node n ∈ NT−1:

Step 2.1. Generate |C(n)| discretization points and weights {(εm, wm) : m ∈ C(n)} of
εT .

Step 2.2. Set Mn := ft(n)(|C(n)|).

Step 3. For each stage t = T − 2, . . . , 0 (backward iteration) and node n ∈ Nt:

Step 3.1. Set N := |C(n)| and index the nodes C(n) = {m1, . . . ,mN} such that

Mm1 ≥Mm2 ≥ · · · ≥ MmN . (59)

Step 3.2. Generate N discretization points and weights {(εmi , wmi) : i = 1, . . . , N} of
εt+1 and index the elements such that:

wm1ρt+1(ε
m1) ≤ wm2ρt+1(ε

m2) ≤ · · · ≤ wmNρt+1(ε
mN ). (60)

Step 3.3. Compute the figure of demerit Mn for the optimal permutation using (56):

Mn := ft(n)(|C(n)|) +

N∑
i=1

wmiρt+1(ε
mi)Mmi . (61)

Step 4. If some stopping criteria is fulfilled: go to Step 5; otherwise: go to Step 1.

Step 5. Set ζn0 := εn0 and ζn := ψt(n)(ε
..n) for each node n ∈ N \ {n0}.

Steps 1, 4, and 5 are identical to the corresponding steps in the algorithm of Section 3.2. In
Step 2, the algorithm initializes the figures of demerit of the sub-scenario trees rooted at node
n ∈ NT−1 using the relation (55). In Step 3, it assigns the discretization points and weights to
the appropriate nodes according to Proposition 3.3 and compute recursively the figure of demerit
of each sub-scenario tree. The last figure computed is Mn0 , which is the figure of demerit of the
whole scenario tree.
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Example 3.2. Consider a stochastic process (ξ0, . . . , ξT ) that models a discrete-time geometric
Brownian motion GBM(µ, σ, T ):

ξ0 = 1 and ξt+1 = ξt e
µ−σ

2

2
+σ(Wt+1−Wt), for every t = 0, . . . , T − 1, (62)

where (Wt)t≥0 is a Wiener process, and µ (drift) and σ ≥ 0 (volatility) are constant; see, e.g.,
Glasserman [9]. This process can be written in the form (49):

ξ0 = ε0 and ξt =
t∏
i=0

εi, with ε0 = 1 and εi = eµ−
σ2

2
+σ(Wi−Wi−1). (63)

Let us show that guidance functions of the product form naturally arise for such stochastic process.
Although to specify the set of guidance functions we would need to specify the MSPP we are deal-
ing with, in this example we simply assume that the variability of the recourse functions exactly
matches the variability of the stochastic process, and we consider that the latter is measured by the
standard deviation. We denote by ht(ξt) := E[ξT |ξt] the function whose conditional expectation
given (ε0, . . . , εt−1) needs to be computed at each stage t = 0, . . . , T − 1. The difficulty in approxi-
mating E[ht(ξt)|ε0, . . . , εt−1] by a finite sum is directly given by the conditional standard deviation
of ht(ξt) given (ε0, . . . , εt−1), hence we define the guidance functions accordingly:

γt−1(ε0, . . . , εt−1) := Var(ht(ξt)|ε0, . . . , εt−1)1/2, for every t = 1, . . . , T. (64)

Using the fact that for a GBM we have that E[ξT |ξt] = ξte
(T−t)µ and Var(εt) = e2µ(eσ

2 − 1) for all
t = 1, . . . , T , we deduce the following closed-form formula:

γt−1(ε0, . . . , εt−1) = e(T−t+1)µ(eσ
2 − 1)1/2

t−1∏
i=0

εi, for every t = 1, . . . , T. (65)

The product form (51) requires that the guidance function at stage 0 equals one. Since, in practice,
the guidance functions are scale-free (cf. discussion after Theorem 2.3), this requirement can be
fulfilled by dividing each γt(·) by γ0(ε0) = eTµ(eσ

2 − 1)1/2ε0. This finally gives the required product
form:

γ0(ε0) = 1 and γt(ε0, . . . , εt) =
t∏
i=1

εi
eµ
, for every t = 1, . . . , T − 1. (66)

We show in Figures 4 and 5, Appendix A, two scenario trees of low figure of demerit obtained by
employing a rank-1 lattice rule and an optimal quantization method, respectively; see, e.g., L’Ecuyer
and Munger [23] for the former and Pflug and Pichler [33] for the latter. Each scenario tree is
computed by the algorithmic procedure described above where the iteration over the tree structures
is done heuristically by variable neighborhood search (for this reason the scenario tree obtained
may not be the one of lowest figure of demerit) and where the neighborhood of a tree structure
T is defined as all the structures that can be obtained from T by splitting a node or merging two
nodes. The overall computation takes about two minutes on a Linux machine (Intel Xeon X5472
@ 3.00GHz) with the algorithm implemented in Python 3.6.2. For both discretization methods, we
see that the scenario trees have denser branching at nodes where the geometric Brownian motion
takes higher values, as it is where the future of the process has more variability.
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4 Conclusion

Building on the results derived in Keutchayan et al. [19], we have developed a new framework for
generating scenario trees that takes into account the structure of the multistage stochastic problem,
specifically, the variability of the recourse functions with respect to the random parameters. Vari-
ability of the recourse functions is indeed what should drive the generation of efficient scenario trees,
as it is where the recourse functions have larger variability that the approximation error tends to
be larger. To measure this variability, we have introduced the concept of guidance functions, which
summarize the relevant information about the problem for the generation of suitable scenario trees.
Problems with similar guidance functions are therefore essentially identical as far as scenario-tree
generation is concerned. Based on these functions, we have introduced the figure of demerit as a
general quality criterion for scenario trees. The versatility of this criterion is demonstrated by ap-
plying it to different settings of problems. Firstly, in the setting of stagewise independent stochastic
processes, where it leads to symmetrical tree structures of suitable bushinesses. Secondly, in the
setting of stagewise dependent stochastic processes, where it leads to non-symmetrical structures
having denser branching where the conditional variability of the recourse functions is higher. The
latter was illustrated by the discretization of a geometric Brownian motion.

Future works building on the present paper may address, for instance, the following topics: (i)
The introduction of randomization techniques, i.e., the use of random discretization points instead
of deterministic ones. Besides other benefits related to the improvement of the convergence rate of
the discretization method, randomization in scenario-tree generation allows to derive a confidence
interval for the optimality gap; see, e.g., Mak et al. [25] and Shapiro et al. [38], Section 5.6. (ii)
The search for appropriate function spaces F used in Condition 1. Quasi-Monte Carlo methods
consider mainly spaces of smooth functions defined on the hypercube [0, 1]d, but we know that
recourse functions usually have “kinks” and are often defined over the whole space Rd. Recent
works are going toward the generalization of quasi-Monte Carlo methods to non-smooth functions
over general domains; see, e.g., Owen [29], Hartinger and Kainhofer [12], Griebel et al. [11], Griebel
et al. [10], and Novak et al. [27]. (iii) The development of exact or heuristic techniques to explore
efficiently the space of tree structures in the two algorithms described in Sections 3.2 and 3.3. (iv)
The application of the method on real-word problems and the comparison with other scenario-tree
generation methods.
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A Figures

n1

n2

n3

n4

(a) M = (9, 9, 9, 9)
(γ1(ξi1) = 1,
pi = 1

4
)

n1

n2

n3

n4

(b) M = (6, 8, 10, 12)
(γ1(ξi1) = i,
pi = 1

4
)

n1

n2

n3

n4

(c) M = (4, 7, 11, 14)
(γ1(ξi1) = i2,
pi = 1

4
)

n1

n2

n3

n4

(d) M = (12, 10, 8, 6)
(γ1(ξi1) = 1,

p1 = 4
10

, p2 = 3
10

,
p3 = 2

10
, p4 = 1

10
)

Figure 1: Tree structures given by (22) for N = 36 and α = 1 (cf. Example 2.1).

(a) b = (6, 5, 2)
(ft(x) = x−1,
γt = T − t)

(b) b = (12, 5, 1)
(ft(x) = x−1/2,
γt = T − t)

(c) b = (6, 5, 2)
(ft(x) = x−1,
γt = (t+ 1)−1)

(d) b = (10, 3, 2)
(ft(x) = x−1/2,
γt = (t+ 1)−1)

Figure 2: Tree structures given by (25) for N = 60 and T = 3 (cf. the stagewise independent
setting of Section 3.1).
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(a) b = (10, 9, 8, 8, 7, 6, 5, 3) (ft(x) = x−1 and γt = T − t)

(b) b = (11, 10, 9, 8, 7, 6, 4, 3) (ft(x) = x−1/2 and γt = T − t)

(c) b = (13, 9, 7, 6, 6, 5, 5, 5) (ft(x) = x−1 and γt = (t+ 1)−1)

(d) b = (15, 10, 7, 6, 5, 5, 4, 4) (ft(x) = x−1/2 and γt = (t+ 1)−1)

Figure 3: Recombined tree structures given by (26) for N = 57 and T = 8 (cf. the stagewise
independent setting of Section 3.1).
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(1.0, 1.0)

(0.2, 0.25)

(0.08, 0.5) (0.08, 1.0) (0.08, 1.0) (0.08, 1.0)

(0.51, 0.5)
(0.2, 0.5) (0.2, 1.0) (0.2, 1.0)

(1.32, 0.5)
(0.51, 0.5) (0.51, 1.0)
(3.44, 0.5) (3.44, 1.0)

(0.64, 0.25)

(0.16, 0.33) (0.16, 1.0) (0.16, 1.0) (0.16, 1.0)

(0.64, 0.33)
(0.25, 0.5) (0.25, 1.0) (0.25, 1.0)

(1.65, 0.5)
(0.64, 0.5) (0.64, 1.0)
(4.29, 0.5) (4.29, 1.0)

(2.5, 0.33)

(0.64, 0.33) (0.64, 1.0) (0.64, 1.0)
(2.5, 0.33) (2.5, 1.0) (2.5, 1.0)

(9.83, 0.33)

(2.5, 0.33) (2.5, 1.0)
(9.83, 0.33) (9.83, 1.0)

(38.62, 0.33)
(14.88, 0.5)

(100.25, 0.5)

(1.57, 0.25)

(0.4, 0.33) (0.4, 1.0) (0.4, 1.0) (0.4, 1.0)

(1.57, 0.33)
(0.6, 0.5) (0.6, 1.0) (0.6, 1.0)

(4.07, 0.5)
(1.57, 0.5) (1.57, 1.0)

(10.57, 0.5) (10.57, 1.0)

(6.16, 0.33)

(1.57, 0.33) (1.57, 1.0) (1.57, 1.0)

(6.16, 0.33)
(2.37, 0.5) (2.37, 1.0)

(16.0, 0.5)
(6.16, 0.5)

(41.53, 0.5)

(24.21, 0.33)

(6.16, 0.33) (6.16, 1.0)
(24.21, 0.33) (24.21, 1.0)

(95.11, 0.33)
(36.64, 0.5)

(246.88, 0.5)

(5.09, 0.25)

(0.83, 0.2)
(0.32, 0.5) (0.32, 1.0) (0.32, 1.0)
(2.16, 0.5) (2.16, 1.0) (2.16, 1.0)

(2.42, 0.2)
(0.93, 0.5) (0.93, 1.0) (0.93, 1.0)

(6.29, 0.5)
(2.42, 0.5) (2.42, 1.0)

(16.33, 0.5) (16.33, 1.0)

(5.09, 0.2)

(1.96, 0.5) (1.96, 1.0) (1.96, 1.0)

(13.21, 0.5)
(5.09, 0.5) (5.09, 1.0)

(34.28, 0.5)
(13.21, 0.5)
(88.98, 0.5)

(10.68, 0.2)

(2.72, 0.33) (2.72, 1.0) (2.72, 1.0)

(10.68, 0.33)
(4.11, 0.5) (4.11, 1.0)

(27.72, 0.5) (27.72, 1.0)

(41.95, 0.33)

(10.68, 0.33) (10.68, 1.0)
(41.95, 0.33) (41.95, 1.0)

(164.8, 0.33)
(41.95, 0.33)
(164.8, 0.33)

(647.34, 0.33)

(31.16, 0.2)

(6.13, 0.25)
(2.36, 0.5) (2.36, 1.0)
(15.9, 0.5) (15.9, 1.0)

(19.86, 0.25)
(7.65, 0.5) (7.65, 1.0)

(51.55, 0.5)
(19.86, 0.5)
(133.8, 0.5)

(48.9, 0.25)

(12.45, 0.33) (12.45, 1.0)
(48.9, 0.33) (48.9, 1.0)

(192.1, 0.33)
(74.0, 0.5)

(498.63, 0.5)

(158.55, 0.25)

(31.16, 0.25) (31.16, 1.0)
(101.03, 0.25) (101.03, 1.0)

(248.81, 0.25)
(95.85, 0.5)

(645.85, 0.5)

(806.66, 0.25)

(158.55, 0.25)
(514.03, 0.25)

(1265.89, 0.25)
(4104.12, 0.25)

(a) Scenario tree of low figure of demerit for 60 scenarios (ft(x) = x−1)

(b) Trajectories of the above scenario tree (y-axis is in log-scale)

Figure 4: Scenario tree discretization of GBM(µ = 1, σ =
√

2, T = 5) (cf. Example 3.2) by a
quasi-Monte Carlo method, specifically, a rank-1 lattice rule in one dimension. Each couple

(ζn, wn) is displayed next to the corresponding node. The discretization of the standard normal
distribution is done by transforming the low discrepancy set of N points

{ i+0.5
N : i = 0, . . . , N − 1} ⊆ [0, 1] through the inverse normal cumulative φ−1:

{φ−1( i+0.5
N ) : i = 0, . . . , N − 1} ⊆ R. The weights are standardized (cf. (N7), Section 1) as it is

customary in quasi-Monte Carlo methods.
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(1.0, 1.0)

(0.18, 0.27) (0.18, 1.0) (0.18, 1.0) (0.18, 1.0) (0.18, 1.0)

(1.0, 0.46)

(0.18, 0.27)
(0.06, 0.5) (0.06, 1.0) (0.06, 1.0)
(0.55, 0.5) (0.55, 1.0) (0.55, 1.0)

(1.0, 0.46)

(0.32, 0.5) (0.32, 1.0) (0.32, 1.0)

(3.09, 0.5)

(1.0, 0.5) (1.0, 1.0)

(9.55, 0.5)
(1.69, 0.27)
(9.55, 0.46)

(53.91, 0.27)

(5.64, 0.27)

(1.0, 0.27) (1.0, 1.0) (1.0, 1.0)

(5.64, 0.46)

(1.83, 0.5) (1.83, 1.0)

(17.44, 0.5)
(3.09, 0.27)

(17.44, 0.46)
(98.46, 0.27)

(31.86, 0.27)

(5.64, 0.27) (5.64, 1.0)

(31.86, 0.46)
(10.31, 0.5)
(98.46, 0.5)

(179.81, 0.27)
(31.86, 0.27)

(179.81, 0.46)
(1014.91, 0.27)

(5.64, 0.27)

(1.0, 0.27)
(0.32, 0.5) (0.32, 1.0) (0.32, 1.0)

(3.09, 0.5)
(1.0, 0.5) (1.0, 1.0)

(9.55, 0.5) (9.55, 1.0)

(5.64, 0.46)

(1.0, 0.27) (1.0, 1.0) (1.0, 1.0)

(5.64, 0.46)
(1.83, 0.5) (1.83, 1.0)

(17.44, 0.5)
(5.64, 0.5)

(53.91, 0.5)

(31.86, 0.27)

(5.64, 0.27) (5.64, 1.0)

(31.86, 0.46)
(5.64, 0.27)

(31.86, 0.46)
(179.81, 0.27)

(179.81, 0.27)

(21.27, 0.16)
(94.85, 0.34)

(340.87, 0.34)
(1519.97, 0.16)

(31.86, 0.27)

(3.77, 0.16) (3.77, 1.0) (3.77, 1.0)

(16.81, 0.34)

(5.44, 0.5) (5.44, 1.0)

(51.94, 0.5)
(9.2, 0.27)

(51.94, 0.46)
(293.16, 0.27)

(60.39, 0.34)

(7.14, 0.16) (7.14, 1.0)

(31.86, 0.34)
(10.31, 0.5)
(98.46, 0.5)

(114.49, 0.34)
(20.28, 0.27)

(114.49, 0.46)
(646.19, 0.27)

(510.5, 0.16)

(60.39, 0.16)
(269.29, 0.34)
(967.76, 0.34)

(4315.28, 0.16)

(269.29, 0.16)

(31.86, 0.16) (31.86, 1.0)

(142.06, 0.34)
(45.96, 0.5)

(439.04, 0.5)

(510.5, 0.34)
(90.45, 0.27)
(510.5, 0.46)

(2881.4, 0.27)

(2276.35, 0.16)

(199.28, 0.11)
(773.6, 0.24)

(2276.35, 0.3)
(6698.22, 0.24)

(26001.88, 0.11)

(a) Scenario tree of low figure of demerit for 60 scenarios (ft(x) = x−1)

(b) Trajectories of the above scenario tree (y-axis is in log-scale)

Figure 5: Scenario tree discretization of GBM(µ = 1, σ =
√

2, T = 5) (cf. Example 3.2) by an
optimal quantization method. Each couple (ζn, wn) is displayed next to the corresponding node.

The discretization of the standard normal distribution is done by minimizing the Wasserstein
distance of order 2 between the standard normal distribution and its approximation sitting on

finitely many points; see Algorithm 2 in Pflug and Pichler [33]. This provides the points as well as
the normalized weights (cf. (N7), Section 1).
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[29] Owen, A. B. (2006). Quasi-Monte Carlo for integrands with point singularities at unknown
locations. In Niederreiter, H. and Talay, D., editors, Monte Carlo and Quasi-Monte Carlo Methods
2004, pages 403–417. Springer.

[30] Pagès, G., Pham, H., and Printems, J. (2004). Optimal quantization methods and applications
to numerical problems in finance. In Rachev, S. T., editor, Handbook of Computational and
Numerical Methods in Finance, pages 253–297. Birkhäuser Boston, Boston, MA.
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