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Abstract. This paper presents an analytical method for evaluating the performances of a 

two-machine-one-buffer reconfigurable production line. The reconfiguration helps to 

increase the machine performances. The graceful degradation encountered in 

reconfigurable machines is seen as a very nice middle ground between the expensive 

fault-tolerance of redundancy and the low cost of non-robust systems. In the considered 

case, each machine is composed of essential and non essential equipments. The failure 

of any essential equipment induces the shutdown of the entire machine, while the failure 

of the non essential equipment implies the continuity of the machine service with a 

reduced level of functionality. To assess the accuracy of the proposed method, simulation 

and numerical experiments have been conducted. The proposed model can then be used 

as the building block for performance evaluation of longer production lines using either the 

decomposition or the aggregation techniques. 
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1.  Introduction 

A reconfigurable system is defined a as a system that may allow service continuity under failure, 

on the basis of a reduced level of performance. Such a system is considered in [1] as a set of 

equipments partitioned into a subset of essential equipments and a subset of non-essential 

equipments. Essential equipment is one whose failure causes the entire system shut-down. In 

contrast, at the failure of non-essential equipment, the service is allowed to continue but implies 

degradation in production. This continuity of the service may be accomplished elegantly, rather 

than just by throwing money at the problem with brute-force redundancy. Redundant units 

involve higher deployment costs, provide functionality that is only useful in the case of failure, 

and cannot help if the failure is systematic. While it may be that brute-force redundancy is the 

only way to satisfy stringent availability requirements for essential functions, not every function 

is essential. In fact, much of the increasing level of computing power, automation and flexibility 

in manufacturing systems provides extra functionality rather than basic essential functions. Thus, 

there is a room in many manufacturing systems to implement reconfiguration and graceful 

degradation of functionality, in order to enhance the dependability for non-essential (but highly 

desirable) functions. A gracefully degrading system can be viewed as a system in which faults 

are masked and only manifest themselves in a reduced level of system functionality.  

In the domain of real-time control of manufacturing systems, automatic reconfiguration 

mechanisms are being increasingly used for the design of robust reconfigurable systems. This 

can be achieved by automatically installing, at the occurrence of a failure, a new control strategy 

to obtain maximal functionality using remaining system resources, resulting in a system that still 

functions, albeit with lower overall utility. Reconfiguration has been identified as a key 

mechanism for an automatic graceful degradation facility in several works (e.g., [2-4] and 

references therein). In [2], the key insight of such reconfiguration is to re-synthesize the 

supervisory control, in response to a failure, in such a way as to allow automated manufacturing 

system operational safety. In [3], the authors propose the concept of intercellular transfers at 

failure to allow the reconfiguration, and to improve overall performance of cellular 

manufacturing systems. In [4], the authors describe an architecture-based approach to gracefully 

degrading systems based upon product family architectures combined with automatic 

reconfiguration. Examples of reconfiguration mechanisms can be found in [2] and [5].  
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Figure 1 represents the alternance between nominal and degraded operating of a reconfigurable 

machine. 

 Performances 

Time 

nominal 

degraded 

t 1 
t 2 

t 1  : Failure occurrence        
t 2  : Recovery 

 

   

Figure 1. Nominal/degraded operating alternance of a reconfigurable machine [1] 

 

1.1 Background 

There are three research areas related to the research presented in this paper. The first is the 

literature of flow models of unreliable production lines, most often presented for binary state 

machines: one up (good) state and one failure state. The second concerns multi-state system 

(MSS) reliability models, which are frequently used in evaluating performance measures of 

series and parallel systems (in the reliability block diagram sense) without any intermediate 

buffer. Finally, our model can be seen as an outgrowth of a small body of literature that discusses 

approaches for evaluating the availability and the throughput of unreliable production lines with 

multi-state machines.   

First, there is a substantial literature on flow models of unreliable production lines. The objective 

of the majority of these models is to evaluate the throughput for lines composed of several 

machines and intermediate buffers: see for example [11, 12] for a survey. The throughput is in 

general difficult to evaluate exactly by analytical Markov models. As a result, most of the 

methods used to analyze long lines are based either on analytical approximation methods or 

simulation. Simulation models are applicable to a wide class of systems, but are more expensive 

computationally [13]. Analytical approximation methods are generally based on the Markov 

model developed for a line with two machines and one buffer [14] and either aggregation 

approach [15-17] or decomposition approach [18-22]. Other papers developing aggregation 

methods are [23-26]. All these papers consider binary-state machines.  
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Second, machines with different operating modes are usually studied, for buffer-less systems, at 

the basis of MSS reliability theory [27]. Different reliability measures can be considered for 

MSS evaluation and design. Among them, the throughput is a common performance measure of 

MSS, but it is usually evaluated without considering any intermediate buffer.  

Finally, our model can be viewed as an outgrowth of the small body of literature devoted to the 

throughput evaluation of unreliable production lines with multi-state machines. In [28], the 

authors develop models for two multi-state machine systems with intermediate finite buffers. 

These models consider that each machine has three states. In the first state, the machine is 

operating and producing good parts. In the second state, the machine is operating and producing 

bad parts, but the operator does not know this yet (quality failures). In the third state, the 

machine is not operating (operational failures). Others papers that study quality–quantity 

interactions are [29, 30]. To approximate general processing, failure, and repair time 

distributions by using phase-type distributions, more detailed models of production systems 

where each stage is modelled by using more than two states have been used [31-34]. Finally, the 

objective of the models in [35] is to analyze how production system design, quality, and 

productivity are inter-related in production systems. They calculate total throughput, effective 

throughput (i.e., the throughput of good parts), and yield. Unlike [35], we consider in this paper 

that the machines are reconfigurable, i.e., they can continue their service with a reduced level of 

functionality. 

1.2 Objectives 

The objective of this paper is to evaluate analytically the throughput of a production line 

composed of two reconfigurable machines separated by a finite-capacity buffer. This means that 

each machine is composed of essential and non essential equipments. The failure of any essential 

equipment induces the shutdown of the entire machine. The failure of the non essential 

equipment implies the continuity of the machine service with a reduced level of functionality. 

Parts are moved from machine 1 to machine 2 by some kind of transfer mechanism. The parts are 

stocked in the buffer when machine 2 is down or busy.  
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1.3 Outline 

The remainder of this paper is organized as follows. In Section 2, the single reconfigurable 

machine model is presented, while the two-machines-one-buffer model is detailed in Section 3. 

In this section, the assumptions and notations of the model, all the details of both the internal and 

boundary equations and the solution methodology are described. In Section 4, the validation 

results of the proposed model are shown. Finally, conclusions are given in Section 5. 

 

2.        Single reconfigurable machine model 

A reconfigurable machine is defined by a set of equipments partitioned into a subset of essential 

equipments and a subset of non essential equipments. The failure of essential equipment causes 

the entire machine shut down. In contrast, at the failure of non-essential equipment, the service is 

allowed to continue with a reduced level of functionality.   

The following assumptions are considered for the single reconfigurable machine model:  

1. Essential equipment is either up (good), or failed with a constant failure rate;  

2. Equipment can fail only when the machine is in one of its operating states;  

3. Only one repair crew is assigned to repair the failing equipments. If the system is in a 

state where both non essential equipment and essential equipment are failed, the essential 

equipment will be repaired first;  

4. Any repaired equipment is as good as new, and its repair rate is constant. Repair times are 

independent and identically distributed [6];  

5. Failure times are independent and identically distributed; 

6. The system is completely observable, i.e. there is perfect information to determine 

instantaneously the failure of any essential or non essential equipment;  
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7. The system is considered as a perfect fault-coverage wherein all failures can be repaired 

and are therefore covered. The perfect fault-coverage model does not have any absorbing 

state and thus leads to the steady state availability analysis [7].   

The single machine can be modeled by a continuous-time Markov process. We denote by Ni the 

state of the machine when it is operating normally. The state Di refers to the degraded operating 

state, i.e., the state reached at the failure of non essential equipment. Let N

iF  be the state of the 

system when a failure of essential equipment occurs while the machine is operating normally. 

We denote by D

iF the state of the machine when a failure of essential equipment occurs while the 

system is in degraded mode. The state transition diagram of the system is given in figure 2. 

Ni F
N

i

Di F
D

i

0
λ1i

λ2i

μ1i

μ2i

0
D

iU

N

iU

λ1i

μ1i

 

Figure 2. State transition diagram of a single reconfigurable machine 
 

The reconfiguration helps to increase the machine performances. The graceful degradation 

encountered in reconfigurable machines is seen as a very nice middle ground between the 

expensive fault-tolerance of redundancy and the low cost of non-robust systems. In the next 

section, we consider a production line containing two reconfigurable machines separated by a 

finite buffer. The throughput evaluation of such a line is very important because it is at the basis 

of the development of any decomposition or aggregation method for longer lines. This evaluation 

is however quite challenging because of the introduction of the degraded mode at each machine 

level. 
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3.        Two-machine-one-buffer model 

The performance evaluation of a two-machine-one-buffer production line is based on the 

following steps. Considering the Markov Chain that represents the two-machines-one-buffer line 

where each machine can operate in a degraded operating mode, the Chapman-Kolmogorov (CK) 

equations are defined for both internal and boundary states. These equations and the condition 

that all probabilities sum up to one lead to a system of equations that can be solved 

simultaneously to compute state probabilities and density functions which allow us to determine 

the availability, the production rate and the average buffer level. In the next subsections, we will 

describe each of these steps in more details. 

3.1      Additional assumptions and notations 

The throughput evaluation of production line containing two reconfigurable machines separated 

by a finite buffer is very important, because it is at the basis of the development of any 

decomposition or aggregation method for longer lines. This evaluation is however challenging 

because of the introduction of the degraded mode at each machine level. The considered tandem 

production line is shown in Figure 3, where the machines are denoted by M1 and M2 and the 

intermediate buffer is denoted by B1. Parts flow from outside the system to machine M1, then to 

buffer B1, then to machine M2 after which they leave the system. It is assumed that the flow of 

processed parts resembles a continuous fluid. The buffer capacity separating the two machines 

M1 and M2 is denoted by h1. A machine is starved if its upstream buffer is empty. It is called 

blocked if its downstream buffer is full. Indeed, the production rate of the tandem production line 

may be improved by the buffer, as it may prevent blocking and/or starvation of machines. As it is 

usually the case for production systems, we assume that the failures are operation-dependent, i.e. 

a machine can fail only while it is processing parts (it is said to be working). Thus, if a machine 

is operational (i.e. not down) but starved or blocked, it cannot fail. 

Machine 1 Machine 2Buffer
 

Figure 3. Two-machine-one-buffer reconfigurable production line 
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Each machine Mj (with j = 1, 2) can experience three states: nominal, degraded, and failed. We 

assume that all times to failure and times to repair are exponentially distributed. Let MTBF1j 

denote the Mean Time Between Failures of machine Mj from the nominal state; then
j

j
MTBF1

1

1
  

is its corresponding failure rate. Similarly, MTTR1j and 
j

j
MTTR1

1

1


 

are the Mean Time To 

Repair and the repair rate. On the other hand, MTBF2j is the Mean Time To Degrade of machine 

Mj, and 
j

j
MTBF2

2

1
  is its corresponding degradation rate, while MTTR2j denote the Mean Time 

To Recover machine Mj to the nominal operating mode with a corresponding repair rate 

j
j

MTTR2
2

1
 .  

We assume that the processing times of each machine are deterministic, i.e. a fixed amount of 

time is required to perform the operation, in both nominal operating and degraded operating 

modes. Thus, a machine Mj has constant nominal cycle time N
j  and nominal production 

rate
N
j

N
jU



1
 . The nominal rate N

jU  represents the maximum rate at which the machine Mj can 

operate while being in its nominal operating state and not slowed down by an upstream or a 

downstream machine [9]. Similarly, a machine Mj has a constant degraded cycle time D
j  and a 

degraded production rate
D
j

D
jU



1
 . The degraded rate D

jU  represents the maximum rate at which 

the machine Mj can operate while being in its degraded operating state and not slowed down by 

an upstream or a downstream machine. It is assumed that the considered line is homogenous, 

which means that all machines have the same nominal processing time and the same degraded 

processing time. That is, NNN UUU  21 and DDD UUU  21 . The following additional assumptions 

are also used: 

- The first machine is never starved, i.e. there is always available part at the input; 

- The last machine is never blocked, i.e. finished parts leave machine M2 immediately or there 

is always available space for part storage at the output of the line; 
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- The degraded rate for a given machine is less than the nominal rates of all the machines of 

the line;  

- There exists a stationary regime where steady-state behaviour is reached. 

 

3.2        Internal states equations 

There are 16 internal states corresponding to the stochastic composition [8] of the stochastic 

automata of machines M1 and M2 given by Figure 2. Thus, there are 16 internal states equations 

which are, in steady-state: 
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(3) 

(4) 

(5) 
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Figure 4 shows the internal states transition diagram. 

 

Figure 4. Internal states transition diagram 
 

3.3       Solution of the internal states equations 

We assume the form )()(),,( 221121   GGCexf x , which was successfully adopted in [9], where: 

1

( ) ( )

( )

i i i i

N N

i i i i i i

D D

i i i i

if N or D

G G F if F

G F if F

 

 



 


 
 

 1,2i    

(14) 

(15) 

(16) 

(17) 
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In order to define the steady-states probabilities of the system, we need to solve the internal 

states equations. We then need to find the values of C, ρ and ( )i iG  with 1,2i  . 

Substituting the above form in equations (1) – (16) and after some manipulations [10], we obtain:

  

         1 2 1 1 2 2 1 22 22 2 21 21 0,N N N N N NU U K G F G F U U              
 

which is an 3
rd

 degree polynomial in K (where K is independent from both M1 and M2.). Let us 

denote Km as the m
th

 root of the polynomial (with 1,...,3m  ). Once the roots are defined, by 

solving equation (18), we can determine the values of ( )i iG  with 1,2i  and ρ: 

    11
1 1 1 1

11

N D

m m

m

G F G F
K




 


 

    12
2 2 2 2

12

N D

m m

m

G F G F
K




 


 

 22 2211 12

2 11 12 2

m
m N N

m m

K

U K K U

  


 

     
      

      

 

We can then write: 

 
3

1 2 1 1 2 2

1

, , ( ) ( ),
mx

m m m

m

f x C e G G



   


  

where the remaining unknowns are the Cm (with 1,...,3m  ) which are determined from the 

solutions of the boundary states equations. 

3.4       Boundary states equations 

There are also 16 possible states of the form  1 1 2, ,h   (i.e. high boundary states) and 16 

possible states of the form  1 20, ,  (i.e. low boundary states). However, not all of these states 

are reachable.   

(19) 

(20) 

(22) 

(21) 

(18) 
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Tables 1 and 2 indicate, with justification, if a given boundary state is reachable or not. In these 

tables, the state of a machine Mi that is starved while being in its nominal-operating mode is 

denoted by iN  and the state of a machine Mi that is blocked while being in its nominal-operating 

mode is denoted by iN . Similarly, the state of a machine Mi that is starved while being in its 

degraded-operating mode is denoted by iD  and the state of a machine Mi that is blocked while 

being in its degraded-operating mode is denoted by iD . 
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Table 1. Combinations of states when the buffer is full 

Reference State Justification 

H1  211 ,, NNh  Reachable: Since M1 and M2 are both operational in their 

nominal operating, this state is reachable only if NN UU 21  . 

H2  211 ,, DNh  Reachable: if M1 is operational in its nominal operating mode 

and M2 is operational in its degraded operating mode, this 

state is reachable since DN UU 21  . 

H3  NFNh 211 ,,  Reachable: Since M1 is operational and M2 is down, the buffer 

level will increase until it reaches its capacity. Then, M1 

becomes blocked. 

H4  DFNh 211 ,,  Reachable: Similar to H3. 

H5  211 ,, NDh  Unreachable: Since M1 is operational in its degraded 

operating mode and M2 is operational in its nominal operating 

mode, then the buffer level will necessarily decrease since 

DN UU 12  . 

H6  211 ,, DDh  Reachable: Similar to H1. 

H7  NFDh 211 ,,  Unreachable: See Remark 1. 

H8  DFDh 211 ,,  Reachable: Similar to H3. 

H9  211 ,, NFh N  Unreachable: Since M1 is down and M2 is operational, the 

buffer level will necessarily decrease. 

H10  211 ,, DFh N  Unreachable: Similar to H9. 

H11  NN FFh 211 ,,  Unreachable: See Remark 2. 

H12  DN FFh 211 ,,  Unreachable: Similar to H11. 

H13  211 ,, NFh D  Unreachable: Similar to H9. 

H14  211 ,, DFh D  Unreachable: Similar to H9. 

H15  ND FFh 211 ,,  Unreachable: Similar to H11. 

H16  DD FFh 211 ,,  Unreachable: Similar to H11. 
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Remark 1. 

 

State  NFDh 211 ,,  is unreachable because the only way to reach it is either to transit: 

- from state  211 ,, NDh  which is unreachable; or 

- from state  1 1 2, , Nh N F ; but since M1 is blocked, it cannot fail and such transition is 

impossible. 

 

Remark 2. 

 

State  1 1 2, ,N Nh F F  is unreachable because the only way to reach it is either to transit: 

- from states  1 1 2, ,Nh F N or  1 1 2, ,Nh F D which are unreachable; or 

- from states  1 1 2, , Nh N F  or  1 1 2, , Nh D F ; but since M1 is blocked, it cannot fail and such 

transitions are impossible. 

 

Remark 3. 

 

State  21 ,,0 DF N  is unreachable because the only way to reach it is either to transit: 

- from state  21,,0 DN  which is unreachable; or 

- from state  1 20, ,NF N ; but since M2 is starved, it cannot fail and such transition is 

impossible. 

 

Remark 4. 

 

State  1 20, ,N NF F  is unreachable because the only way to reach it is either to transit: 

- from states  1 20, , NN F or  1 20, , ND F which are unreachable; or 

- from states  1 20, ,NF N  or  1 20, ,NF D ; but since M2 is starved, it cannot fail and such 

transitions are impossible. 
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Table 2. Combinations of states when the buffer is empty 

Reference State Justification 

L1  21,,0 NN  Reachable: Since M1 and M2 are both operational in their 

nominal operating mode, this state is reachable only if 

NN UU 21  . 

L2  21,,0 DN  Unreachable: Since M1 is operational in its nominal operating 

mode and M2 is operational in its degraded operating mode, 

then the buffer level will necessarily increase since DN UU 21  . 

L3  NFN 21,,0  Unreachable: Since M1 is operational and M2 is down, the 

buffer level will necessarily increase. 

L4  DFN 21,,0  Unreachable: Similar to L3. 

L5  21,,0 ND  Reachable: Since M1 is operational in its degraded operating 

mode and M2 is operational in its nominal operating mode, this 

state is reachable since ND UU 21  . 

L6  21,,0 DD  Reachable: Similar to L1. 

L7  NFD 21,,0  Unreachable: Similar to L3. 

L8  DFD 21,,0  Unreachable: Similar to L3. 

L9  21 ,,0 NF N  Reachable: Since M1 is down and M2 is operational, the buffer 

level will necessarily decrease until it becomes empty. Then, 

M2 becomes starved. 

L10  21 ,,0 DF N  Unreachable: See Remark 3. 

L11  NN FF 21 ,,0  Unreachable: See Remark 4. 

L12  DN FF 21 ,,0  Unreachable: Similar to L11. 

L13  21 ,,0 NF D  Reachable: Similar to L9. 

L14  21 ,,0 DF D  Reachable: Similar to L9. 

L15  ND FF 21 ,,0  Unreachable: Similar to L11. 

L16  DD FF 21 ,,0  Unreachable: Similar to L11. 
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As the reachable boundary states are now identified, we have to find the remaining feasible 

transitions for the Markov Chain that represents the two-machines-one-buffer production line. 

For this, we consider each boundary state and we determine all feasible transitions from and to 

this state. 

High boundary states 

- From state  1 1 2, ,h N N , the transitions that are physically possible correspond to 

11 12 21 22, , and    . At the occurrence of 11 (failure of M1), the buffer level decreases and the 

system reaches state  1 2, ,Nx F N . At the occurrence of 21 (degradation of M1), the buffer 

level decreases and the system reaches state  1 2, ,x D N . At the occurrence of 12 (failure of 

M2) or 22 (degradation of M2), the buffer remains full but the system reaches states 

 1 1 2, , Nh N F and  1 1 2, ,h N D , respectively. 

- From states  1 1 2, , Nh N F and  1 1 2, , Nh D F , the only feasible transitions are 12  and 

21 corresponding to the repair of M2 and the recovery of M1, respectively. The system then 

reaches states  1 1 2, ,h N N and  1 1 2, ,h D N , respectively. 

- From state  1 1 2, ,h N D , the feasible transitions correspond to 11 12 21 22, , and     . At the 

occurrence of 22  (recovery of M2), the buffer remains full but the system reaches state 

 1 1 2, ,h N N . At the occurrence of 11 (failure of M1), the buffer level decreases and the 

system reaches state  1 2, ,Nx F D . At the occurrence of 21 (degradation of M1), the buffer 

remains full but the system reaches state  1 1 2, ,h D D . At the occurrence of 12 (failure of M2), 

the buffer remains full but the system reaches state  1 1 2, , Dh N F . 

- From state  1 1 2, ,h D D , the feasible transitions correspond to 11 12 21 22, , and    . At the 

occurrence of 22 , the buffer level decreases and the system reaches  1 2, ,x D N . At the 

occurrence of 11 , the buffer level also decreases and the system reaches state  1 2, ,Dx F D . 
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At the occurrence of 21 , the buffer remains full but the system reaches state  1 1 2, ,h N D . At 

the occurrence of 12 , the buffer remains full but the system reaches state  1 1 2, , Dh D F . 

- From state  1 1 2, , Dh N F , the only feasible transition is 12  corresponding to the repair of M2. 

The system then reaches state  1 1 2, ,h N D . 

- From state  1 1 2, , Dh D F , the only feasible transitions are 12 and 21 corresponding to the 

repair of M2 and the recovery of M1, respectively. The system then reaches states  1 1 2, ,h D D  

and  1 1 2, , Dh N F , respectively. 

Figure 5 illustrates the partial graph obtained for the high boundary states described above. 
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Figure 5. Partial graph for high boundary states 

Low boundary states 

- From state   1 20, ,N N , the feasible transitions correspond to 11 12 21 22, , and    . At the 

occurrence of 11  (failure of M1), the buffer remains empty but the system reaches state 

 1 20, ,NF N . At the occurrence of 12  (failure of M2), the buffer level increases and the 
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system reaches state  1 2, , Nx N F . At the occurrence of 21  (degradation of M1), the buffer 

remains empty but the system reaches state  1 20, ,D N . At the occurrence of 22  

(degradation of M2), the buffer level increases and the system reaches state  1 2, ,x N D . 

- From states  1 20, ,NF N  and  1 20, ,DF N , the only feasible transitions correspond to the 

repair of M1. The system then reaches states  1 20, ,N N  and  1 20, ,D N , respectively. 

- From state  1 20, ,DF D , the only feasible transitions are 11 and 22 corresponding to the 

repair of M1 and the recovery of M2, respectively. The system then reaches states  1 20, ,D D  

and  1 20, ,DF N , respectively. 

- From state  1 20, ,D D , the feasible transitions correspond to 11 12 21 22, , and    . At the 

occurrence of 11 , the buffer remains empty but the system reaches state  1 20, ,DF D . At the 

occurrence of 12 , the buffer level increases and the system reaches state  1 2, , Dx D F . At the 

occurrence of 22 , the buffer remains empty but the system reaches state  1 20, ,D N . At the 

occurrence of 21 , the buffer level increases and the system reaches state  1 2, ,x N D . 

- From state  1 20, ,D N , the feasible transitions correspond to 11 12 21 22, , and     . At the 

occurrence of 11 , the buffer remains empty but the system reaches state  1 20, ,DF N . At the 

occurrence of 22 , the buffer remains empty but the system reaches state  1 20, ,D D . At the 

occurrence of 21 , the buffer also remains empty but the system reaches state  1 20, ,N N . At 

the occurrence of 12 , the buffer level increases and the system reaches state  1 2, , Nx D F . 
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Figure 6 illustrates the partial graph obtained for the low boundary states described above. 
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Figure 6. Partial graph for low boundary states 

Finally, by merging figures 4-6, we obtain the Markov Chain for the two-machines-one-buffer 

production line as sketched in Figure 7. 
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Figure 7. The Markov Chain of the two-machines-one-buffer line 
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As one may notice, on Figures 4, 5 and 6, some transition rates are reduced. This is due to the 

assumption that the failures are operation-dependent. That is, we obtain: 

The transitions from state  1 1 2, ,h N D  to states  1 1 2, ,h D D  and  1 2, ,Nx F D  leads to the 

reduction of the transition rates because of the slowdown of M1 by M2 since 1 2

N DU U . Thus, we 

obtain the following transition rates: 2
21 21

1

D

N

U

U
     and 2

11 11

1

D

N

U

U
    .  

Similarly, the transitions from state  1 20, ,D N  to states  1 20, ,D D  and  1 2, , Nx D F  leads to the 

reduction of the transition rates because of the slowdown of M2 by M1 since 1 2

D NU U . Thus, we 

obtain the following transition rates: 1
22 22

2

D

N

U

U
      and 1

12 12

2

D

N

U

U
    .  

3.5       Solution of the boundary states equations 

Once the reachable boundary states have been identified, we get 6 equations with 6 unknowns 

for the case of the high boundary states and 6 equations with 6 unknowns for the case of the low 

boundary states.  

These two systems of equations can be rewritten in a matrix form (see Appendix A). By solving 

these systems of equations, we can then express all the states probabilities of both internal and 

boundary states as functions of the only remaining unknowns Cm (with  1,...,3m  ). Using the 

normalization equation below, we can determine the values of these unknowns and thus, evaluate 

the state probabilities of the two-machines-one-buffer production line. 

     
1

1 1 1 1 1 2 2 2 2 2

1 2 1 2 1 1 2

, , , , , , 0

, , 0, , , , 1
N D N D

h

N D F F N D F F

f x dx p p h
 

     
 

 
   

  
    

 

3.6       Performance measures of the system 

Once the states probabilities of the system have been determined, we can evaluate the 

performance measures of the system, namely the availability and the production rate of each 

machine as well as the average buffer level. 

(23) 
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3.6.1     Average buffer level 

The average buffer level can be determined from the following expression: 

   
1

1 1 1 1 1 2 2 2 2 2

1 2 1 1 2

, , , , , , 0

, , , ,
N D N D

h

N D F F N D F F

x x f x dx p h
 

   
 

 
   

  
    

3.6.2     Availability and production rate of the machines 

The availability of machine M1 can be determined from the following expression: 

     

         

1 1
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And the production rate of machine M1 is given by: 
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Similarly, the availability of machine M2 can be determined by the following expression: 
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And the production rate of machine M2 is given by: 
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(24) 

(25) 

(26) 

(27) 

(28) 
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4.       Validation of the proposed method 

In order to assess the accuracy of the proposed method, simulation experiments were conducted. 

For this purpose, an object-oriented discrete events simulation tool has been developed. Many 

examples were considered where all failure and repair rates are assumed to have an exponential 

distribution and for each example. Five levels of degradation were taken into account. Each 

example was run for 20 replications of 500 time-units warm-up period and 4,000 time-units 

simulation period.  

The obtained results are compiled in the Table 3 below. For each of the evaluated three 

performance measures, a percentage error is calculated according to the following expression:  

% 100
Analytical Simulation

Error
Simulation


   

 

Table 3. Numerical Results and comparison 

Example 
D

N

U

U
 

Average Buffer Level System Availability System Production Rate 

Analytical Simulation Error% Analytical Simulation Error% Analytical Simulation Error% 

Example 

1 

0.9 41.73 42.09 -0.85 0.9214 0.942 -2.18 1.05 1.036 1.35 

0.85 41.69 41.95 -0.61 0.9215 0.9281 -0.71 1.023 1.013 0.98 

0.75 41.6 41.13 1.14 0.9229 0.9491 -2.76 0.9686 0.9926 -2.41 

0.6 41.44 40.71 1.79 0.9218 0.9299 -0.87 0.886 0.8956 -1.07 

0.5 41.31 42.05 -1.75 0.9214 0.9224 -0.1 0.8306 0.8438 -1.56 

Example 

2 

0.9 31.5 31.94 -1.38 0.722 0.7331 -1.52 0.8231 0.815 0.99 

0.85 31.49 31.63 -0.45 0.7219 0.7353 -1.83 0.8014 0.7987 0.33 

0.75 31.48 31.74 -0.82 0.7218 0.7231 -0.19 0.7582 0.7566 0.2 

0.6 31.45 31.17 0.88 0.7215 0.7164 0.71 0.6933 0.7112 -2.53 

0.5 31.43 30.96 1.49 0.7212 0.7008 2.91 0.65 0.6701 
-2.99 

 

(29) 
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Example 

3 

0.9 18.807 18.16 3.52 0.9167 0.9279 -1.2 1.2235 1.2382 -1.18 

0.85 18.5594 19.02 -2.47 0.9181 0.9227 -0.49 1.1966 1.1757 1.77 

0.75 18.0042 18.6482 -3.42 0.9203 0.9134 0.75 1.1413 1.1719 -2.61 

0.6 16.9764 17.45 -2.75 0.9205 0.9186 0.2 1.0541 1.0413 1.22 

0.5 16.1092 16.55 -2.71 0.9166 0.9253 -0.94 0.9925 1.0125 -1.97 

Example 

4 

0.9 18.4582 19.25 -4.15 0.7431 0.7361 0.95 0.984 0.9633 2.14 

0.85 18.3999 18.97 -3 0.7436 0.7234 2.79 0.9602 0.9578 0.25 

0.75 18.2759 19.03 -3.99 0.7443 0.7432 0.14 0.9122 0.9074 0.52 

0.6 18.0681 18.4669 -2.16 0.7447 0.7312 1.84 0.8386 0.8185 2.45 

0.5 17.9119 18.1391 -1.25 0.7445 0.7408 0.49 0.7884 0.7877 0.08 

Example 

5 

0.9 15.8757 16.4269 -3.35 0.9694 0.9792 -1 0.9489 0.984 -3.56 

0.85 15.8371 15.3257 3.33 0.969 0.9671 0.19 0.9238 0.9546 -3.22 

0.75 15.7517 16.4786 -3.89 0.9677 0.976 -0.85 0.8736 0.8983 -2.74 

0.6 15.595 16.33 -4.5 0.9637 0.9791 -1.57 0.7982 0.8006 -0.29 

0.5 15.4621 15.9976 -3.36 0.9591 0.9747 -1.6 0.7483 0.7646 -2.13 

Example 

6 

0.9 39.9214 40.057 -0.33 0.9635 0.9585 0.52 0.9428 0.9802 -3.81 

0.85 39.9207 38.453 3.81 0.9635 0.962 0.15 0.918 0.9379 -2.12 

0.75 39.919 39.54 0.95 0.9635 0.9587 0.5 0.8683 0.8977 -3.27 

0.6 39.916 39.17 1.9 0.9634 0.9517 1.22 0.7939 0.8197 -3.14 

0.5 39.9133 40.028 -0.28 0.9634 0.9634 0 0.7442 0.7486 -0.58 

Example 

7 

0.9 42.5958 43.11 -1.19 0.9215 0.9056 1.75 0.9631 0.9555 0.79 

0.85 42.5681 43.47 -2.07 0.9216 0.9315 -1.06 0.9379 0.9319 0.64 

0.75 42.5074 44.2467 -3.93 0.9218 0.928 -0.66 0.8875 0.9249 -4.04 

0.6 42.3984 43.494 -2.51 0.9218 0.9213 0.05 0.8115 0.8458 -4.05 

0.5 42.308 43.0099 -1.63 0.9216 0.9257 -0.44 0.7606 0.7899 -3.7 
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Example 

8 

0.9 32.101 32.8029 2.14 0.7223 0.7271 -0.67 0.7548 0.7659 -1.46 

0.85 32.0968 32.9164 -2.49 0.7223 0.7408 -2.5 0.735 0.7445 -1.28 

0.75 32.0876 31.3723 2.28 0.7222 0.728 -0.81 0.6953 0.6893 0.86 

0.6 32.0713 32.2195 -0.46 0.722 0.7241 -0.27 0.6358 0.6417 -0.92 

0.5 32.0582 32.833 -2.36 0.7218 0.7152 0.91 0.5961 0.593 0.52 

Example 

9 

0.9 48.2591 49.9602 -3.4 0.9158 0.9164 -0.06 0.9574 0.99 -3.29 

0.85 48.1685 47.7112 0.95 0.9156 0.9016 1.55 0.9323 0.9699 -3.87 

0.75 47.9753 46.9087 2.27 0.915 0.9177 -0.29 0.882 0.9174 -3.85 

0.6 47.6491 46.7764 1.86 0.9131 0.9113 0.19 0.8059 0.8403 -4.09 

0.5 47.3997 46.6922 1.51 0.911 0.9235 -1.35 0.755 0.7781 -2.96 

Example 

10 

0.9 21.3732 22.298 -4.14 0.9301 0.9291 0.1 0.9742 0.9823 -0.82 

0.85 20.9701 21.69 -3.31 0.9288 0.9249 0.42 0.9493 0.9676 -1.89 

0.75 20.0987 20.54 -2.14 0.9241 0.9227 0.15 0.8976 0.8981 -0.05 

0.6 18.6031 18.5783 0.13 0.9095 0.9153 -0.63 0.8159 0.8342 -2.19 

0.5 17.4582 17.2612 1.14 0.8928 0.9081 -1.68 0.7592 0.7817 -2.87 

Example 

11 

0.9 64.7611 65.3446 -0.89 0.9507 0.9604 -1 3.1972 3.3005 -3.13 

0.85 64.7101 65.4141 -1.07 0.9506 0.9716 -2.16 3.1131 3.2107 -3.03 

0.75 64.5979 63.96 0.99 0.9501 0.9678 -1.82 2.9447 3.0178 -2.42 

0.6 64.3954 62.1088 3.68 0.9488 0.9518 -0.31 2.6914 2.5901 3.91 

0.5 64.228 64.5483 -0.49 0.9472 0.9662 -1.96 2.522 2.4928 1.17 

 

The obtained results have shown that the average absolute value of the percentage error for the 

production rate estimation of the system is less than 4.09 %, while this error is less than 2.91 % 

for the system availability.  
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5.       Conclusion   

In this paper, we proposed an analytical method for the performance evaluation of a tandem 

production line where the machines can operate in a degraded operating mode. The main 

characteristic of the proposed method is its ability to evaluate performance measures of the line, 

namely the availability, the production rate, and the average buffer level. Indeed, this is more 

realistic since machines can be in other states than either nominal or down states. It can be in a 

degraded operating state which results in continuity of service but at a lower rate. Simulation 

experiments and numerical results have shown the accuracy of the proposed method. The 

proposed method can be used as the building block in the throughput evaluation of longer 

production lines with reconfigurable machines using either the decomposition or the aggregation 

techniques. 
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Appendix A. Solution of the boundary states probabilities 

 

A.1 Solution of the high boundary states probabilities 
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A.2 Solution of the low boundary states probabilities 
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