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Abstract. In this paper we study the vehicle routing problem with due dates.In this problem, 
a supplier has to determine a distribution plan to visit a set of customers over a given 
planning horizon. Each customer is associated with a release date and a due date, 
corresponding to the date at which the goods required by the customer become available 
at the supplier's depot, and the date by which the customer has to be visited. A fleet of 
capacitated vehicles is available at the depot to perform the distribution and the objective is 
to minimize the distribution costs and the cost related to delayed deliveries. A variable MIP 
neighborhood descent (VMND) algorithm is proposed to solve the problem, which speeds 
up the search for high quality solutions through a local search heuristic embedded in an 
branch-and-bound scheme. Computational tests on benchmark instances are performed to 
evaluate the VMND algorithm against a known branch-and-cut method. The results show 
that our algorithm improves 44 out of 90 best known solutions on benchmark instances 
where one vehicle is available. We also observe that the VMND algorithm match or beat 
the solution of a pure branch-and-bound implementation in just one fifth of the time in 
average. We conclude that the VMND algorithm, which was proposed in the literature for a 
different problem, is easily adaptable to other problems. 
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1 Introduction

Distribution problems involve various levels of decisions including operational ones that

depend on short term information. A class of classical operational problems arising in

distribution are Vehicle Routing Problems (VRPs), for which the aim is to determine

vehicle routes for the distribution. Traditionally, in the literature, VRPs are concerned

with decisions over a single period [18] where the demand of customers is known. The

exception has been the periodic VRP (PVRP), in which one aims to create routes over

multiple periods, typically days, to be repeated over a longer planning horizon [17]. In the

PVRP, one needs to choose, for each customer, the visiting pattern, that is the visiting

periods, from a set of available options, and then create vehicle routes visiting customers

on the selected periods. Extensions of the PVRP have been discussed in Francis et al.

[16] and Archetti et al. [6].

When dealing with multi-period distribution, an important class of problems studied

in the literature is the Inventory Routing Problem (IRP), which combines routing and

inventory management. In the IRP one aims to satisfy customer demands over several

periods while minimizing the sum of distribution and inventory costs, or the distribution

costs only [8, 9, 14]. A central decision maker is assumed to be in charge of all routing and

inventory decisions, as long as customer capacities are respected and their consumption

is satisfied. This management policy is called vendor-managed inventory (VMI), as all

decisions are centralized to the vendor. IRPs have an established body of research with

benchmark instances and many competing algorithms such as local search-based heuristics

[10, 12], branch-and-cut [1, 3, 11], branch-price-and-cut [15], and hybrid algorithms that

combine heuristic and exact methods [2, 5, 13]. The alternative and more traditional

management policy is the retailer-managed inventory (RMI) (introduced with this name,

and in contrast with the VMI, in Bertazzi and Speranza [7]) in which customers decide

when they want to be served (usually a range of time, such as a day, or a window within

a day, or a set of possible days). Thus, the supplier is not responsible for the inventory

management and is in charge of just organizing the vehicle routes over time.

When the distribution follows an RMI policy, the quantities to be delivered are determined
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by the customers and are, thus, known in the models and algorithms. If the day of service

is fixed by the customers, then VRPs are the most appropriate tools, possibly with time

windows. If customers are more flexible and a range of days for the service is possible,

then a customer is in general associated with a delivery release date and a due date, which

are the earliest and latest possible service times, respectively. This problem appears in

many contexts, such as in retail online shopping. In these cases, customers place an order

and can choose a delivery due date among different options which have different shipping

fees. When such an order is placed, the shipper has to deliver the product within the due

date. In the multi-period vehicle routing problem with due dates (MVRPD) introduced

in Archetti et al. [4], each customer must be served between a release and a due date. A

fleet of capacitated vehicles is available at the depot to perform the distribution and the

objective is to minimize the distribution cost. In Archetti et al. [4] different formulations

of the problem are proposed and compared. The conclusion is that the best one is a

load-based formulation. Computational experiments show that instances with up to 35

customers can be systematically solved to optimality over a time horizon of six days and

up to three days of flexibility.

In this paper the MVRPD is tackled and a new exact method is proposed which speeds up

the search for high quality solutions through a local search heuristic embedded in an exact

scheme. The goal is to increase the maximum size of instances solved to optimality and,

when optimality cannot be achieved, reduce the optimality gaps and find high quality

solutions. The algorithm relies on a heuristic that makes use of neighborhoods defined

through constraints that are added to the original model allowing to solve it quickly and

efficiently. This algorithmic scheme, called Variable MIP Neighborhood Descent (VMND),

was introduced by Larrain et al. [19] and successfully applied to a cash logistics problem.

The algorithm has been empirically shown to significantly outperform a branch-and-cut

algorithm using less than 40% of the running time. We derive new neighborhoods tailored

for the MVRPD and compare the performance of the VMND against the original branch-

and-bound algorithm of Archetti et al. [4] and an improved version introduced in this

paper.
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The remainder of this paper is organized as follows. In Section 2 we provide a formal

definition and a mathematical programming formulation for the MVRPD. The description

of the VMND is given in Section 3. Computational experiments are presented in Section

4, followed by our conclusions and findings in Section 5.

2 Problem description and mathematical model

In this section, we first recall the MVRPD and the load-based formulation presented in

Archetti et al. [4]. Then, we describe families of existing and new valid inequalities.

The MVRPD is defined on a directed graph G = (V ,A). The set of nodes V = {0, ..., V }

includes the depot, represented by node 0, and V customers denoted by set V ′ = {1, ..., V }.

The set of arcs A contains every pair of nodes i, j ∈ V with i 6= j. A fleet of m homoge-

neous vehicles of capacity Q is available to perform the distribution. Each arc (i, j) ∈ A

has an associated routing cost of cij which is incurred if the arc is traversed by a vehicle. A

planning horizon H = {1, ..., H} of H periods is considered. Each customer i ∈ V ′ places

an order that occupies qi units of the vehicle capacity. This order is made available at the

depot on its release date ri ∈ H, and has to be delivered to the customer not later than

its due date, di. There are two types of customers: mandatory and optional. Mandatory

customers are the ones associated with a due date di ∈ H, i.e., they have to be served

within the end of the planning horizon. Optional customers, instead, are associated with

a due date which is greater than H. Thus, their service can be postponed, i.e., it is

possible to deliver the corresponding order after the end of the planning horizon. The set

of optional customers is denoted as C. A cost pi is paid when postponing customer i ∈ C.

Every period that an order stays at the depot after its release date incurs a handling cost

of hi.

The formulation is based on the following variables. First, a set of binary routing variables

X = {xtij}, (i, j) ∈ A, t ∈ H are needed where {xtij} takes value 1 when arc (i, j) is

traversed by a vehicle in period t. We set to 0 all routing variables associated with

periods that are outside the customers service window, i.e., xtij := 0,∀i, j ∈ V , t ∈ H : t <
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ri ∨ t > di. A set of non-negative continuous load variables L = {ltij}, (i, j) ∈ A, t ∈ H is

also defined, where variable ltij indicates the load carried by a vehicle when traversing arc

(i, j) in period t.

The MPVRPD is formulated as a mixed integer programming problem that minimizes a

total cost function defined as:

∑
(i,j)∈A

∑
t∈[ri,H]

cijx
t
ij+
∑
i∈V

hi
∑

t∈[ri,H]

(t− ri)
∑
j∈V

xtij+
∑
i∈C

(hi(H − ri) + pi)

1−
∑
j∈V

∑
t∈[ri,H]

xtij

.
(1)

Function (1) is the sum of three cost components: the routing costs, the inventory holding

cost for customers visited during the planning horizon, and the penalty and inventory

holding costs for postponed customers.

Cost function (1) has to be minimized subject to the following constraints:

∑
j∈V

∑
t∈[ri,di]

xtij = 1, i ∈ V ′ \ C, (2)

∑
j∈V

∑
t∈[ri,di]

xtij ≤ 1, i ∈ C, (3)

∑
j∈V

xtij =
∑
j∈V

xtji, i ∈ V , t ∈ H, (4)

∑
j∈V

xt0j ≤ m, t ∈ H, (5)

∑
j∈V

ltji −
∑
j∈V

ltij = qi
∑
j∈V

xtij, i ∈ V ′, t ∈ H, (6)

∑
j∈V

lt0j −
∑
j∈V

ltj0 =
∑

(i,j)∈A

qix
t
ij, t ∈ H, (7)

ltij ≤ Qxtij, (i, j) ∈ A, t ∈ H, (8)

xtij ∈ {0, 1}, (i, j) ∈ A, t ∈ H, (9)

ltij ≥ 0, (i, j) ∈ A, t ∈ H. (10)
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Constraints (2) state that every mandatory customer is visited once during the delivery

window, while constraints (3) ensure that optional customers are visited at most once.

Constraints (4) are flow conservation on traversal of the arcs. Constraints (5) limit the

number of vehicles to the fleet size. Constraints (6) and (7) link load and flow variables

and ensure load conservation. Constraints (8) establish that the loads do not exceed

vehicle capacity, and constraints (9) and (10) define the domain of the variables.

The following valid inequalities were proposed in Archetti et al. [4] to tighten the load

based formulation. Set St1,t2 denotes the customers that must be served within interval

[t1, t2], i.e., St1,t2 := V ′ : t1 ≤ ri ∧ di ≤ t2. Parameter qt1,t2 represents the total load that

must be delivered to customers in St1,t2 , i.e., qt1,t2 :=
∑

i∈St1,t2
qi.

∑
(i,j)∈A

∑
t∈[1,t′]

qix
t
ij ≤ mQt′, t′ ∈ H, (11)

∑
i∈V

qi −
∑

(i,j)∈A

∑
t∈[0,t′]

qix
t
ij −

∑
i∈C

qi

1−
∑
j∈V

∑
t∈[ri,H]

xtij

 ≤ mQ(H − t′), t′ ∈ H, (12)

∑
i∈V

qi−
∑

(i,j)∈A

∑
t∈[0,t′]

qix
t
ij−
∑
i∈C

qi

1−
∑
j∈V

∑
t∈[ri,H]

xtij

 ≤ Q
∑

t∈[t′+1,H]

∑
j∈V ′

xt0j, t′ ∈ H, (13)

∑
j∈V

∑
t∈[t1,t2]

xt0j ≥
⌈
qt1,t2
Q

⌉
, t1, t2 ∈ H, t1 ≤ t2, (14)

∑
i∈V

∑
j∈St1,t2

∑
t∈[t1,t2]

qjx
t
ij ≥ qt1,t2 , t1, t2 ∈ H, t1 ≤ t2, (15)

∑
i∈V

∑
j∈St1,t2

∑
t∈[t1,t2]

qjx
t
ij ≤ mQ(t2 − t1 + 1), t1, t2 ∈ H, t1 ≤ t2. (16)

Constraints (11) state that the total delivered load between time periods 1 and t′ is

bounded by the total capacity of the m vehicles available during the t′ periods. Inequalities

(12) state that the load delivered between periods t′+1 and H does not exceed the capacity

of the fleet during the H − t′ periods. Constraints (13) tighten the bound on the vehicle

capacity by considering only the subset of the vehicles that leave the depot on each time

period. Valid inequalities (14) set a lower bound on the number of routes between periods

t1 and t2. Constraints (15) ensure that the total load delivered within [t1, t2] meets the
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aggregated demand for this interval, and (16) limit this total load to the capacity of the

fleet in [t1, t2].

We now introduce the following two new valid cuts to the formulation:

∑
(i,j)∈A

∑
t∈[1,t′]

qix
t
ij ≤ Q

∑
t∈[1,t′]

∑
j∈V ′

xt0j, t′ ∈ H, (17)

∑
i∈V

∑
j∈St1,t2

∑
t∈[t1,t2]

qjx
t
ij ≤ Q

∑
t∈[t1,t2]

∑
j∈V ′

xt0j, t1, t2 ∈ H, t1 ≤ t2. (18)

These cuts tighten (11) and (16) by considering just the vehicles actually used, as in (13).

3 Variable MIP Neighbordhood Descent Algorithm

In this section we describe the algorithm used to solve the MVRPD. We first provide an

overview of the VMND algorithm in Section 3.1. Then, in the following two sections, we

present the exact solution scheme and the local search procedures used to speed up the

search for high quality solutions. Finally, in Section 3.4 the description of the VMND

algorithm is completed with the initialization phase.

3.1 Overview of the VMND algorithm

The main idea of the VMND is the following. The MILP formulation of the problem is

solved with an exact solution method. The execution of the exact algorithm is suspended

at some specific points and then a local search is performed around the current solution

to speed up the search for high quality solutions. When the local search terminates,

the exact solution algorithm is resumed. The local search explores neighborhoods of the

current solution, exploiting the power of mathematical programming solvers by defining

neighborhoods as constrained versions of the mathematical programming formulation.

More precisely, the value of a subset of variables is fixed to the value they have in the

current solution. The subset of variables whose value is fixed is such that the resulting
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MILP is easy to solve. Then, it becomes computationally acceptable to explore several

different neighborhoods of the same current solution.

The local search is performed whenever a new best solution is found or when a time limit

is reached. A set of different neighborhoods is defined. If a neighborhood is completely

explored without providing a new best solution, the local search explores a new neigh-

borhood. The local search phase ends and the exact solution algorithm is resumed in one

of these two cases: when all neighborhoods have been explored with no improvement to

the solution, or when the local search finds a new best solution in a specific neighbor-

hood. The VMND keeps track of the last neighborhood it explored in such a way that, in

case the exact solution algorithm does not find a new best solution, it resumes the local

search on a new neighborhood to avoid redundant searches. The procedure is illustrated

in Figure 1.

Figure 1: Overview of the VMND algorithm for the MVRPD.

In Sections 3.2 and 3.3 we present the exact solution algorithm and the local search in

more details, respectively. The initialization phase to find an initial feasible solution is

described in Section 3.4.

3.2 Exact solution algorithm

The exact solution algorithm used is a branch-and-bound algorithm that solves the MILP

defined by the objective function (1), subject to constraints (2) – (10) and a subset of
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valid inequalities from (11) – (18).

As Figure 1 illustrates, the execution of the exact algorithm is temporarily interrupted and

the local search is performed whenever a new best solution is found, or when a maximum

time limit allowed µ is reached. This value is set as a proportion α of the time spent on

the local search phase.

Whenever the exact algorithm finds a new best solution, the local search starts exploring

the first neighborhood. If the maximum time limit is reached without a new best solution,

the local search is performed on the current solution by exploring a new neighborhood.

After the local search is finished, its best solution is fed back to the exact solution phase

that keeps track of both the best primal and the dual bounds.

3.3 Local search

In the local search phase, neighborhoods are explored to search for improvements on the

current solution. A set of neighborhoods N is defined. Each neighborhood η ∈ N is

associated with a rule to determine the set of variables whose value is fixed in the solution

of the MILP. The rule is such that we avoid generating infeasible or too difficult MILPs. To

this aim, neighborhoods are defined by fixing the value of subsets of the routing variables

x only and letting the variables l free.

Two kinds of neighborhoods, called period and k-vicinity neighborhoods, have been de-

signed. Both are depicted in Figure 2. The idea behind the period neighborhoods is to

fix all decisions across the planning horizon except for one period at a time. This does

not allow any change on customer delivery dates, but in the period under consideration

customers may be assigned to different vehicles and the vehicle routes may be improved.

This is done for all periods, one at a time. Given a time period tp, the set of variables to

fix for the local search is {xtij : t 6= tp}, i.e., all the arcs that do not belong to period tp.

In the k-vicinity neighborhoods, the idea is to focus the search on a set of customers that

form a spatial cluster, allowing changes in the period of visit. This is done by selecting

a seed customer i and its k − 1 closest neighbors in terms of travel costs cij. The set
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that includes i and its k− 1 closest neighbors is defined as the k-vicinity of i, denoted by

Vk(i). When exploring neighborhood Vk(i) these customers are free, i.e., every x variable

incident to these customers is left free across all planning periods, while all remaining arcs

are fixed. This is done for all possible customers ip. For a given customer ip, the set of

variables to fix is {xtij : i /∈ Vk(ip) ∧ j /∈ Vk(ip)}. We set the value of k to 20.

The local search explores the period neighborhoods for every possible period tp, and

explores the k-vicinity neighborhoods for every possible seed customer ip, until no im-

provement is found. For the k-vicinity neighborhoods, customers are cyclically taken as

seeds to define the k-vicinity. Whenever a new best solution is found, the current best

solution is updated for the further exploration of this neighborhood. The algorithm keeps

searching the neighborhood and updating the best known solution. The search is stopped

when the current best solution is not improved by any of the k-vicinity neighborhoods,

i.e., when the neighborhoods defined by every possible seed customer i have been explored

without improvement. In the case of the period neighborhoods, changing the routing in

one period has little impact on the solution of the other periods (the only way this can

happen is when a optional customer is dropped from or added to a route). Thus, to speed

up the exploration of these neighborhoods, we only explore each period once, even if an

improving solution has been found.

The maximum time µ for the exact solution phase is set equal to the time spent in the

previous local search multiplied by α. Results from Larrain et al. [19] show that a value of

α = 1 is effective and that the results are not very sensitive to this parameter. When the

local search does not find an improving solution, then α is set to infinity, not imposing

a time limit to the exact solution phase. In this case, the algorithm will keep working

on the exact solution phase until it obtains a new best known solution, or until proving

optimality.

Figure 2 provides an illustrative example of the idea of the two kinds of neighborhoods. On

the top row the current solution with the routes performed in each time period is shown.

The middle row shows what happens when the period neighborhood for time period tp = 2

is considered. In particular, the only route performed in period 2 is discarded so that a
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Figure 2: Neighborhood definition for the implemented VMND for the MVRPD.

new (and possibly better) route is searched for in the MILP where the x variables related

to period 2 are free and the remaining x variables for all other periods are fixed to their

value in the current solution. The bottom row shows the k-vicinity neighborhoods for

node ip with k = 3. The set of customers to explore, V3(ip), is depicted in the first box

on the left from this row. For these customers, all entering and exiting arcs in all time

periods are removed.

3.4 Initialization

The branch-and-bound algorithm can take a long time to find a first feasible solution for

large instances. To tackle this issue we implemented an initialization procedure which

aims at finding a feasible solution to the problem by solving two constrained versions

of the original MILP problem. The first auxiliary MILP problem ignores the flexibility

allowed by the due dates and serves only the mandatory customers on their release dates.

If this first auxiliary problem fails to find a feasible solution, the second one looks for a

solution that visits only mandatory customers and allows them to be served at most one

day after their release dates. If capacity conditions are not binding, both MILP problems

may generate a feasible solution.
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If an initial solution is found through these procedures, the VMND starts with the local

search phase. If it fails, then the algorithm starts with the exact algorithm with no limit

on the computing time allowed (i.e., µ = ∞) to prevent it to exit without a feasible

solution for the local search. This process is depicted in Figure 1.

4 Computational experiments

In this section we describe the experimental setting adopted to study the performance of

the VNMD and the results obtained. The exact algorithm presented in Archetti et al.

[4], the one presented in this paper in Section 2, and the VNMD, were all implemented

in C++ and run on a machine equipped with a Xeon processor running at 2.77GHz and

96GB of memory, using CPLEX 12.6 as a solver. All experiments were limited to two

hours of running time.

We have reimplemented the algorithm of Archetti et al. [4] and rerun all instances for

two main reasons. First, there were minor implementation issues in the original paper,

affecting the cost structure of the solution (but not the limits of the algorithm); reimple-

menting and rerunning all instances allowed us to fix these issues and compare solution

costs correctly. The second reason is that we wanted to have a clear comparison, running

all instances on the same machines, allowing us to compare run times.

In Section 4.1 the benchmark instances and the procedure used to generate new larger

ones are described. Section 4.2 is devoted to identifying the most effective combination

of cuts and Section 4.3 presents the results of extensive tests performed to study the

efficiency of each solution method.

4.1 Instances

The experiments were performed on a set of 80 instances, denoted as (V/H/inv/k). An

instance is defined by its number of customers, V := |V ′|, with V ∈ {25, 50, 75, 100}, the

number of periods, H := |H| ∈ {3, 6}, and its level of inventory cost, inv ∈ {h, l}, where
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h and l stand for high or low inventory costs, respectively. Five instances (k = 1, 2, 3, 4, 5)

were generated for each combination of V , H and inv. When presenting average results

the notation (V/H/inv) is used.

Instances of size V ≤ 50 were taken from the benchmark set of Archetti et al. [4]. Larger

instances with V > 50 were randomly generated, following the same rules used to build

the original set.

4.2 Streamlining the B&B implementation

Some preliminary tests were carried out to assess the effectiveness of the B&B algorithm

and showed that the entire set of cuts was increasing the computational time more with

respect to subsets of them. Thus, to identify a good combination of cuts, instances

(100/3/h/k) with k = 1, ..., 5 were considered and tested. A single class of valid inequali-

ties at a time was first tested (Test 1). Then, the class of valid inequalities that performed

best in the first test was chosen and a second set of tests was performed where this class

was coupled with each other class (Test 2). Then, we chose the best pair of cuts and a

third set of tests was run where the best pair was coupled with each remaining class of

cuts (Test 3).

The valid inequalities, detailed in the previous section, are summarized in Table 1.

The following observations helped us reduce the number of tests to perform. First, there

are three pairs of cuts that work on the same idea, but using a different measure of fleet

capacity: 1a and 1b, 2a and 2b, and 5a and 5b. For instance, deliveries within interval

[1, t′] should not exceed the total capacity of the fleet in the t′ periods. Valid cut 1a (see

inequality (11)) expresses this idea by using the total fleet capacity, mQt′, as an upper

bound, while inequality 1b (see (17)) takes into account the actual number of vehicles

leaving the depot, i.e., the used capacity, Q
∑

t∈[t1,t2]
∑

j∈V ′ xt0j. Since these constraints

are very similar in concept, whenever one of them is included in a pair or a triplet, the

other one is not included. The second observation is that cuts 1a and 1b are particular

cases of cuts 5a and 5b, with t1 = 1 and t2 = t′. Thus, we decided to leave out 1a and
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Cut Equation Description Interval

1a (11) Deliveries ≤ Fleet capacity [1, t′]

1b (17) Deliveries ≤ Used capacity [1, t′]

2a (12) Deliveries ≤ Fleet capacity [t′, H]

2b (13) Deliveries ≤ Used capacity [t′, H]

3 (14) Routes ≥ Minimum number of routes [t1, t2]

4 (15) Deliveries ≥ Mandatory demand [t1, t2]

5a (16) Deliveries ≤ Fleet capacity [t1, t2]

5b (18) Deliveries ≤ Used capacity [t1, t2]

Table 1: Summary of valid cuts for the MVRPD

1b from this analysis. Although a similar argument could be used to eliminate 2a and

2b from this experiment, we decided to keep them because the total delivery quantity is

computed differently (see (12) and (13)).

The results of this experiment are summarized in Table 2. For each test, the best upper

bound obtained within two hours of computing time is reported. We focus on the value

of the upper bound as we aim at finding the best formulation to be used in the VMND

algorithm for which the main goal is to provide high quality solutions. The results show

that cuts 2a and 3 are on average more effective than other pairs. These are the cuts that

we use in the following tests for the B&B and the VMND algorithms. These results also

show that, in most cases, cuts considering the total available fleet as an upper bound of

capacity work better than the cuts that consider the used capacity instead.

4.3 Computational results

The results obtained for each algorithm are reported in this section. We start by com-

paring the performance of the B&B proposed in Archetti et al. [4] (B&B-1 from now on)

with the results of the B&B proposed in this paper (B&B-2), that makes use of the valid

cuts identified in the previous section. In Table 3 the instance description is followed by
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Test 1 Test 2 Test 3

Cuts UB Cuts UB Cuts UB

- 20508.3 3, 2a 14743.5 2a, 3, 4 15389.8

2a 15690.5 3, 2b 26621.7 2a, 3, 5a 15283.9

2b 18785.9 3, 4 15585.9 2a, 3, 5b 15348.0

3 15132.1 3, 5a 19020.0

4 17847.6 3, 5b 18994.5

5a 17807.5

5b 19836.5

Add cut (14) Add cut (12) Stop

Table 2: Results of tests on valid inequalities

the upper bound (UB), lower bound (LB), percentage gap (%), and run time in seconds

(Time (s)) obtained with each of the two algorithms. B&B-1 was not able to find a feasi-

ble solution for instances (100/3/h/3) and (100/6/l/2), thus, the average indicated with *

does not include those instances. The number of instances solved to optimality increases

from 25 for B&B-1, to 32 out of 80 for B&B-2. The average optimality gap obtained by

B&B-2 on each row is smaller than the average of B&B-1, with an average value of 4.9%

against 11.8%. Algorithm B&B-2 outperforms B&B-1 in 45 instances (including the two

where B&B-1 fails to find a feasible solution), ties in 30, and loses in only five. The reason

why B&B-2 outperforms B&B-1 is related to the fact that B&B-2 includes the subset of

the most effective inequalities only (see Section 4.2), while all inequalities (11)–(16) were

all included in B&B-1, thus slowing down the solution process.

The performance of B&B-2 can be improved by the VMND algorithm, which embeds the

local search in B&B-2. The results of Table 4 highlight that not only the VMND algorithm

is capable of finding better solutions, but it also slightly improves the lower bound and

the running time. The VMND algorithm solves 32 instances, the same number as B&B-2,

but reduces the optimality gap on average from 4.9% to 3.4%. VMND beats B&B-2 in

33 instances, ties in 40, and loses in seven.
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Instance
B&B-1 B&B-2

UB LB Gap (%) Time (s) UB LB Gap (%) Time (s)

(25/3/h) 3641.3 3640.9 0.0 229.2 3641.3 3641.3 0.0 107.6

(50/3/h) 4874.9 4739.2 2.7 5093.8 4841.6 4841.6 0.0 1605.8

(75/3/h) 11127.7 9976.6 10.4 7200.0 10574.3 10258.8 3.0 7200.0

(100/3/h) 14882.1* 13081.4 11.9 7200.0 14480.4 13340.3 8.0 7200.0

(25/6/h) 5778.6 5778.2 0.0 172.6 5778.6 5778.6 0.0 39.6

(50/6/h) 7919.5 7171.4 9.4 7200.0 7909.1 7735.1 2.1 5603.4

(75/6/h) 8286.7 6823.7 17.6 7200.0 8074.0 7686.6 4.7 7200.0

(100/6/h) 11499.0 8001.4 29.8 7200.0 10121.1 9062.5 10.3 7200.2

(25/3/l) 2286.4 2286.2 0.0 43.8 2286.4 2286.4 0.0 25.4

(50/3/l) 3230.2 3177.5 1.6 5157.6 3223.2 3220.5 0.1 2367.0

(75/3/l) 4469.3 3852.5 13.7 7200.0 4330.5 4056.7 6.3 7200.0

(100/3/l) 5972.3 4642.8 21.9 7200.0 5525.2 4893.9 11.3 7200.2

(25/6/l) 4051.6 4051.2 0.0 1835.2 4051.6 4051.6 0.0 530.4

(50/6/l) 5637.3 4903.1 13.0 7200.0 5526.0 5341.2 3.3 6185.8

(75/6/l) 5877.1 4524.5 22.9 7200.0 5479.9 5051.6 7.7 7200.0

(100/6/l) 8483.8* 5515.6 33.6 7200.0 7779.4 6017.3 21.4 7200.0

Average 6751.1 5760.4 11.8 5283.3 6476.4 6079.0 4.9 4629.1

*The algorithm was not able to solve instances (100/3/h/3) and (100/6/l/2).

Table 3: Comparison of the performance of exact methods

Exact Solution Methods for the Multi-Vehicle Multi-Period Vehicle Routing Problem with Due Dates

CIRRELT-2018-06 15



Instance
B&B-2 VMND

UB LB Gap (%) Time (s) UB LB Gap (%) Time (s)

(25/3/h) 3641.3 3641.3 0.0 107.6 3641.3 3641.3 0.0 328.4

(50/3/h) 4841.6 4841.6 0.0 1605.8 4841.6 4841.6 0.0 1100.2

(75/3/h) 10574.3 10258.8 3.0 7200.0 10631.4 10249.0 3.5 7200.0

(100/3/h) 14480.4 13340.3 8.0 7200.0 13971.5 13348.5 4.5 7200.0

(25/6/h) 5778.6 5778.6 0.0 39.6 5778.6 5778.6 0.0 236.8

(50/6/h) 7909.1 7735.1 2.1 5603.4 7909.1 7728.8 2.2 5827.6

(75/6/h) 8074.0 7686.6 4.7 7200.0 8071.6 7692.2 4.6 7200.0

(100/6/h) 10121.1 9062.5 10.3 7200.2 9682.0 9058.5 6.4 7200.0

(25/3/l) 2286.4 2286.4 0.0 25.4 2286.4 2286.4 0.0 92.6

(50/3/l) 3223.2 3220.5 0.1 2367.0 3223.0 3223.0 0.0 1934.8

(75/3/l) 4330.5 4056.7 6.3 7200.0 4334.5 4052.4 6.4 7200.0

(100/3/l) 5525.2 4893.9 11.3 7200.2 5336.2 4900.5 8.2 7200.0

(25/6/l) 4051.6 4051.6 0.0 530.4 4051.6 4051.6 0.0 781.2

(50/6/l) 5526.0 5341.2 3.3 6185.8 5523.4 5380.5 2.5 6438.8

(75/6/l) 5479.9 5051.6 7.7 7200.0 5377.4 5061.4 5.8 7200.0

(100/6/l) 7779.4 6017.3 21.4 7200.0 6687.8 6013.6 10.0 7200.0

Average 6476.4 6079.0 4.9 4629.1 6334.2 6081.8 3.4 4646.3

Table 4: Comparison of the performance of exact methods
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Instance B&B-1 B&B-2 VMND

(25/3/h) 5 5 5

(50/3/h) 3 5 5

(75/3/h) 0 2 3

(100/3/h) 0 0 5

(25/6/h) 5 5 5

(50/6/h) 3 5 5

(75/6/h) 0 3 4

(100/6/h) 0 1 4

(25/3/l) 5 4 4

(50/3/l) 4 4 5

(75/3/l) 1 2 2

(100/3/l) 1 0 4

(25/6/l) 5 5 5

(50/6/l) 0 3 5

(75/6/l) 0 1 5

(100/6/l) 0 0 5

Success rate (%) 40.0 56.3 88.8

Table 5: Number of best UB found by algorithm
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A summary that compares B&B-1, B&B-2 and VMND is provided in Table 5 where

the number of best upper bounds found by each algorithm is shown. The table clearly

shows that VMND outperforms the other two approaches when the size of the instances

increases. When the size is small, the three algorithms performs almost the same, as the

instances can be solved to optimality by all of them in the majority of the cases. In Table

6 the time required by B&B-2 and VMND to find their best upper bounds is shown in

the second and third columns. The fourth column shows how long it took VMND to find

an upper bound at least as good as the best solution found by B&B-2. It can be observed

that VMND finds its best solution in about one third of the time it takes B&B-2 to reach

its best solution, and that it takes VMND about one fifth of the time it takes B&B-2 to

reach a similar solution.

In order to have an understanding of the structure of the tested instances, Table 7 shows

the average percentage of each cost component in the best solutions found by VMND. As

in other problems with the same structure, routing costs dominate the solution.

Finally, Tables 8 and 9 show the results obtained by VMND on instances with two and

three vehicles, respectively. The average optimality gap is in each case equal to 4.4%

(recall that it was 3.4% on instances with one vehicle). These values indicate that the

algorithm performance is robust with respect to the increase of the number of vehicles.

5 Conclusion

In this paper we studied the vehicle routing problem with due dates where customers

are associated with release and due dates and a distribution plan has to be built over a

planning horizon with the aim of minimizing the sum of routing cost, inventory cost and

the cost for postponing customer visits. A Variable MIP Neighborhood Descent algorithm

(VMND) is presented where the idea is to embed a local search in an exact scheme and

define search operators through variable fixing on MILPs. The algorithm improves 44

out of 90 best known solutions on benchmark instances where one vehicle is available.

On instances with two and three vehicles, not previously tested, the average optimality
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Instance
B&B-2 VMND

UB time (s) UB time (s) Time to beat B&B-2 (s)

(25/3/h) 53.4 57.4 57.4

(50/3/h) 1344.2 563.6 563.6

(75/3/h) 3520.0 1532.2 1499.4

(100/3/h) 6519.8 2583.8 169.4

(25/6/h) 21.2 29.0 29.0

(50/6/h) 2082.0 203.2 203.2

(75/6/h) 3340.8 612.2 609.8

(100/6/h) 5089.6 3274.0 1342.8

(25/3/l) 6.8 10.4 10.4

(50/3/l) 1726.0 584.0 584.0

(75/3/l) 2758.0 1592.8 1585.2

(100/3/l) 6186.0 1964.2 94.2

(25/6/l) 90.2 18.4 18.4

(50/6/l) 2538.6 1032.0 1032.0

(75/6/l) 3463.0 557.8 505.2

(100/6/l) 6322.8 1568.2 1456.0

Average 2816.4 1011.5 610.0

Table 6: Comparison of the times to find the best upper bound of B&B-2 and VMND

Exact Solution Methods for the Multi-Vehicle Multi-Period Vehicle Routing Problem with Due Dates

CIRRELT-2018-06 19



Instance Routing (%) Inventory (%) Penalty (%)

(25/3/h) 79.5 17.2 3.3

(50/3/h) 77.9 21.2 0.9

(75/3/h) 42.4 4.5 53.1

(100/3/h) 39.0 4.9 56.1

(25/6/h) 81.0 16.3 2.7

(50/6/h) 86.6 12.3 1.1

(75/6/h) 83.7 14.4 1.9

(100/6/h) 87.7 11.8 0.5

(25/3/l) 71.6 3.0 25.4

(50/3/l) 71.5 4.2 24.3

(75/3/l) 62.2 3.0 34.7

(100/3/l) 69.6 2.6 27.8

(25/6/l) 83.0 3.2 13.8

(50/6/l) 86.4 5.0 8.6

(75/6/l) 79.8 3.8 16.4

(100/6/l) 77.5 3.5 19.0

Average 73.7 8.2 18.1

Table 7: Composition of the costs for the best solution found with VMND
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Instance UB LB GAP (%) Time (s) Routing (%) Inventory (%) Penalty (%)

(25/3/h) 3634.7 3634.7 0.0 518.2 80.1 17.4 2.5

(50/3/h) 4841.6 4841.6 0.0 1362.6 77.9 21.2 0.9

(75/3/h) 6403.4 5922.7 7.4 7200.0 92.0 6.7 1.4

(100/3/h) 7542.7 6705.4 11.0 7200.0 94.4 5.6 0.0

(25/6/h) 5711.4 5711.4 0.0 212.4 81.4 15.8 2.7

(50/6/h) 7875.3 7696.9 2.2 5823.8 86.0 13.0 1.1

(75/6/h) 8080.1 7666.9 5.1 7200.0 83.8 14.4 1.9

(100/6/h) 9753.4 9041.6 7.3 7200.0 89.2 10.3 0.5

(25/3/l) 2286.4 2286.4 0.0 120.0 71.6 3.0 25.4

(50/3/l) 3189.6 3177.9 0.4 3811.4 75.6 5.5 18.9

(75/3/l) 4235.1 3894.6 8.0 7200.0 65.0 3.1 31.9

(100/3/l) 5254.6 4609.9 12.3 7200.0 70.5 2.6 26.9

(25/6/l) 3993.9 3970.7 0.6 2319.6 81.8 4.1 14.0

(50/6/l) 5501.7 5310.7 3.4 7200.0 86.0 5.6 8.4

(75/6/l) 5349.4 5010.8 6.2 7200.0 80.6 4.3 15.1

(100/6/l) 6461.9 5992.9 7.2 7200.0 79.9 4.9 15.2

Average 5632.2 5342.2 4.4 4935.5 81.0 8.6 10.4

Table 8: Results for the VMND algorithm for the two vehicle case
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Instance UB LB GAP (%) Time (s) Routing (%) Inventory (%) Penalty (%)

(25/3/h) 3634.7 3634.7 0.0 412.6 80.1 17.4 2.5

(50/3/h) 4841.6 4841.6 0.0 1247.8 77.9 21.2 0.9

(75/3/h) 6310.8 5932.4 5.9 7200.0 89.0 9.7 1.3

(100/3/h) 7479.7 6761.1 9.6 7200.0 93.4 6.6 0.0

(25/6/h) 5711.4 5711.4 0.0 159.4 81.4 15.8 2.7

(50/6/h) 7868.8 7720.6 1.8 5789.0 85.6 13.3 1.1

(75/6/h) 8070.5 7675.8 4.8 7200.0 83.5 14.6 1.9

(100/6/h) 9673.3 9037.3 6.5 7200.0 87.6 11.9 0.5

(25/3/l) 2286.4 2286.4 0.0 87.2 71.6 3.0 25.4

(50/3/l) 3190.2 3159.6 0.9 4079.8 76.5 4.8 18.7

(75/3/l) 4228.1 3886.5 8.0 7200.0 66.2 3.2 30.6

(100/3/l) 5234.8 4553.6 12.9 7200.0 72.6 4.6 22.6

(25/6/l) 3993.9 3989.6 0.1 2087.4 81.8 4.1 14.0

(50/6/l) 5501.7 5297.6 3.7 7200.0 86.0 5.6 8.4

(75/6/l) 5354.1 4999.7 6.5 7200.0 79.6 4.1 16.3

(100/6/l) 6582.8 5991.2 8.9 7200.0 78.1 4.2 17.7

Average 5622.7 5342.4 4.4 4916.5 80.7 9.0 10.3

Table 9: Results for the VMND algorithm for the three vehicle case.
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is 4.4%. The results show that the local search is able to speed up the exact solution

algorithm which then finds better solutions in a shorter computational time than the pure

branch-and-bound algorithm. In addition, the results confirm that the VMND, proposed

in the literature for a different problem, is easily adaptable to other problems and may

be helpful in enhancing exact algorithms for combinatorial optimization problems.
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