CIRRELT

Centre interuniversitaire de recherche
sur les réseaux d'entreprise, la logistique et le transport

Interuniversity Research Centre
on Enterprise Networks, Logistics and Transportation

Valid Inequalities and Branch-
and-Cut for the Clique Pricing

Problem

Géraldine Heilporn
Martine Labbé
Patrice Marcotte
Gilles Savard

June 2009

CIRRELT-2009-24

Bureaux de Montréal : Bureaux de Québec:

Université de Montréal Université Laval

C.P. 6128, succ. Centre-ville Pavillon Palasis-Prince, local 2642

Montréal (Québec) Québec [Québec)

Canada H3C3J7 Canada G1K 7P4

Téléphone: 514 343-7575 Téléphone : 418 656-2073

Télécopie: 514 343-1121 Télécopie: 418 656-2624
www.cirrelt.ca

M ITE -
8 LAVAL UQAM HEC MONTREAL %gﬁm

et o asiben | Mt

Université I'u'l

de Montréal



Valid Inequalities and Branch-and-Cut for the Clique Pricing Problem
Géraldine Heilporn®?, Martine Labbé?®, Patrice Marcotte'*, Gilles Savard™®

! Interuniversity Research Centre on Enterprise Networks, Logistics and Transportation
(CIRRELT)

2 Department of Management Sciences, HEC Montréal, 3000 Céte-Sainte-Catherine, Montréal,
Canada H3T 2A7

3 Département d’Informatique, Université Libre de Bruxelles, Boulevard du Triomphe, C.P. 210-
01, B-1050 Brussels, Belgium

4 Department of Computer Science and Operations Research, Université de Montréal, P.O. Box
6128, Station Centre-ville, Montréal, Canada H3C 3J7

> Department of Mathematics and Industrial Engineering, Ecole Polytechnique de Montréal, P.O.
Box 6079, Station Centre-ville, Montréal, Canada H3C 3A7

Abstract. Motivated by an application in highway pricing, we consider the problem that
consists in setting profit-maximizing tolls on a clique subset of a multicommodity
transportation network. Following a proof that clique pricing is NP-hard, we propose strong
valid inequalities, some of which define facets of the 2-commodity polyhedron. The
numerical efficiency of these inequalities is assessed by embedding them within a branch-

and-cut framework.

Keywords. Network pricing, mixed-integer programming, combinatorial optimization,

clique.

Acknowledgements. Research of G. Heilporn was partially supported by F.R.I.A.
(Belgium). Research of G. Heilporn and M. Labbé was partially supported by
Communauté francaise de Belgique-Actions de recherche concertées (ARC). Research of
P. Marcotte and G. Savard was partially supported by the Natural Sciences and
Engineering Research Council of Canada (NSERC), the Fonds québécois de la recherche
sur la nature et les technologies (FQRNT) and MITACS.

Results and views expressed in this publication are the sole responsibility of the authors and do not
necessarily reflect those of CIRRELT.

Les résultats et opinions contenus dans cette publication ne reflétent pas nécessairement la position du
CIRRELT et n'engagent pas sa responsabilité.

* Corresponding author: Geraldine.Heilporn@cirrelt.ca

Dépodt lIégal — Bibliothéque et Archives nationales du Québec,
Bibliothéque et Archives Canada, 2009

© Copyright Heilporn, Labbé, Marcotte, Savard and CIRRELT, 2009



Valid Inequalities and Branch-and-Cut for the Clique Pricing Problem

1 Introduction

The paradigm of pricing, either for improving the performance of infrastructures, or for maxi-
mizing the revenue of a private firm, pervades the economics literature. In the present paper,
we consider the problem faced by a highway manager that seeks to maximize the revenue raised
from tolls set on a network, while anticipating that users will travel on paths that maximize
their individual utilities. This situation is closely related to the problem known as ‘product
line pricing’ (see Green and Krieger [11], Dobson and Kalish [9, 10]), which was proved to be
challenging from both the theoretical and computational points of view. Some years ago, Labbé
et al. [19] recognized that the network pricing problem fits the framework of bilevel program-
ming, a branch of optimization concerned with the solution of nonconvex programs involving
two noncooperative agents, and that is akin to a leader-follower, or Stackelberg, game. This
approach led to studies that focused on the combinatorial nature of network pricing, either in
its original formulation or variants thereof. Representative of this approach are the works of
Bouhtou et al. [1], van Hoesel et al. [23], Grigoriev et al. [12], Heilporn et al. [15], Kohli and
Krishnamurti [17] and Roch et al. [20].

In the present paper, we consider a variant of the problem where all roads controlled by an
authority are connected and form a path, as occurs in toll highways. Assuming that tolls are
levied with respect to all possible combinations of entry and exit points on the highway, one
may focus on networks where a virtual arc is created for each entry-exit combination, and thus
form an ‘inner’ clique. Shortest paths that do not go through the highway are represented by
arcs linking the various origins and destinations, and form an ‘outer’ clique (see Figure 1). The
aim of this paper is to provide a better understanding of the Clique Pricing Problem and to
develop algorithmic tools that can be transposed to situations arising in the field of revenue
management (see Coté et al. [5]). More precisely, we are interested in the polyhedral structure
of a specific Network Pricing Problem. Note that preliminary results were obtained by Heilporn
et al. [16], who provided a theoretical study of the single commodity Clique Pricing Problem.

The structure of the paper is as follows: Section 2 introduces the Clique Pricing Problem,
together with its formulation; Section 3 deals with strong valid inequalities derived from the
underlying network structure of the model; Section 4 provides proofs that the inequalities, as
well as several constraints of the initial model, define facets of the two-commodity problem:;
finally, numerical results (Section 5) show that several of the valid inequalities are efficient, in
the sense that their integration within a branch-and-cut scheme decreases the integrality gap,

CPU time and number of nodes explored in the resulting implicit enumeration process.

CIRRELT-2009-24 1
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Figure 1: Topology of the Clique Pricing Problem, where toll arcs are dashed and toll-free arcs
are solid. The highway network (left) is represented by two cliques (right). Nodes of the inner

clique are the entry-exit nodes on the highway, while nodes of the outer clique represent various
origins and destinations.
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2 Mathematical formulation of the Clique Pricing Problem

Let us consider a linear highway composed of n entry-exit nodes, over which may transit m
commodities, each of them associated with an origin-destination pair k € K and a demand 7*.
To each entry-exit pair correspond an arc a € A and a commodity-specific cost c’; + to, where
t, is a toll. Commodities can either transit through the toll network, at cost c'; + t4, Or use
alternative direct paths at cost u¥. Assuming that all combinations of origin-destination and
entry-exit nodes are present, the topology of the network is that of two cliques linked by ‘access
nodes’ (see Figure 1). The ‘outer’ clique is related to demand, while the ‘inner’ clique is a
respresentation of the linear highway network.

Following Dewez [7], the Clique Pricing Problem can be formulated as the bilevel program:

CPP: max Z Z 0tk (1)

ke acA
subject to:
ta >0 Va e A (2)
(,9) € argin ) < D (ch o+ ta)ah + ukyk) "
ke “NacA
subject to:
le;erk:l Vk e K (4)
acA
zh €{0,1} Vi € K,Ya € A. 5)

At the upper level, the authority seeks to maximize the profits earned by imposing tolls ¢, on
the inner clique arcs. At the lower level, commodities are assigned to shortest paths with respect
to the sum of fixed costs and tolls. The flow constraints (4) ensure that each commodity k € K
is assigned either to a toll path a of the inner clique (z¥ = 1), or to a toll-free path of the outer
clique (y* = 1). Note that lower level solutions represent origin-destination paths carrying either
no flow or the total origin-destination flow. Since the matrix of constraints is totally unimodular,
flow proportions ¥ and y* can be assumed either discrete or continuous. It has been proved
that the Clique Pricing Problem is NP-hard (see Heilporn [14]), although particular cases are
polynomially solvable (see Dewez [7]).

Recently, Heilporn [14] proposed a linear MIP (Mixed Integer Programming) formulation of

CIRRELT-2009-24 3
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the Clique Pricing Problem, that makes use of the ‘revenue’ variables p! defined as

t, if commodity k uses arc a € A,
Po =
0 otherwise

and dispenses with the variables y*:

CP: m;ix Z Z nkp]a"’ (6)

ke ac A
subject to:
doak<i k€ K (7)
acA
> (oh + chat) + w0 =Y af) <ta+ b Vk € K,Va € A (8)
be A be A
ph < MYk Vk € K,Va € A (9)
ta — P8 < No(1 —2b) Vk € K,Va € A (10)
Ph <ta VkeK,Yae A  (11)
Py >0 Vac A (12)
z¥ € {0,1} Vk € K,Va € A, (13)

where MF and N, denote ‘big-M’ constants that can be set to M* = max{0,u* — c£} and
N, = maxgex MF for all k € K,a € A.

Let one identify A with a set of products, K with a set of purchaser segments, and u* —c* e

Ta
with ‘reservation prices’ that represent the maximal price that purchaser k is willing to spend
for product a. Then, if the ‘utility’ of purchaser k towards product a is set to the difference
between the reservation price 7'5 and the actual product price p’;, the Clique Pricing Problem
can be cast within the framework of product pricing problems, which have been studied in the
economics literature (see Green and Krieger [11], Dobson and Kalish [9, 10], Kohli et al. [17, 18]
or Shioda et al. [22]). For one, Shioda et al. [22] proposed a MIP formulation which coincides

with CP, modulo the substitution of the Shortest Path constraints (8) by
Z ((uk — )k — p]lf) > (uF — ) Z af —t, Vk € K,Va € A, (14)
beA:b#a beA:b#a

k k

which, after adding the term (u* — ¢¥)z* — p* to both sides of the inequality, can be rewritten

CIRRELT-2009-24 4
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as

> 0f +ckaf) < tatck Y xp+pf (15)
be A be A

If one expresses constraints (8) as

Db char) < tateg—uf(1-) ap), (16)
be A be A

it can be readily verified that the right-hand-side of (16) is smaller than that of (15), whenever
k

k is less than u*. Note that, in a pre-processing step, one could have set 2% = 0 for all a € A

c
and k € K such that ¢ > u¥, since such an arc does not contribute positively to the objective
function. Hence one may conclude that the Shortest Path constraints are stronger than (14). In
particular, if a consumer k € K refrains from buying, constraints (14) are redundant for this £,
while constraints (8) impose ub < c’; + t, for all toll arcs a € A. In a related paper, Shioda et
al. [21] described the purchaser’s behavior by probabilistic choice models. From the latter, they
derived several mixed integer programming programs that they compare in terms of optimal
solutions and computational times.

Shioda et al. [22] also introduced three sets of valid inequalities, the first set corresponding

to optimality cuts and the next two to feasibility cuts:

ph > Igu’]él{uk e Vki € K,Va e A (17)
€

ph < (uh? = ck)ake o (uh — By (1 — k) Vki, ko € K,Va € A (18)

x’f > :1:];1 Vki, ko € K,Va € A that satisfy the conditions :

ul? — k2 >k — M ve e A,

ks c]lfz - clgl Vb e A\ {a}. (19)

Inequalities (17) and (18) provide lower and upper bounds on the product price variables p¥,
which depend on the reservation prices u* — c¥. Inequalities (19) link the flow variables z¥
associated with purchaser segments. We refer the reader to Shioda et al. [22] for further details

concerning these inequalities.

3 Valid Inequalities

Inequalities (8), which ensure that only shortest paths are allowed to carry positive flow, can be

strengthened by considering interrelationships between pairs of commodities.

CIRRELT-2009-24 5
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PROPOSITION 1 (SSP inequalities) For any subset S of A and for any a € A, the inequalities

Z(plgl + clglxlgl )+ uF (1 Zx ) < tq+ 4 Z (p/;f2 + (c ]lfl ch )x];Q) (20)

beA beA beA\(Su{a})
Z( +cb :cb ) +u 1—295]“ <uM + Z —uf)z ]Ifz) (21)
be A be A be A\S

are valid for CP.

Proof
If mlgl =0 for all b € A, then:

(i) If there exists b e A\ (SU {a}) such that :ckz =1, (20)(21) yield u** < t, +p’b€2 + clgl for
all @ € A and u®1 < png + cb , respectively. As pr = t, by (10) and (11), the inequalities
imply that the cost of the path containing b € A must be larger than the cost of the toll
free path for commodity k1, and are valid by (8) and (12).

(ii) In all other cases, (20)—(21) yield u** < t, + cft for all @ € A and u*t < 1| respectively,
which are valid by (8).

Now assume that there exists b € A such that xlgl =1.

(i) If there exists d € A\ (SU{a}) such that :z:I;2 =1, (20)—(21) yield plbCl —i—clgl <t —i—p’;2 +c§1
for all @« € A and pb + cb1 < pd + cd respectively. As plgl =t and plff = tq by (10) and
(11), the inequalities state that the path containing b € A must be cheaper than the path
containing d € A for commodity k1, and are valid by (8) and (12).

(ii) In all other cases (i e., if there does not exist any d € A\ (S U {a}) such that $Z2 =1),
(20)—(21) become pb + cb1 <ty +cf for all a € A and p]bCl + c]bCl < uF respectively. Thus
the path containing b € A must be cheaper than any other path for commodity ki, and
the validity of the inequalities follows from (8). O

Note that, in the above theorem, the only relevant constraints are those that satisfy c'gl < ch
for all b € A\ (SU{a}), since the remaining ones are weaker than the Shortest Path constraints.

Although the possible number of subsets S, and hence the number of constraints (20)—(21),
is exponential, it is yet possible to determine the most violated constraint in polynomial time.
To outline the separation procedure for a given commodity ki, we observe that, for a distinct
commodity k2 and an arc a, the right hand-side of (20) will be minimal if we insert into the set
A\ (SU{a}) all arcs for which p + (¢ kL _ ckl)xb is negative, i.e., (ka lglxlgz)/x <k If

CIRRELT-2009-24 6
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the scalars (pl’,€2 lglxlg?) Jal zy? and the costs cf! are both sorted in increasing order (the latter
operation can be performed off-line), then it becomes straightforward to update the optimal set
S when switching from one candidate toll arc to its successor in the ordered list. The complexity
of the separation procedure for a commodity k1 € K is thus dominated by the sort operation,
and is in the order of O(|K[|A|log |A|).

The Profit Upper Bound inequalities (9) can also be strengthened by considering pairs of
commodities. In this context, we say that two toll arcs a and b are compatible with respect to
commodities k; and ko if there exists a feasible solution of CP where xlgl = x§2 = 1. In this

case, we write (b, k1) ~ (a, k2), and (b, k1) ¢ (a, k2) otherwise.

LEMMA 1 Let clgl <k, 0152 <Pz, ckr <wub2 and B < ufr. Then, (b, k1) ~ (a, ko) if and only
if k2 — k1 < c’b€2 c’b“.

Proof If a:’gl = a:k2 = 1, we must have that ¢, + Cbl <ty + ck1 and t, + c”f2 <tp+ cb2 by the
Shortest Path constraints (8). This yields cb —ch <t —t < cb — ckz,

Conversely, if cllfQ — k2 > 0, setting xlgl =ak =1t = p’g =0, t, = pk2 = cf — ck2
and tg = Ny for all d € A\ {a,b} yields a feasible solution of CP. Indeed, the Shortest Path

constraints (8) imply that

k k k k
pb1+cb1§ta+c§1 = cl<cb27052+c§1

pR <ty + clgz = c]g? — ke < clg’?,

which are valid since ¢tz — ¢kt < c]lfQ — c’gl. The remaining Shortest Path constraints hold since
variables t; have been set sufficiently large for all d € A\ {a,b}. Further, cng < u®? ensures
that pk2 < M2 ie., constraints (9) are satisfied. In the same way, if c’gz — k2 < 0, the point
a:’lfl =ak =11, =0t =c — c 2 and tg = Ny for all d € A\ {a,b} is a feasible solution of
CP. ]

LEMMA 2 If MF2 > MM and 2% = 1, there exists b € A such that xllfQ =1 and tb—i-c]gQ < tgtcke.

Proof Since ' = 1, one has t, = p®* < MM by (9), (10) and (11). Hence t, < M2, ie.,
the path containing toll arc a € A is cheaper than the toll free path for commodity kso. O

To derive the next inequalities, we introduce the set A = {be A: cb - cb > k2 — ek} of
toll arcs b € A such that (b, k1) ~ (a, k2) and (b, k2) # (a, k1), together with its complement A5
(for the sake of readibility, we adopted this notation rather than A>).

PROPOSITION 2 (SPUB inequalities) If, for a given triple (ky, k2, a) such that M < MF2 | there

CIRRELT-2009-24 7
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exist no toll arc b that satisfies ck? — k1 = c]lfQ cb , then the following inequalities are valid

pi? < M2ag? + (Mfg - Mfl) (Y (o —aph)—ag) (22)
beAS\{a}
phe < Miale o (M = MP) (Y (o) —al)
beAS\{a}
PR ) Y Gl 2

beAZ : M2 > M)

s .
with b* = arg MmNy 4= k25 0 {cb — cb 2},

Note that, for given ki, k2 € K and a € A, inequality (22) (resp. (23)) is not redundant if
and only if x'gl =1= :UI;Q for b =a (resp. b =a or b € A7), and helps to restrain the upper

bound on p¥2 in this case.

Proof If ZbeAg\{a}(x';Q — :clgl) — 2% is non negative, then the corresponding inequality (22)
is redundant by (9). Similarly, if 37,c 4<\ (4 (:cb - x’gl) — 2k and ZbeA> ME2 s (mlgz lgl)
are non negative, then (23) is redundant.

Assume that 3 e 4<\ (0 (mb = xlgl) — k1 <0, i.e., (i) there exists b € AT such that xkl =1,
and (ii) a:b =0 for all b € A5 \ {a}. By Lemma 2, (i) implies that there exists d € A such that
md = 1. Further, Lemma 1 and the definition of the set A5 yield d € A5, thus d = a by (ii),
i.e., 52 = 1. Now, from Lemma 1 and the assumption that there does not exist any b € A such
that c’g2 — cl]fl = cf2 — M1 one obtains that b = a, i.e., 2% = 1. Hence inequalities (22)-(23)

become pk2 < MF  whose validity follows from (9), (10) and (11).

Concerning inequality (23), it can occur that k1 (x]g - xb ') < 0, which means

bEAT M2 > M,
that (i) there exists b € AZ with Mk”2 > Mk”1 such that J:]lfl =1 and (ii) xb =0foralbe A
with M k2 > M, FL In this situation, Lemma 2 implies that there must exist d € A such that
a;d = 1. By contradiction, assume that d € A7 with M; k2 < M, ¥ Lemma 1 implies that
cff — Cdl < ck2 — cb , which cannot occur since u*? — uf1 < c cgl and 6152 — c]bCl < ukr — b,
As (ii) also holds, one concludes that d € A.

If d € AS \ {a}, inequality (23) becomes 0 < (M}? — M) — (M2 — M}!), which is true
since b € A>. Otherwise d = a, i.e., %2 = 1, and (23) yields ka < Mk1 —I—cb* — k2 which is also
valid. Indeed, constraint (8) imposes that pk2 4 ck2 <t + cb Further, pb1 < lel by (9). As
ty = plgl by (10) and (11), one has pk2 < Mk1 + c — ck2. The result follows from the definition

of b*. O

PROPOSITION 3 (SPUB inequalities) Under the assumptions of Theorem 2 the following in-

CIRRELT-2009-24 8
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equalities are valid:

P =t < MY Y () —apt) (24)
beAs
k k k k k k k k
pa2 _pal S Ma2 Z ( b2 - xb ) (Mb*2 Mb*l) Z ($b2 — Ilfbl). (25)
beAT beAZ M2 > MM

Note that, for given ki, ke € K and a € A, (24)-(25) are not redundant either if z¥1 = zk2 =
or if :L‘lgl =1 = 2% for b € A> such that Mé” > Mfl. Since the proof is similar to that of
Theorem 2, it will be omitted.

4 Assessing the valid inequalities

The valid inequalities introduced in Section 3 are strong. Indeed, we will show that they define
facets of the convex hull P of feasible solutions to a two-commodity Clique Pricing Problem,
defined as

P:conv{(t;p PPy xM xE) € RT x R2 x {0,1}27: (7) — (13)},

where boldface letters denote real vectors.

Our results are dependent on the choice of big-M constants in the MIP formulation of clique
pricing. While we let M* = max{0,u* — c¥} as before, we set N, = maxpexc{MF} + ¢, for some
arbitrarily small number e. This latter choice, which differs from that in Section 2, is motivated
by the fact that some flexibility with respect to the toll variables ¢, is required whenever we
encounter the degenerate situation where some toll arc carries no flow. For sufficiently small e,
this strategy leaves the set of optimal solutions unchanged.

In the sequel, e, will denote a unit vector in the direction a, and the following technical

assumptions will hold.
ASSUMPTION 1 MF >0 for every k € K and a € A.

ASSUMPTION 2 For allb € A, either Mfl # Mg”, or there exists d € A\{b} such that cb —c]b€1 #
652 csl.

Both assumptions ensure that the convex hull is not contained in some hyperplane, either p’; =0

in the former case, or

Z( —i—cb:z:b ) +ufr(1 Zm + K= Z bxb ) +uk2(1 Za:

be A beA beA beA

CIRRELT-2009-24 9
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in the latter, i.e, the cost structure is identical for commodities k; and ks, and it becomes a
single-commodity problem.

It can be proved that the polyhedron P is full dimensional and that most of the constraints
in our formulation are tight, i.e., they induce facets of the convex hull of feasible solutions,
under mild conditions. For the sake of completeness, these results, whose proofs can be found

in Heilporn [14], are listed below.
PROPOSITION 4 The polyhedron P has full dimension, i.e., Dim (P) = bn.

PROPOSITION 5 The constraint ), 4 x? < 1 defines a facet of P if and only if, for each b € A
such that Mé“ > Mg”, there exists d € A\ {b} such that Mfl < MZIQ and cff - cfll # c’b€2 - c’b“.

PROPOSITION 6 The constraint plf? < Mé”xg? defines a facet of P if and only if either Mé” <
M(fl or there exists b € A\ {a} such that (a,ky) ~ (b, k2).

PROPOSITION 7 The constraint t; — p’gQ < Na(1— x’gz) defines a facet of P if and only if either
< MPF2 or there exists b e A\ {a} such that (b, k1) ~ (@, ks).

PROPOSITION 8 Constraints (11) are never facet defining for P.

PROPOSITION 9 The constraint p2 > 0 defines a facet of P if and only if one of the following
a

conditions holds:
(i) M < MP;
(i) 52 > Mffl and there exists b € A\ {a} such that (a, k1) ~ (b, k2);

(iti) MY = M and either there exists b € A\ {a} such that (a, k1) ~ (b, ka), or there ewists
be A\ {a}, v € R such that (b, k1) ~ (a,k2), 0 <v < Mfl and ¢ — cng <v<c o clgl.

One can also show that most inequalities introduced in Section 3 define facets of P. To prove
such results, let (t; p¥'; p*2;x*;x*2) € P and H the hyperplane induced by a given inequality.
We need to show that H is the sole hyperplane that contains P N'H

Let H = {(t; p;X) @ pt +vFipkt 4 pkepke o ghigk g ekayke — O} and assume that all points
of PNH lie on a generic hyperplane G = {(t; p:X) : at+ BFpkt 4 gRrpke kg qkexcke — 5}.

The following lemmas relate the coefficients of H and G.

LEMMA 3 Let PN'H C G. We have:

(i) If n =0, then « =0 and § = 0.

CIRRELT-2009-24 10
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(i) If (i) holds and there exists b € A such that 551 = —5 , then ’ykl = 752.

(iii) If (i), (ii) hold and b is such that I/b = —I/b , then ﬁ = 52.

Proof If 4 =0, then (ZaE.A Nyeq;0;0;0; 0) and (ZaeA N,e, —eeyp; 0;0;0; 0) belong to PN'H
for all b € A. As these points also belong to the generic hyperplane G, it follows that

ZNaaa = 9

acA

Z Nyog — €, = 0,
acA

thus o« = 0 and 6 = 0. Further, if there exists b € A with 551 = —552, the point
(ZaeA\{b} Nyegy; 0;0; eb;eb) belongs to P N'H, and one obtains ’y L4 'yl” =0.
Next, if 1/{)“ = —Vb2, then (ZaeA\{b} Nye, + €eyp; eep; eep; ep; eb) also belongs to P N'H, which
k
yields ;' = —5b . |

LEMMA 4 Let g be a hyperplane containmg PNH and Mfl < Mé@ for somebe A. If u =10

and qu =0=¢&72, then ﬂk2 =0= ’yb .

Proof The points

Z Nye, + Mfleb; 0; Mfleb; 0; eb)
acA\{b}

( Z Nea+(M1+e)eb, (M + €)ep; 0;€p)

belong to P N'H. By Lemma 3, one obtains a = 0 and § = 0, hence

k
Mlﬁb + b 2=0
(Mkl“'e)ﬁb ‘|"7b =0,

and B2 = 0 = 7,2 O

LEMMA 5 Let G be a hyperplane containing PN'H, and b,d € A be such that cd —cgll < ck2 —c’lfl

and M(;“ < MZ;Q (resp. Mgl > MC];Z)

(i) Ifu=0, f{fl = —552 cmdl/b = I/d =0, thenﬂ —652 and (le“'l—Mfl) 514_7{:14_7'@2 =
0 (resp. (leC2 fMU’;Q)ﬂIIfI ’yb Jrvd =0).
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(ii) Further, if ¢ — it < o> — ', then B = 0= 5 and 4f' = —yk2.

Proof If Mclfl < M;Q, the points

k k k k
Z Noeq + My ey + Mjleq; My ey; My ey; eb;ed)
aeA\{bd}

Z Noeq + (M — e)ey + (M5 — €)eq; (MF — e)ep; (ME — e)eg; ep; eq)
ac A\{b,d}

belong to P N'H. If MC’;1 > Mé”, the points

k k k k
Z Naeq + My 2en, + Mj?eq; My ey; My eq; ep;€q)
aeA\{b )

Z N,e, + Mk2 —€e)ey + (MCI;Q —€)ey; (M;” — €)ep; (Mcll“z — €)eg; ep; ed)
ac A\ {b,d}

belong to PN'H. If Mfl < Mf“’ (the case Mfl > M;” is similar), Lemma 3 implies that o = 0

and 6 = 0, and one obtains

MP B+ MP B+ + k2 =0
(Mli€1 —€) fl—&-(MZfl —€) 52—1-7 +’yk2 =0,

thus ﬁ{fl = — 52 and (Mf1 - Mfl) l’fl —1—7 + 'yk2 = 0. Further, if ck2 - cfll < cb - cbl, the

point

Z Naeq + (M — e)ey + MEreq; (M) — €)ey; M eq; ep;eq)
ac A\{b,d}

or

Z Nyeq + (M, k2 +€)ep + Mk ey; (M +e)eb,M ed7eb,ed)
ac A\{b,d}

is in P N'H (for Mgl < Mé” or Mgl > M;z respectively). If we assume Mgl < Mgz (the case

Mfl >M 52 is similar), one obtains
(MP = ME — o) + 45 +4%2 =0,

thus ﬂkl =0= 552 and ’yfl = —752. O
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LEMMA 6 Let G be a hyperplane containing P N'H and let b € A be such that Mfl < Mé”. If
uw=20 and §b = Mk2l/b , then ’yé” = —MZ”[?{:Q.

Proof The points (ZaeA\{b} Ngeq + Merb;O;Merb;O;eb) belong to PN'H. As u = 0, we
have that & = 0 and § = 0 by Lemma 3. It follows that fy{fz = —Mbkaﬂf?. O

LEMMA 7 Let G be a hyperplane containing P N'H and let b € A such that Mk1 Mé”. If the
coefficients of H are such that = 0, 5{:1 = —Mé”l/é€1 and 552 = —MkQVb , then 7 = —M;”Bfl
and 752 = —Mfr‘ﬂf?.

Proof As previously, we have that « = 0 and § = 0 by Lemma 3. Since the points

Z Nge, + Mfzeb; M;er; 0; ep; 0)
ac A\{b}

D Naea + M2ey; M ey; M2 ey ep505),
ac A\{b}

belong to P N 'H, one obtains

Ml o =0
MF2BR ¢ MF2gl 4l 4k =0

The result follows. O
Based on the previous lemmas, we are in position to prove that most SSP and SPUB in-

equalities presented in Section 3 define facets of P.

PRrROPOSITION 10 If lel < Ml:” for allbe S C A, then the SSP inequalities (21) define facets
of P.

Proof First note that inequality (21) can be rewritten as

S G - Mfab) - 3 ok - aafal) <o

be A be A\S

Let H = { (t;p;x) : ZbeA( lel ) ZbeA\S (pb Mflx?) :0}. We have that o« = 0
and 6 = 0 by Lemma 3. Further, for any b € S, and provided that M, Mo Mfz, one obtains
52 =0= l’fz by Lemma 4. For all b € A\ S, Lemma 3 yields Bgl =— 52 and fy = —'yé”.
Next, for all b € A such that lel > lez (resp. lel < M:’Q), switching the commodity
indices k1 and ko in Lemma 6 (resp. Lemma 7) yields 7{:1 = —le“ ﬂ{fl. Now, if there exist
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de A\ S,b e Asuch that (b, k1) ~ (d, k2) and cb < cd , the points

Z Nye, + cd — clgl)eb, (cg1 — cb Yep; 0; eb,ed)

ac A\{b,d}
Z Nye, + cd - cb + €)ey + eey; (cfl1 - cb + €)ep; eeq; ep; ed)
a€A\{b,d}
also belong to P N'H. This yields ﬁ{fl = — 52. On the other hand, if c'lfl > csl, the points

D Naea+ (! = cih)ea; 0; (¢ — ¢ )ea; e; €q)

ac A\{b,d}
Z Nye, + ecep + (c — cd + €)ey; eep; ( 1;1 — cd + €)eq; ep; eb)
acA\[b,d}
belong to P N'H. Hence one obtains B{fl = —552 forallbe Aand d e A\ S. O

The SSP inequalities (20) can also define facets of P. However, since this only occurs under
restrictive conditions, it will not be mentioned any further in this paper. Next, we turn our

attention to the SPUB inequalities, which also define facets of P.

PROPOSITION 11 Under the assumption that, for allb € A such that Mk1 = Mé”, there exists
d e A such that c — cb #* cd — cd , then the SPUB inequalities (22) define facets of P.

Proof Let a € A and

H:{(t;p;x):pgz 5295152*( 527 EI:I)( Z ($§2x§1)$k1)20}'

beAZ\{a}
By Lemma 3, « = 0 and § = 0, and 651 = ﬁb , ’yb = — 52 for all b € A\ {a}. Further,
for all b € A2 such that Mfl < M, Lemma 4 yields /Bb =0= 7 f M]~C2 < MM, switching
the commodity indices k1 and ks in Lemma 4 yields ﬁfl =0= 'y . Hence ﬁkl =0= ﬂb and

W= 42 =0 for all b € AZ such that M # M.

For all b € A2 such that Mk1 = Mk"’ there exists d € A\ {b} such that cb - cb # cd - cd
by Assumption 2. Then, prov1ded there exists such a toll arc d in A2, one obtains ﬂ 11:32 =0
by Lemma 5, thus also 'yb =0= %,1 by Lemma 6.

Next, for all b € AS \ {a}, recall that, by assumption, one has c - cb + c - clgl. Hence,
setting b = a and d = b in Lemma 5 yields ﬁgl =0= 552 = ﬂfl and 7& = —’yb .
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Finally, setting b = @ in Lemma 6 yields ’ka = —-M; k2 ﬂkQ As the point

Z N, ea+M~ €a; kleakaleaaeayea)
acA\{a}

also belongs to P N H, one obtains 'ykl = (M k2 _ gl)ﬂlf2 and the result follows. O

a

Note that the conditions imposed in the previous proposition imply that either M, k1 75 M, k2
for all b € A2 or there exist at least two toll arcs b,d € AZ such that 052 75 & 22— cd . The

proof of the next result is deferred to the appendix.

PROPOSITION 12 If, for all b € A2 such that ]\Ibk1 < Mg” (resp. Mk1 M’”) there exists
d € Az \ {b} such that M;l < Moll62 (resp. MZICl > MC];Q) and Cb - cb # c - Cd , then the
SPUB inequalities (23) define facets of P.

Next, we address the case of the SPUB inequalities (24) and (25).
ProposITION 13 If the following conditions hold:
(i) forallb e A such that Mé“ M:Q, there exists d € AZ\{b} such that cb —cb1 # Cd —cd ;
(ii) for allb e A5\ {a}, there exists d € AS \ {a} such that c — cb1 # cd — cd ;
(iii) there exists b € A3 \ {a}, v € R such that clgl — clgl <v< clg? k2 and 0 < v < le?,
then the SPUB inequalities (24) define facets of P.

Proof Let H = {(t'p; X):p kQ —plgl - Mé” Y beAs (a:’b€2 - :clgl) = 0}. Lemma 3 yields oo = 0,

0 =0, ﬁkl =— k2 and 'ykl = —752 for all b € A.

For any be A< \ {a@}, the assumptions ensure that there exists d € A3\ {d} with c 1;1 #
cff — cd . Without loss of generality, let us assume that cd — cd < Cb — cb . One can check
that M;l < Mfz for all d € AS \ {a}, which implies, by Lemma 5, that Bb = 52 = 0 and

W= k2 for all b,d € AS \ {a}.
Now, for all b € AZ such that Mfl < Mk2 Lemma 4 yields ﬁk2 = 'yb =0. If Mfz < M,fl,
one obtains ﬂ{fl = ’yf ! = 0 by switching the commodity indices k1 and k2 in Lemma 4. Hence
k1 — 552 =0 and 7{;1 = 752 =0 for all b € AZ such that lel + Mbkz.
On the other hand, for all b € A2 such that M, = M2, there exists d € A\ {b} such that
k2 — cb1 #* cd — cd1 by Assumption 2. Then, prov1ded there exists such a toll arc d in A7, one

obtams ﬁb = b = 0 by Lemma 5 and 71) = 'yb = 0 by Lemma 6.
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Next, provided there exists b € AS \ {a}, v € R such that clgl - clgl <wv < clfz - cng and
0<v< Mé”, the point

d " Nueq + vey; 0; vey; €5 €p)

acA\{b,a}
belongs to P N"H. One can Verlfy that the existence of v € R is required since xkl = :z:lg2 =1
(with b € AS \ {@}) implies that p&' = 0 for points in H. Hence 'yb = —M for all b € AS\ {a}.
Finally, setting b = @ in Lemma 6 yields 752 = —M§2ﬁ§2. As 'yllfl = —752 for all b € A, one
obtains 752 = —Mé”ﬁg? = —fy{fl for all b € A, and the result follows. O

The final result is stated without proof.

PROPOSITION 14 If the following conditions hold:

(i) for allb € AZ such that M* < MY (resp. M[* > MkQ) there exists d € Az \ {b} such
that Mclfl < Mé” (resp. Mgl > M[l;?) andc —cb # cd —cd ;

(ii) for all b€ A3\ {a}, there exists d € A5\ {a} such that ¢}> — ci' # b — ckr;

ii1) there exists b€ A=\ {a}, v € R such that P <pv< 2 kQ and 0 <o < Mkz,
( ) a a b a b
then the SPUB inequalities (25) define facets of P.

Note that the conditions imposed so that inequalities (24)—(25) define facets of P are similar
to the ones imposed for inequalities (22)—(23). Since most inequalities considered define facets
of the two-commodity case, we can expect that they provide deep cuts for the general case,
and help in the numerical solution of the Clique Pricing Problem. This will be the topic of the

remainder of this work.

5 Numerical results for a branch-and-cut algorithm

In this section, we show that the SSP and SPUB inequalities introduced previously are not only
tight for 2-commodity problems, but are also efficient, from an algorithmic point of view, for
both the Clique Pricing Problem and an interesting variant thereof.

5.1 Problem generation

In order to test our valid inequalities, we generated scenarios built around the topology of

Highway 10 in Québec (Canada). These involve a complete network based on 5 to 10 cities and
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10 to 15 entry-exit nodes on the highway, i.e., 20 to 90 commodities and 90 to 210 toll arcs. For
each scenario, replicated 5 times, demands for city pairs were set to random values between 10

and 100. The set-up of the cost structure is as follows:

e Consecutive toll roads on the highway are assigned random fixed costs between 20 and 70;
e Arcs in opposite directions are assigned identical fixed costs;

e Fixed costs on shortest toll-free roads linking the highway with cities are set to random

numbers between 15 and 120;

e Fixed costs are additive, i.e., the cost of a ‘virtual” arc in the inner clique composed of a

sequence of ‘physical’ roads is set to the the sum of the latter fixed costs;
e Fixed costs between cities are set to random numbers between 150 and 1000.

e Toll arcs a € A such that c& > u* are clearly irrelevant, and are removed from the network.

Table 1 provides the minimum, maximum, average and standard deviation for the network

size, in terms of path number per commodity.

size min max m o
(5,10) 1 64 22,6 17,3
(5,12) 1 69 29,7 19,0
(5,15) 1 140 41,9 27,1
(8,10) 1 63 17,6 15,9
(8,12) 1 92 28,3 21,2

Table 1: Number of feasible paths per commodity. Each entry shows the number of cities and
highway nodes, respectively.

5.2 Implementation

Computational experiments were performed under scenarios involving the valid inequalities in-
troduced in this work. These inequalities were computed at the root node of the branch-and-cut
tree, and appended to the model, whenever they were violated. At each iteration, violation tests
were conducted, and the number of SSP inequalities appended was limited to half the number
of commodities. Finally, we set a computational time upper bound of 5 hours (18000 seconds),
after which the solution process was halted.

In order to assess the efficiency of the valid inequalities, the related number of nodes, CPU
times and the gap (in percentage) between the linear relaxation optimal solution Zj, and the

true optimal solution Z,,, defined as
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Ly — 2,
gap = 100 x u,
Zopt

are reported. Note that Zj, is computed after appending the valid inequalities, at the root of
the branch-and-cut algorithm.

The models were implemented under Mosel of Xpress-MP, Optimizer version 18. All au-
tomated preprocessing features were switched on, although Xpress’ automated heuristics were
switched off, being unable to handle our manual cuts. Numerical experiments were carried out
on a Pentium 4.3 GHz processor equipped with 2Gb of RAM and running under Linux Kernel

version 2.6.4.

5.3 Numerical results for the Clique Pricing Problem

In this section, we assess the influence of the valid inequalities when integrated within a branch-
and-cut scheme. The results are displayed in Tables 2-5. For the instances that could be
solved to optimality within the allotted CPU time, we observe a sharp decrease in both the gap
and number of nodes, when the SSP inequalities were incorporated. For all but the smallest
instances, we also observed a sharp drop in the CPU time. However, merging both classes
of valid inequalities (i.e., SSP and SPUB) did not yield a significant improvement in any of
the performance measures. The typical evolution of the objective’s lower and upper bounds is

illustrated in Figures 2 and 3.

size gap time (sec) nodes
i o u o W o
(5,10) 11.85 7.03 20 31 1893 3315
(5,12) 16.82 5.83 188 283 4067 4899
(5,15) 13.10 3.68 405 497 9797 12446
*2%(8,10) 1598 6.98 3520 4934 159015 222837
24(812) 10.19 4.6 5272 7004 147793 200928

Table 2: The base model CP. The symbols i and o denote the average and standard deviation
with respect to the instances solved to optimality, while ‘nodes’ refers to the number of nodes
in the branch-and-bound process. Leftmost numbers (between stars) provide the number of
instances that could not be solved to proven optimality within the time limit.

Next, we compare the efficiency of our formulation with that of Shioda et al.’s SHPP, under
valid inequalities (17), (18) and (19). We base our tests on the randomly generated instances
described in Section 5.1. Inequalities (17) and (18) are appended to the initial model, while
inequalities (19) are generated at the root of the branch-and-cut tree but only appended to

the model when violated. The results obtained are presented in Table 6. Comparing Table 6

CIRRELT-2009-24 18



Valid Inequalities and Branch-and-Cut for the Clique Pricing Problem

size gap time (sec) nodes
w o w o w o
(510) 152 145 21 25 388 683
(5,12) 1.84 2.09 52 64 103 84
(5,15) 1.86 154 241 256 719 591
*2* (8,10) 3.56 1.96 3038 4262 9722 13173
*2x (8,12) 1.59 1.48 1313 1454 3974 5350

Table 3: Appending the SSP inequalities (20)—(21).

size gap time (sec) nodes
1 o i o I o
(5,10) 10.75 7.05 40 64 3150 5935
(5,12) 15.00 4.82 222 282 12410 14762
(5,15) 12.09 3.77 1050 1809 23965 41766
*1*(8,10) 17.01 7.47 3430 3452 93890 100592
*3* (8,12) 13.86 1.37 1128 41 31276 8104

Table 4: Appending the SPUB inequalities (22)—(23) and (24)—(25).

size gap time (sec) nodes
o) o M o o) (o
(5,10) 1.50 1.44 18 21 342 603
(5,12) 1.84 2.09 57 67 114 100
(5,15) 1.83 1.54 249 249 1112 1313
*2* (8,10) 3.41 1.95 1959 2728 5845 7692
*2* (8,12) 1.55 1.47 1582 1938 4011 5584

Table 5: Appending the SSP inequalities (20)—(21) and the SPUB inequalities (22)-(23) and

(24)-(25).

to Tables 2-5, we observe that model CP with or even without the valid inequalities clearly
This confirms that constraints (14) of SHPP are

outperforms Shioda et al.’s formulation.

weaker, both theoretically and numerically, than constraints (8).

It is worth noting that Shioda et al.’s study was concerned with a product pricing problem

unrelated to a specific network. For the sake of fairness, we now present numerical results

obtained on a set of product pricing problems, generated as described in [22]. Precisely, we

consider a number of purchaser segments (‘commodities’ in the network model) and a number of

products (‘toll arcs’), randomly generated within the intervals [40,80] and [10,60], respectively.
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Figure 2: Evolution of the objective function with respect to the CPU time for an instance
of class (8,10). The lower and upper bounds for the initial model CP are denoted ‘LB’ and
‘UB’, while the lower and upper bounds for model CP with both classes of valid inequalities are
denoted ‘LB Final’ and ‘UB Final’, respectively.

size gap time (sec) nodes
7] o ] o © o

(5,10) 1875  6.79 3134 5880 289522 553763
(5,12) 19.35 11.74 1796 2663 98679 146442
2 (515) 16.57 177 514 509 21763 17504
(8,10) 10.53 0 114.23 0 5662 0
(8,12)

* * * * * *

Table 6: Model SHPP with inequalities (17), (18) and (19).

Each customer k is associated with a random demand 7* € [500,799] and a reservation price
réf € [512,1023] for product a, the latter corresponding to shortest toll-free arcs in the network
model. The results are displayed in Tables 7 and 8, where the behaviour observed earlier gets

even more pronounced .

5.4 A variant of the Clique Pricing Problem

In the original formulation of the Clique Pricing Problem, an optimal solution might be such

that the sum of the tolls on consecutive arcs between two nodes ¢ and j is less than the toll on
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Figure 3: Evolution of the objective function with respect to the CPU time for an instance of
class (8,12).

size gap(%) time (sec) nodes
) o U o I o

* * * * * *

0.67 0.14 3657 3315 59420 46890

(40,20)

(40,40)

( ) 0.33 0.07 658 744 3077 4183
*5% (60 20) * * * * * *

( ) % * * * * k

( ) * * * * * *

Table 7: Model SHPP with inequalities (17), (18) and (19), tested on Shioda et al. instances.
Size is measured with respect to number of commodities (purchaser segments) and number of
toll arcs (products). Each row corresponds to 5 instances of a given size.

the direct arc from ¢ to j. Although this situation may occur in the airline industry, it seems
reasonable to forbid it in the context of road networks, hence the introduction of inequalities
that ensure that it is not beneficial to leave the highway upstream to reenter it downstream.

These triangle inequalities are expressed as

ta <tp+t. Va,b,ce A:t(a)=1t(b), h(b) =t(c), h(c) = h(a), (26)
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size gap(%) time (sec) nodes
w o W o ,u o

( ) 0.57 0.26 94 69 975 1419
( ) 0.11 0.06 103 40 107 127
( ) 0.04 0.02 185 48 18 15
*1*(60,20)  0.52 0.34 3456 3449 17585 15701
( ) 0.16 0.1 539 295 2561 2557
( ) 0.09 0.07 1687 1954 3811 6818

Table 8: Model CP with inequalities (20)—(21), (22)—(23) and (24)—(25), tested on Shioda et al.
instances.

where h(a) and t(a) denote the head and tail of a € A, respectively. In a similar fashion, we
introduce monotonicity inequalities that specify that the toll on a path cannot be less than the
toll on any subpath, i.e., the inequality ¢, > ¢, holds for any pair of arcs (a,b) € A x A such

that one of the following four conditions involving their indices holds:

) t(a) =t(b) < h(a) = h(b) +1
) t(a) =t(b) — 1 < h(a) = h(b)
(iii) t(a) =t(b) > h(a) = h(b) — 1
) t(a) =t(b) +1> h(a) = h(b).

The model involving triangle and monotonicity constraints is labelled CP*. Note that con-
stants N, : a € A that appear in constraints (10) can now be set to N, = N = maxy, ,{M¥} for
all a € A.

Triangle and monotonicity constraints are generated at every node of the branch-and-cut
algorithm and appended to model CP* when violated. We impose an upper bound on the
number of constraints appended at a single iteration of the branch-and-cut algorithm. For a
given commodity, this bound is set to half the maximal number of feasible paths for the triangle
constraints, and to twice that number for the monotonicity constraints. Random instances
were generated according to the rules set in Section 5.1. Based on monotonicity constraints, a
variable z¥ (a € A, k € K) was set to zero whenever there exists an arc b such that ¢f < c¥ and
b lies in-between t(a) and h(a). This allowed to significantly reduce the number of admissible
paths. Table 9 provides the minimum, maximum, mean and standard deviation of the number
of feasible paths per commodity.

The numerical results, displayed in Tables 10-12, again indicate that, while the SPUB con-
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size min max m o
(5,10) 1 20 17,3 24,2
(5,12) 1 24 10,9 24,2
(5,15) 1 35 12,9 53,1
(8,10) 1 20 74 25,6
(8,12) 1 24 10,5 37,1
(8,15) 1 35 13,2 66,1

Table 9: Number of feasible paths per commodity.

straints slightly improve the gap, the number of nodes explored and the overall CPU time does

not decrease significantly.

size gap(%) time(sec) nodes
u o i o u o
(5,10) 18.10 7.22 2 1 184 151
(5,12) 20.13 6.03 18 25 1131 1692
(5,15) 19.52 4.82 5 3 407 368
(8,10) 30.09 8.42 262 425 27991 47056
(8,12) 32.04 8.28 947 1118 263875 348671
4% (8,15) 36.94 0 3571 0 202361 0

Table 10: Model CP*

size gap(%) time(sec) nodes
1 o) o o u o
(5,10) 6.53 4.47 4 2 69 39
(512) 3.98 3.06 10 9 127 140
(5,15) 4.55 3.18 8 6 101 85
(8,10) 12.64 505 682 1004 9205 15224
*1*(8,12) 9.96 5.55 1099 1249 23473 23453
*4* (8,15) 16.28 0 5796 0 102359 0

Table 11: Model CP* with SSP inequalities (20)—(21).

We conclude that the best valid inequalities for this variant of the Clique Pricing Problem
are still the SSP inequalities (20)—(21), as they provide a significant decrease of the gap and
number of nodes in the branch-and-cut algorithm, at the expense of increasing the CPU time.
To illustrate the results, Figures 4 and 5 depict the evolution of the lower and upper bounds on

the objective function with respect to the CPU time for two specific instances.
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size gap(%) time(sec) nodes

w o W o ,u o

(510)  6.47 4.53 6 4 88 70
(5,12) 3.97 3.06 7 6 138 113
(515) 446 314 11 7106 75
(8,10) 12.29 5.19 1195 1981 14625 24737

= (8,12) 9.79 5.53 1713 2515 27777 38116
4 (8,15)  16.26 0 2918 0 71731 0

Table 12: Model CP* with SSP and SPUB inequalities (20)—(21), (22)—(23) and (24)—-(25).
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Figure 4: Evolution of the objective function with respect to the CPU time for an instance of
class (8,10). The lower and upper bounds for the initial model CP* are denoted ‘LB’ and ‘UB’,
while the lower and upper bounds for model CP* with inequalities (20)—(21) are denoted ‘LB
Final’ and ‘UB Final’, respectively.

6 Conclusion

Together with its companion paper [16], the present work constitutes the first systematic study
of the polyhedral properties of network pricing, or its equivalent in economics. In particular,
we showed that a class of theoretically strong inequalities performed well numerically. As a
follow-up, it would be interesting to investigate the polyhedral structure of a problem involving

fixed costs on the toll arcs of the associated network design and pricing problem (see Brotcorne
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Figure 5: Evolution of the objective function with respect to the CPU time for an instance of

class (8,12).

et al. [3]) akin to ‘product line design’ in the economics literature [9].
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Appendix. Proofs of Theorems 12 and 14

The proofs require the following lemma.

LEMMA 8 Assume that PNH is a subset of a the generic hyperplane G, and letb,d € A such that
cld‘:2 —cd < cb —cb If the coefficients ofH are such that = 0, § = —552 and l/é€1 =0= I/C]l”,
then ﬁb =0 and mln{Mfl,Mcl;Q}ﬁd b '+ 7d = 0.

Proof If M;l < Mé”, the points

k k k k
Z Noeq + My ey, + My eq; My ey; My eg; ep;eq)
ac A\{b,d}

Z Nge, + Mk1 —€)ep + Mgled; (Mf1 — €)ep; Mclfled;eb; ed)
ac A\{b,d}

are in P N'H. Otherwise, i.e., if Mfl > MC];Q, the points

k k k k
Z Noeq + M%e, + My%eq; My ep; M eq; ey; ed)
ac A\{b,d}

Z Noe, + (M, k2 €)ep + Mk eq; (M + e)eb,M ed,eb,ed)
acA\(b,d}

are in P N'H.
First, one knows that 4 = 0 implies @« = 0 and § = 0 by Lemma 3. Then, if MC];1 < M;Q,

one obtains

MP B+ M B2 + 9t + 442 =0
(Mbkl —E) bl _|_Mcll€1ﬁd2 _{_,}/kz =0,

thus B{fl =0 and Mglﬂsz + 'yfl + 752 = 0. Otherwise, i.e., if Méﬁ > Mfz, one obtains

Mk2,3kl + MkQﬁkQ + kl + f}/k2 =0
(My? + )" + M2 B3 + 5" + 93 =0,

thus ﬂb =0 and M’”ﬁd +7b +fyk2—() |

Proof of Theorem 12
Let H = {(t:pix) : py* — My2a? — (M}? - Mkl)(ZbeA<\{a}( b o) — g
— (M2 = M) 2oz M2> M (w3 — =0}
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First of all, Lemma 3 yields a = 0, 6 = 0 and ﬁfl = ﬁb , fyb = —752 for all b € A\ {a}.

Further, for any b € AS \ {a}, setting b = @ and d = b in Lemma 5 yields 552 = —ﬂgl, thus also
I/jl — _5161
o

For all d € AZ such that Mfl <M 52 (resp. M;l > M52)7 the proposition hypothesis ensures
that there exists b € A2\ {d} such that M;* < M} (resp M > M) and 2 — it £ o> — .
Without loss of generality, let us assume that & 4 —cd < cb —cb As Lemma 5 yields ﬁkl =— 52,
it follows that ﬂkl =0= 652 for all b,d € A7 by Lemma 8. Now, for all b € AZ such that
M B M, k2 , switching the commodity indices k; and ko in Lemma 6 yields 7{; = —le ! ﬁl’f !

b = 0, one obtains ’yb = 0, thus also ’ka =0.

Next, for all b € A5\ {a}, recall that there does not exist any b € \{a} such that c clgl =

cgz — clgl by hypothesis. Hence, setting b = @ and d = b in Lemma 8 yields ﬁgl = 0 and
Mflﬂ{f{" + ’ygl + ’yé” = 0. As 652 = —ﬁgl = —M it follows that 552 =0 = ﬂfl for all
b e A3 \ {a}. One also obtains 7’” = b,

Next, setting b = @ in Lemma 6 yields ’ka = M}fzﬁg?. As the point

Z N, ea+M~ €s; kleaaMkleaaeaaea)
acA\{a}

also belongs to P N'H, it follows that ~ kl = (Mflf2 — 51)552.

a

Finally, for all b € A2 such that Mfl < Mé”, the points

(D Naea+ (M2 + 2 = ci)ea + (M + e — cf ey,
acA\{a,b}

(M,ff + cb* — cb 2ey; (Mf*1 + cb* — c’fz)ea; ep; ea)

are in P N'H since :cb =1= x 2 (be A7 : Mk1 < MkQ) implies p~ = Mk1 b* — C~2 for points
of H, which yields
k k ko ak k
(M 42 — i) pl i o yke =

As 7;:2 = — é”ﬂgz, one obtains 7{:1 = (M,f’;? — Méil)ﬁg? and the result follows. O

Proof of Theorem 14
_ . . k2 k1 ko ko k1
Let H = {(ta p; X) . pa - p& - Ma ZbE.A~< (Ib - xb )
k k k k
_(Mb*2 - Mb*l) Zb€A> Mk2>Mk1 (:Ub2 b1> = O}

Lemma 3 yields o = 0, § = 0, ﬂ{fl = kQ and fy —752 for all b € A. Next, for any
b e AS \ {a}, there exists d € AS \ {a} such that 2 — ¢t # c® — M by the proposition
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hypothesis. Without loss of generality, let us assume that cl€2 — cfll < cl’fz — clgl. As M 51 < Mfz
for all d € AS \ {a}, Lemmas 5 and 8 yield ﬂfl k2 and ﬂ = 0 respectively. Hence
I]fl =0= 552 for all b € AS \ {a}.

For all d € AZ such that Mfl <M 52 (resp. M;l > M52)7 the proposition hypothesis ensures
that there exists b € A2\ {d} such that M}* < M2 (resp ME > MP) and 2 — it £ o> — .
Without loss of generality, let us assume that & 4 —cd < cb —cb As Lemma 5 yields ﬁkl =— 52,
it follows that Bb =0= 552 for all b,d € AZ by Lemma 8. Further, for all b € A2 such that
M k1 > My k2 , switching the commodity indices k; and ko in Lemma 6 yields 7{; = —le ! ﬁl’f !

b = 0, one obtains ’yb = 0, thus also ’ka =0.
Next, provided there exists b € AS \ {a}, v € R such that clgl - cllfl <wv < c]fz c],f2 and

0<ov< Mfz, the point

D Naeq + vey; 0;vepy;eg; )
a€ A\ b}

i = 1= (be A7\ {a})
implies that pa = 0 for points of H. This yields ’yb = —'ydl for all b € AS\{a}. Setting b = ain
Lemma 6 yields 752 = —Mé”ﬁé”. As 7{)‘31 = —’yl’fQ for all b € A, one obtains 7{;2 = Mé”ﬁg” = —yl]fl
for all b € A.

Finally, for all b € A2 such that Mfl < Mé”, the points

is in P N'H. Note that the existence of v € R is required since x

(D Naea+ (M2 +cf2 = ci)ea + (M + e = cf ey,
acA\{a,b}

(M,ff + cb* — cb 2ey; (Mf*1 + cb* — c’fz)e&; ep; ea)

are in P N'H since :cb =1= x 2 (be A7 : Mk1 < MkQ) implies p~ Mk1 b* — C~2 for points
of H, which yields
k k ko ok k k
(My! + 62 —3*)B5" + 0" +7;° = 0.

As 7;:2 = —Mé”ﬂgz, one obtains 7{:1 = (M,f’;? — Méil)ﬂg? and the result follows. O
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