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Abstract. This paper addresses the capacitated multicommodity fixed-charge network
design problem, a particular case of the broad class network design problems. To identify
good quality solutions, we propose a matheuristic combining an exact MIP method and a
Tabu search meta-heuristic. A new arc-balanced cycle procedure for generating
neighboring solutions is introduced. To assess the quality of the solutions, tight lower
bounds are computed using a cutting-plane procedure. During the computation process,
memories characterizing attributes of solutions are compiled. These memories are then
used to find good quality starting solutions in short computational times. Computational
results conducted on a large set of instances with various characteristics show an efficient
behavior of the proposed method. The method provides high quality feasible solutions
which outperformed those obtained by state-of-the-art optimization codes within the time

allowed.
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1 Introduction

Network design formulations are used to model a wide variety of problems in several fields
such as transportation, logistics, distribution-production, etc. For survey on network
design, see Magnanti and Wong (1984), Minoux (1989), and Crainic (2000). Briefly, these
formulations are characterized by a network where all or some of the links are optional
and may be used providing a corresponding fixed cost is paid, and a set of known demands
that must be routed between particular origins-destination pairs at given link unit flow
costs. One then aims to design a network, that is, select the links to be used, to satisfy
the demand, by determining the flow distribution, at minimum cost total cost computed
as the total cost of the selected links and the total cost of the flow distribution.

We focus on the capacitated multicommodity fixed-charge network design problem,
denoted CMND, defined on an oriented graph. The CMND is a particular case of the
broad class of network design problems and is NP-hard (Magnanti and Wong (1984)).
Other than the problem size, considerable algorithmic challenges are due also to the trade-
offs between variable and fixed costs, fixed costs and capacity, the competition among
commodities (the origin-destination pair demands) for the limited capacity of arcs, and
the degeneracy of the linear relaxation of the formulation. The quest for efficient solution
methods has thus aimed for both exact and approximate methods. Interestingly enough,
most successful heuristics apply matheuristics principles, several having been proposed
before the term was coined (e.g., Crainic et al. (2000), Ghamlouche et al. (2003), Hewitt
et al. (2009)). Our objective is to continue this line of development and propose a new
matheuristic for a family of CMND problems.

We propose a general framework methodology based on the integration of mathemat-
ical programming methods (MP), linear (LP) or mixed integer programming (MIP), with
a neighbourhood-based meta-heuristic. The model formulation is at the core of the exact
part of the methodology and also guides and is influenced by the meta-heuristic. The
exact part of the method includes lower bound computation based on the cutting-plane
method of Chouman et al. (2009) and a MP algorithm performed on restricted formu-
lations of the problem. The restricted, but simpler, formulations are obtained through
partial variable fixing. The upper bound method is a Tabu search (TS) meta-heuristic
(Glover (1986), Glover and Laguna (1997)) based on the exploration of the space of the
arc-design variables. The basic neighborhood structure is identified and explored using
a new arc-balanced cycle procedure that computes shortest paths on partial graphs as-
sociated to candidate arcs. Then, the MP method aims to identify good-quality feasible
solutions on restricted formulations, while the TS aims to improve them. Our basic
strategy is to continuously perform a learning process to enhance the performance of the
method. More precisely, we show how to take advantage of the time spent computing the
lower and upper bounds to compile memories characterizing attributes of encountered
solutions, memories that are then used to perform variable fixing.
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The goal of this paper is to introduce the methodology and to present a proof-of-
concept though a basic application to the CMND. Section 2 recalls the problem formula-
tion and previous contributions. Section 3 describes the methodology approach, including
the lower bound computation procedure, the first feasible solution, the tabu search al-
gorithm, and the intensification mechanism. First computational results are summed up
in Section 4. Perspectives on the development and applications of the methodology are
presented in Section 5.

2 Problem Formulation

Given a directed graph G = (N, A), where N is the set of nodes and A is the set of
arcs, and a set of commodities (or origin-destination pairs) K to be routed according
to a known demand w"* for each commodity k, the problem is to satisfy the demand at
minimum cost. The cost consists of the sum of transportation costs and fixed design
costs, the latter being charged whenever an arc is included in the optimal design. The
transportation cost per unit of commodity k on arc (7, 7) is denoted ij > 0, while the
fixed design cost for arc (7,7) is denoted f;; > 0. A limited capacity, denoted u,;, is
associated to each arc (i,7). An origin O(k) and a destination D(k) are associated to
each commodity k. We introduce continuous flow variables xf"j, which reflect the amount
of flow on each arc (i,j) for each commodity k, and 0-1 design variables y;;, which
indicate if arc (i, 7) is used or not. With this notation, the mathematical formulation of
the CMND is as follows:

min Z Z ijflffj—i— Z fijYij (2.1)

:B?y

kek (i,j)eA (i,5)eA
Stal - Y ab=d, VieNVkeKk, (2.2)
JEN JEN;
Dol < ugyy V(i) € A, (2.3)
kel
i > 0, V(i,j) €A VkeK, (2.4)
Yij € {07 1}7 v (27]) € -Aa (25)
where
wh, ifi = O(k), . L
d* =< —wk, ifi = D(k), N ={j eN: (i) € A},

N ={jeN:(ij) € A}.

0, otherwise,

The objective function (2.1) minimizes the total cost computed as the sum of the
total transportation cost for commodities and the total fixed cost for arcs included in

CIRRELT-2010-31 2
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the optimal design (denoted as open). Constraints (2.2) correspond to flow conservation
equations for each node and each commodity. Relations (2.3) represent capacity con-
straints for each arc. These constraints also link together flow and design variables by
forbidding any flow to pass through an arc that is not chosen as part of the design. Note
that, the linear relaxation (LP) is obtained by replacing the integrality constraints (2.5)
by 0 <y <1, V(i,j) € A

Several bounding procedures based on classical relaxation approaches have been de-
veloped for the CMND. In particular, Lagrangian-based methods have been proposed in
Crainic et al. (1999), Crainic et al. (2001), Gendron and Crainic (1996), Holmberg and
Yuan (2000), Kliewer and Timajev (2005), and Sellmann et al. (2002), while Benders-
based decomposition procedures have been proposed in Costa et al. (2009). Chouman
et al. (2009) investigated new separation and lifting procedures of well known valid in-
equalities applied to the CMND and proposed a cutting planes procedure to improve its
formulation and hence the quality of its LP-bounds. Tabu search-based meta-heuristics
were proposed in Crainic et al. (2000), Crainic and Gendreau (2002), Crainic et al. (2004),
Ghamlouche et al. (2003), Ghamlouche et al. (2004), Crainic et al. (2006).

3 Methodological Approach

The basic version of the proposed math-heuristic is illustrated in Figure 1. Roughly
speaking, the MP method identifies feasible solutions, while the TS meta-heuristic aims
to improve these solutions by an exploration of a large-scale neighboring space.

An initial phase executes the cutting-plane method, gathers statistical information
on the solutions generated, and uses this information to fix a number of variables . The
resulting restricted problem is then solved by a LP or a MIP method, depending on the
characteristics of the problem. The resulting feasible solution constitutes the starting
solution of the meta-heuristic. Statistical information is also gathered during this phase
and is used to guide the meta-heuristic through variable fixing and the resolution of
the corresponding restricted formulation. Obviously, appropriate memories are used to
keep track of the evolution of the method and avoid repeatedly fixing the same set of
variables. In the following, we briefly present the building blocks of the method for the
CMND problem.

3.1 Lower Bound Computation and Memories

We aim for a good trade-off between quality and time. We therefore use an efficient
version of the cutting-plane method proposed in Chouman et al. (2009), which includes

3 CIRRELT-2010-31
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Figure 1: Schematics of the Basic Version of the Proposed Matheuristic
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only three families of valid inequalities: the strong (S7), the cover(CI), and the flow pack
(F'PI). Details, including the respective separation problems and implementation issues
may be found in Chouman et al. (2009).

The cutting-plane algorithm iterates solving the LP relaxation, generating violated
valid inequalities and adding them to the LP formulation, solving again the LP, and so
on. The families of cuts are generated in the SI, CI, and FPI sequence. The procedure
terminates when either the optimal solution is found, which is unlikely to happen very
often, or when the improvement is smaller than e.

Three series of statistical information on attributes of the LP solutions are gathered
during the cutting planes computations. The corresponding memories (all initialized at
7Zero) are:

F: Frequency of opening a design arc; Updated at each LP solution (Z,y) by setting
Fij = -Fij + 1,1f gij > ﬁ, \V/(Z,]) - ./4,

where (3 is a threshold on when an arc (7, j) in a LP solution would actually belong
to the final design.

L: Frequency of design arcs to be included in violated cover inequalities; Updated for
each identified violated CI

Lij=Lij+1, V(i,j) €C,
where C C A is the minimal cover obtained in the CI.
R Accumulated reduced cost for design arcs; Updated at each LP solution:
Ri; = Ry + Rij, V(i,j) € A,

where R is the reduced cost vector associated to the current LP optimal solution
(z,7).

3.2 First feasible solution

The main goal is to find rapidly a good starting feasible solution. To obtain it, we first
reduce the size of the problem, and then solve the reduced CMND by a MIP algorithm.
The selection of arcs to open/close must thus yield a network sufficiently small to be
computationally tractable and with sufficient capacity and connectivity to satisfy the
demand.

5 CIRRELT-2010-31
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The heuristic we propose, denoted «g-fizing, selects the reduced set A based on the
information gathered by the cutting-plane algorithm in the memories F, L, and R. The
heuristic selects arcs in three steps denoted, respectively, consistency, connectivity, and
feasibility. The first step selects arcs that consistently appeared in the optimal solutions
of the LP relaxations, i.e., arc (7, j) is added to A if F;; > agNpp, where o is a predefined
threshold and Npp is the number of LPs solved during the cutting-plane procedure.

The connectivity step aims to ensure a connected reduced network, by making sure
that all transfer nodes in A with at least one outgoing/ingoing arc opened, have also at
least one ingoing/outgoing arc opened. The arcs with high values in F' were selected in
the previous step, so we now turn to the L memory for guidance. Actually, a frequent
appearance of an arc in a minimal cover of a violated CI means that the arc has a good
chance to be open in feasible solutions and thus represents a good candidate for this
heuristic. Define N, = {j € N : (j,i) € A} and N;" = {j € N* : (4,7j) € A}. Then,
for each node i € N with at least one ingoing/outgoig arc and no outgoing/ingoing arc,
add to A the arc that realizes argmaxjej\fi+\/\~/i+(ﬂj + L;;) or Argmax; ¢ \—\ - (Fji + Lj;),
respectively.

The feasibility step aims to provide sufficient capacity at each origin or destinatiOon
node for flow to get out or into it. The choice of arcs in this step is made using the
information provided in the average reduced cost memory R, arcs with low accumulated
reduced costs being good candidates. Thus, for any origin 7 with insufficient outgoing
capacity (i.e., Zje/\?f u;; < w¥), Add to A the arc that realizes: argminja\/ﬂjw(Rij).
Similarly, for any destination ¢ with insufficient ingoing capacity, add the arc that realizes:
Argmin, ¢y - (Rji).

Once the set A is determined, we consider the restriction CMND 7 where all arcs in
A are free and all arcs in .A\.Zl/ are closed. The restricted CMND 3 problem is solved
using any available commercial MIP software. Time and node limits are imposed. If the
problem is unfeasible, we decrease the value of oy and we repeat the ap-fixing heuristic
to find a new and larger set A. We iterate as needed.

According to our computational results, this heuristic has proved effective to identify

rapidly high quality feasible solutions which are competitive with those found by the best
heuristic approaches available in the literature.

3.3 Tabu Search

In the current version of the methodology, the local search component of TS is used to
explore the design-variable search space, starting from the feasible solution coming from
the MIP method. The procedure is based on a large neighborhood defined by moves

CIRRELT-2010-31 6
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obtained by performing an Arc-Balanced Cycle procedure. Neighbors are evaluated by
solving the associated minimum cost network flow problem using a LP software and the
best neighbor is chosen to be the next incumbent. The method allows the deterioration of
the solution quality when the incumbent is a local optimum. Recent moves are included
in the tabu list, with a random number of iterations forbidding a closed arc to be included
in any move. Besides the tabu list, a memory, F7¥, is updated at each iteration to record
the frequency of an arc being open in TS solutions. This memory is used to identify new
feasible solutions in the intensification phase (Section 3.4). The heuristic stops when no
improvement in the best solution is observed for a prespecified number of iterations or
the overall computational time exceeds a time-limit.

The main feature of the proposed TS method is the definition of the arc-balanced
cycle neighborhood /move. Inspired by the cycle-based move introduced in Ghamlouche
et al. (2003), the new procedure preserves the number of open in and out arcs at each
node (hence the name of the move), which makes it suitable for a broad range of problem
settings, e.g., the network design problems with arc-balance requirements Pedersen et al.
(2009).

N r t e

- >0—>0—>0—>@  C?

Figure 2: Structure of the arc-balanced cycle

The move aims to close a selected arc by deviating the flow moving on it, more pre-
cisely, by replacing a sub-path containing the arc by a different sub-path. Note that this
deviations may appear promising when the move is generated but may prove unfeasible
from the point of view of the flow distribution. Then, in this version of the procedure,
the neighbor is discarded and the next one is evaluated. Thus, to close an arc (r,t),we
aim to find cycles with the special property, denoted three-phases property, given by
(C*, {(r,t)}, C*, O) illustrated in Figure 2, where

C! C A is a subset of successive open arcs making up a path between a given node
1
¢ and r;

C? C A is a subset of successive open arcs representing a path between ¢ and a
given node c?;

7 CIRRELT-2010-31
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O C .A\le/ is a subset of successive closed arcs representing a path between ¢! and

2.

The move then consists in moving the flow, or a sub-flow, passing on the sub-path
C' U {(r,t)} UC? to the sub-path O. Closing the full sub-path C' U {(r,t)} U C? and
replacing it by the sub-path O, could be too restrictive to obtain feasible neighbors.
Instead, we propose to close only a few arcs. Let & given by 0 = min { {3, . 2, V(1,7) €
CtUu{(r,t)}uc?} U {u;;,V(i,j) € O} } be the maximum flow that can be moved using
the identified cycle. The move is then performed by closing all arcs in C* U {(r,¢)} U C?
carrying a flow equal to  and opening all arcs in O. Moreover, we concentrate the search
for C* and C? on arcs carrying the same subset of commodities as those moving on the arc
to close (r,t). By doing so, we aim to increase the number of arcs to close (those shared
by the same commodities) while increasing the chance to get flow-feasible arc-balanced
cycles. In addition, such selection of arcs enables the generation of neighbors that are
not too close to the current solution.

The procedure to identify an arc-balanced cycle move is performed in several steps.
First, one determines the subset of opened arcs that could be used in a cycle involving the
arc to close. This is done by simple labeling procedures starting from r and ¢ and going
backward and forward, respectively. The next step consists in identifying the restricted
network used to find the cycle including opened and closed arcs by reversing all selected
opened arcs and by associating to each of them their negative fixed cost,—f. Then, one
adds all the closed arcs with their associated fixed cost. The next step finds a shortest
path in the restricted network from 7 to ¢ by applying a particular labeling correcting
procedure that yields non-negative cycles satisfying the three-phases property.

For each current solution, there are many possible moves since any opened arc with
positive flow is a possible candidate. Evaluating all such moves would be computationally
prohibitive, particularly since we use a commercial LP solver for the minimum cost
network flow problem. We therefore build candidate lists based on the following three
different criteria:

Fixed cost, to reach a good balance between the fixed cost of the arc and the amount
of flow moving through. Thus, we define the |.A|-dimensional vector &':

fij ; k
. {Zk;§j7 if > 75 >0

fz'j =

0, otherwise

Capacity, to reach a good level of used capacity with respect to the flow moving on the
arc. Thus, we define the |.A4|-dimensional vector £*:

52 :{ Zifij”’ if kafj >0

ij :
0, otherwise

CIRRELT-2010-31 8
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Unit price, to achieve a good level of unit price. Thus, we define the |.A|-dimensional
vector £3:

o u
ij “

3_{ CERSL LIS S )

0, otherwise

Candidate lists are then defined by choosing the first MaxCandidList of non-tabu
candidates from each considered vector, where ' and £ are sorted in descending order
and &2 is sorted in ascending order. The respective orders are chosen with respect to
the idea of closing expensive arcs used to move only small amount of flow in the current
solution.

3.4 Intensification - New Feasible Solution

Motivated by the idea of using an exact method to revitalize the tabu search algorithm,
we include an intensification mechanism around a set of good attributes. Thus, when the
local search phase of the T'S method appears trapped at a local optima, a new feasible
solution is identified by reducing first the size of the CMND problem and next by solving
the resulting restricted problem using an available commercial MIP software.

Contrary to the ayp-fixing heuristic, here we reduce the size of the problem by opening
some arcs in the network and leaving all the remaining arcs free for the MIP method.
The selection is performed randomly among the arcs with a frequency in F7° higher than
aq.

4 Computational Results

We tested this basic variant of the methodology - cutting planes, variable fixing + MIP,
tabu search, variable fixing + MIP, tabu search - on the benchmark problem sets C' and
R used also in Ghamlouche et al. (2003) and Hewitt et al. (2009)). The parameter values
are given in Table 1.

Table 2 displays results for the problems is set C. The first column gives the iden-
tification of the instance in terms of numbers of nodes, arcs (all are design arcs), and
commodities, as well as whether the dominating costs are the Variable or the Fixed ones
and whether the total possible capacity it relatively Loose or Tight with respect to the
total demand. Columns LB, BS, and F'S display the solution values of, respectively, the
lower bound produced by the cutting-plane procedure, the best solution of the proposed

9 CIRRELT-2010-31
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I} 0.3
[67)) 0.45
o 0.90
NblterTS 10
NblterProcess 3
MaxCandidList 7

Table 1: Parameter values

Instance LB BS FS cpu cpu-BS Gap Gap-FS BS-2h Gap-FS-2h
100,400,10,V,L 27915 28423 29693 93 49 1.79 5.99 28423 -4.55
100,400,10,F,L 21615 24161 27882 308 109 10.54 22.48 24161 -17.21
100,400,10,F, T 57230 67233 68374 1283 918 14.88 16.30 67233 -1.99
100,400,30,V,T 382584 384940 385217 279 85 0.61 0.68 384940 -0.07
100,400,30,F,L 46570 49682 58697 4758 2068 6.26 20.66 49682 -19.36
100,400,30,F, T 126629 144349 147957 1789 145 12.28 14.41 144349 -2.85
20,230,40,V,L 422998 423848 424385 203 116 0.20 0.33 423848 -0.13
20,230,40,V, T 636882 643538 658887 148 37 1.03 3.34 643538 -2.41
20,230,40,F, T 370016 371475 371800 157 63 0.39 0.48 371475 -0.09
20,230,200,V,L 91359 94218 94295 13229 8328 3.03 3.11 94254 -0.08
20,230,200,F,L 132500 138491 144990 22047 15006 4.33 8.61 140192 -4.90
20,230,200,V,T 95672 98612 98742 7849 3965 2.98 3.11 98612 -0.14
20,230,200,F, T 131611 136309 136309 10243 835 3.45 3.45 136309 0.00
20,300,40,V,L 427947 429398 430140 178 33 0.34 0.51 429398 -0.17
20,300,40,F,L 575530 588464 590164 239 46 2.20 2.48 588464 -0.30
20,300,40,V,T 461821 464509 464628 290 161 0.58 0.60 464509 -0.03
20,300,40,F, T 600867 604198 605505 168 35 0.55 0.77 604198 -0.22
20,300,200,V,L 73127 75045 75555 10804 4476 2.56 3.21 75045.3 -0.70
20,300,200,F,L 110977 116259 117438 15207 9109 4.54 5.50 116259 -1.06
20,300,200,V,T 74048 74995 75834 5924 1913 1.26 2.36 74995 -1.13
20,300,200,F, T 103776 109164 109164 7648 542 4.94 4.94 109164 0.00
30,520,100,V,L 53141 54008 54138 3587 2415 1.60 1.84 54008 -0.24
30,520,100,F,L 90304 93967 94588 8711 2925 3.90 4.53 93967 -0.69
30,520,100,V,T 51486 52156 52329 4175 2521 1.29 1.61 52156 -0.34
30,520,100,F, T 94272 97490 98754 12043 4161 3.30 4.54 97490 -1.34
30,520,400,V,L 111770 112927 112948 36025 22797 1.02 1.04 112947 -0.02
30,520,400,F,L 146726 149920 149920 36159 5769 2.13 2.13 149920 0.00
30,520,400,V,T 114061 114664 114869 38793 38793 0.53 0.70 114847 -0.18
30,520,400,F,T 149798 152929 152929 36041 8556 2.05 2.05 152929 0.00
30,700,100,V,L 47309 47603 47678 5331 3938 0.62 0.77 47603 -0.16
30,700,100,F,L 58209 60184 60509 10464 5650 3.28 3.80 60184 -0.56
30,700,100,V,T 45195 45880 46132 6156 4263 1.49 2.03 45880 -0.56
30,700,100,F,T 53783 54926 55823 6772 3018 2.08 3.65 54925.5 -1.67
30,700,400,V,L 96605 97982 98015 37540 35241 1.41 1.44 98015 -0.03
30,700,400,F,L 130779 135109 135166 36679 21429 3.20 3.25 135166 -0.04
30,700,400,V,T 94013 95781 95886 36327 15372 1.85 1.95 95886 -0.11
30,700,400,F, T 127572 130856 131087 38184 32531 2.51 2.68 131087 -0.18
Average 12320 6957 3.00 4.36 -1.72

Table 2: MIP-T'S results for C problems: 37 instances

MIP-TS matheuristic, and the value of the first feasible solution (obtained solving the re-
stricted CMND obtained out of the cutting-plane procedure). The following two columns
display the total CPU time required by the proposed method (limited at 10 hours) and
to identify the best solution, respectively. The Gap and Gap-FS columns give the gaps
relative to the lower bound of the best and first feasible solutions, respectively. Finally,
to explore the efficiency of the method, the last two columns display the best-solution
value after 2 hours of CPU time and the improvement gap of that solution relative to the
first feasible one. These results show that the tabu search and the associated variable
fixing procedure improve, in some cases quite significantly, the solution obtained from
the lower bound.

Comparisons to leading methods in the literature, CPLEX, the Path Relinking of

CIRRELT-2010-31 10
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Ghamlouche et al. (2004), and the matheuristic of Hewitt et al. (2009), show that the
approach we propose performs very well. The performance measures are the number of
instances of each set the MIP-TS method improves compared to the other method, and
the average gap over all instances in the set between the two methods.

Tables 3 and 4 sum up the results. Both tables display in the first column the
comparison with CPLEX after 2 hours CPU time. The second and last columns of both
tables are dedicated to the comparison with the Path Relinking (identified as T'S-PR)
and the first feasible solution, respectively (the proposed procedure stopped normally).
Table 3 also displays the comparison to the matheuristic of Hewitt et al. (2009) (identified
as IP).

BS-2u < crLEX-2H  BS < TS-PR BS <IP BS<FS

Number of Instances 16 33 31 33

Average Gap 0.33% -3.59% -0.81% -1.72%

Table 3: Improved feasible solution over 37 C-instances

BS-2n < cpLEX-2H  BS < TS-PR BS < FS

Number of Instances 25 33 39

Average Gap 0.54% -4.48% -1.30%

Table 4: Improved feasible solution over 54 R-instances

The results indicate that the proposed matheuristic performs very well and even in
its simplest form appears to be competitive with the best current methods. It actually
compares very well with the exact algorithms in CPLEX for moderate-size instances and
outperforms the leading meta-heuristics in the literature.

5 Perspectives

We introduced a general framework methodology based on the integration of mathemat-
ical programming methods and neighborhood-based meta-heuristics for the capacitated
multicommodity fixed-charge network design problem. The exact part of the method
includes lower bound computation by a cutting-plane method and an exact algorithm
performed on restricted formulations of the problem. T The upper bound method is a
Tabu search meta-heuristic, which explores the space of the arc-design variables through
a new arc-balanced cycle-based neighborhood. The restricted formulations are obtained
through partial variable fixing based on long-term memories build by the cutting-plane
and the tabu search methods.
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First computational results on standard benchmark instances indicate that the pro-
posed method performs very well. It actually compares very well with the exact algo-
rithms in CPLEX for moderate-size instances and outperforms the leading meta-heuristics
in the literature. The method may also be easily generalized to other classes of network
design problems, e.g., the design-balanced formulations of Pedersen et al. (2009), for
which the preliminary results are very encouraging. We are also developing a more ad-
vanced version of the method where the information in the tabu search long-term memo-
ries are used to generate new cuts, the method returning to the cutting-plane algorithm
for a major diversification phase.
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