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Abstract. Achieving the right balance between replenishing, keeping items in inventory or 

allowing some of them to spoil is a difficult problem when dealing with perishable 

products. In this paper we analyze the optimal joint decisions of when, how and how much 

to replenish customers with products of varying ages. The value of the products tends to 

decrease with their age, whereas their holding cost increases. We discuss the main 

features of problems arising in the joint replenishment and delivery of perishable products 

and we model them under general assumptions. We then solve the problem of jointly 

replenishing and delivering perishable products by means of an exact branch-and-cut 

algorithm, and we test its performance on a set of randomly generated instances. Our 

algorithm is capable of proving optimality for instances with up to 50 customers, three 

periods, and a maximum age of two periods for the perishable product, or up to 30 

customers, six periods and a maximum age of three periods for the perishable product. 

For the unsolved instances the optimality gap is always less than 2.5% on average. 
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1 Introduction

Inventory control constitutes an important logistics operation, especially when products

have a limited shelf life. Keeping the right inventory levels guarantees that the demand

is satisfied, without incurring unnecessary holding or spoilage costs. Several inventory

control models are available [3], many of which include a specific treatment of perishable

products [21].

Efficient delivery can provide further savings in logistics operations. The optimization

of vehicle routes is one of the most developed fields in operations research [18]. The

integration of inventory control and vehicle routing yields a complex optimization problem

called inventory-routing, in which the aim is to minimize the overall costs related to vehicle

routes and inventory control. Recent overviews of the inventory-routing problem (IRP)

are those of Andersson et al. [2] and of Coelho et al. [8].

Problems related to the management of perishable products inventories arise in several

areas. Applications of inventory control of perishable products include blood management

and distribution [5, 9, 15, 16, 17, 24], radioactive and chemical products [1, 11, 27], and

food such as dairy products, vegetables and fruits [4, 12, 22, 25, 26]. A review of the main

models and algorithms in this area can be found in Nahmias [21].

The management of joint inventory and distribution of perishable products, which is the

topic of this paper, gives rise to the perishable inventory-routing problem (PIRP). Hem-

melmayr et al. [14] studied the case of blood inventory control with predetermined fixed

routes and stochastic blood demand. The problem was solved heuristically by integer

programming and variable neighborhood search. Custódio and Oliveira [10] proposed an

strategical heuristic analysis of the distribution and inventory control of several frozen

groceries with stochastic demand. Mercer and Tao [20] studied the weekly food distri-

bution problem of a supermarket chain, without considering product age. A theoretical

paper developing a column generation approach was presented by Le et al. [19] to pro-

vide solutions to a PIRP. The optimality gap was typically below 10% for instances with
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eight customers and five periods under the assumptions of fixed shelf life and flat value

throughout the life of the product.

This paper makes several scientific contributions. We first classify and discuss the main

assumptions underlying the management of perishable products. We then formulate the

PIRP as a mixed integer linear program (MILP) for the most general case, and we present

an exact branch-and-cut algorithm for its solution. To the best of our knowledge, this

is the first time an IRP is modeled and solved exactly under general assumptions in the

context of perishable products management. In particular, our model does not require

any assumption on the shape of the product value and inventory cost functions. We also

establish the relationships between the PIRP and the multi-product IRP recently studied

by the authors [7].

The remainder of the paper is organized as follows. In Section 2 we describe the main

assumptions of the problem under consideration and their treatment in our model. In

Section 3 we present our MILP model, including new valid inequalities, followed by the

proposed algorithm in Section 4. Computational experiments are presented in Section 5.

In Section 6 we conclude our paper.

2 Problem Description

The joint replenishment and inventory problem for perishable products is concerned with

the combined optimization of delivery routes and inventory control for products having a

non-increasing value over time. These products typically have an expiry date, after which

they are no longer good for consumption. This is the case of some law-regulated products

such as food and drugs, but also of a wide variety of unregulated products whose quality,

appearance or commercial appeal diminishes over time, such as flowers, cosmetics, paint,

electronic products or fashion items. In this section we discuss four main assumptions

underlying the treatment of these kinds of products, and we explain how we incorporate

them in our model. Specifically, we discuss the types of product perishability in Section
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2.1, the assumptions governing the inventory holding costs of these prodcuts in Section

2.2, their value as a functions of age in Section 2.3, and the management of items of

different ages held in inventory in Section 2.4.

2.1 Types of product perishability

There exist two main types of perishable products according to how they decay [21].

The first includes products whose value do not change until a certain date, and then

goes down to zero almost immediately. This is the case of products whose utility is no

longer valued by the customers, such as year books, electronics or maps, which quickly

become obsolescent after a given date or when a new generation of products enters the

market. However, this is more a case of obsolescence than perishability. Even though

these items may still be in perfect condition, they are simply no longer useful. Within

the same category of products that maintain their appearance and usefulness, we find

products with an expiry date, such as drugs, yogurt and bottled milk. These products

can be consumed whether they are top fresh or a few days old, but after their expiry date,

they are usually deemed unfit for sale by the retailers. The second type includes products

whose quality or perceived value decays gradually over time due. Typical examples are

fruits, vegetables and flowers.

2.2 The impact of item age on inventory holding costs

As a rule, the unit inventory holding cost changes with respect to the age and value of a

product. This general assumption holds, for instance, in the case of insurance costs which

are value related. In such cases, older items may yield a higher inventory holding cost

than newer items. All the variable costs related to the age of the product can be modeled

through a single parameter, called the unit inventory holding cost, which depends on

the age of the item. In other cases, all items yield the same holding cost, regardless of

their age. Products with short shelf life usually fit in this category. In this case, the
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holding cost, which encompasses all other variable costs, can be captured by a unique

input parameter independent of the value and age of the product, which is the case in

most applications.

2.3 Value of the item according to its age

A parameter that greatly affects the age of the item is its perceived value by consumers.

Brand new items usually have a higher selling price, which decreases over time according

to some function. In this paper we do not make any specific assumption regarding the

shape of this function. Rather, we assume that the selling price is known in advance for

each product age. Note that the function describing the relation between price and age

can be non-linear, non-continuous or even non-convex, but it can still be accomodated by

our model, as will be shown in Section 3.

2.4 Inventory management policies

The final assumption we discuss relates to the management of items of different ages held

in inventory. From the previous assumption, we can safely assume that customers are

indifferent between paying more for a newer item, or less for a used item. Hence, it is

up for the retailer to decide which items to offer to customers, which will influence the

associated revenue.

In such a context, three different policies can be envisaged. The first one consists of

applying a last-in-first-out (LIFO) policy, i.e., the supplier always sells fresher products

first. This policy ensures a longer shelf life and increases utility for the customers but, at

the same time, yields a higher spoilage rate. The second policy is the reverse. Under a

first-in-first-out (FIFO) rule, the items are sold in order of their arrival, which generates

less spoilage, but also less revenue. The third policy, which we introduce in our model,

is more flexible and lies between these two extremes. It lets the model determine which

items to sell at any given time period in order to maximize profit. This means that

Optimal Joint Replenishment and Delivery of Perishable Products

4 CIRRELT-2013-20



depending on the parameter settings, one may prefer to spoil some items and sell fresher

ones because they generate higher revenues, even if this means that holding costs will

increase.

3 Mathematical Formulation

We now formally describe the mathematical formulation of PIRP under the assumptions

just presented for a single product. The case of several products is conceptually similar,

but requires an additional index [7]. We assume that the routing cost matrix is symmetric.

Thus, we define the problem on an undirected graph G = (V , E), where V = {0, ..., n} is

the vertex set and E = {(i, j) : i, j ∈ V , i < j} is the edge set. Vertex 0 represents the

supplier and the remaining vertices V ′ = V \{0} represent n customers. A routing cost

cij is associated with edge (i, j) ∈ E .

Because of the general assumptions presented in Section 2, we consider that both the

supplier and customers are fully aware of the number of items in inventory according

to their age. This is important because the sales revenue and inventory holding costs

are affected by the age of the product. The supplier has the choice to deliver fresh or

aged product items, and each case yields different holding costs. Each customer has a

maximum inventory holding capacity Ci, which cannot be exceeded in any period of the

planning horizon of length p. At each time period t ∈ T = {1, ..., p}, the supplier receives

or produces a fresh quantity rt of the perishable product. We assume the supplier has

sufficient inventory to meet the demand of its customers during the planning horizon, and

all demand has to be satisfied. At the beginning of the planning horizon the decision

maker knows the current inventory level of the product at each age held by the supplier

and by the customers, and receives information on the demand dt
i of each customer i for

each time period t. Note again that, as discussed in the previous section, the demand can

be equally satisfied by fresh or aged products, which will in turn affect the revenue.

As is typically the case in the IRP literature [8], we assume that the quantity rt made
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available at the supplier in period t can be used for deliveries to customers in the same

period, and the delivery amount received by customer i in period t can be used to meet

the demand in that period. A set K = {1, . . . , K} of vehicles are available. We denote

by Qk the capacity of vehicle k. Each vehicle can perform at most one route per time

period, visiting a subset of customers, starting and ending at the supplier’s location. Also

as in other IRP papers, we do not allow split deliveries, i.e., customers receive at most

one vehicle visit per period.

The perishable product under consideration becomes spoiled after s periods, i.e., the age

of the product belongs to a discrete set S = {0, . . . , s}. The product is valued according

to its age, and the decision maker is aware of the selling revenue ug of one unit of product

of age g. Likewise, the inventory holding cost hg
i in location i ∈ V is a function of the age

g of the product. This general representation allows for flat or variable revenues, and for

flat or variable holding costs depending on the age and value of the product, covering all

situations described in Section 2.

The inventory level I t
i held by customer i in period t comprises items of different ages. We

break down this variable into I t
i =

∑
g∈S

Igt
i , where Igt

i represents the quantity of product of

age h in inventory at customer i in period t. Likewise, we decompose the demand dt
i into∑

g∈S
dgt

i .

The aim of the problem is to construct vehicle routes for each period and to determine

delivery quantities of products of different ages for each period and each customer, in order

to maximize the total profit, equal to the sales revenue, minus the routing and inventory

holding costs. This problem is extremely difficult to solve since it encompasses several

NP-hard problems such as the vehicle routing problem [18] and a number of variants of

the classical IRP [8].

Our MILP model works with routing variables xkt
ij equal to the number of times edge (i, j)

is used on the route of vehicle k in period t. We also use binary variables ykt
i equal to one

if and only if node i is visited by vehicle k in period t. Formally, variables I t
i =

∑
g∈S

Igt
i
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denote the inventory level at vertex i ∈ V at the end of period t ∈ T , and dgt
i denotes the

quantity of product of age g used to satisfy the demand of customer i in period t, and

we denote by qgkt
i the quantity of product of age g delivered by vehicle k to customer i in

period t. The problem can then be formulated as follows:

(PIRP) maximize
∑
g∈S

∑
t∈T

ug
i d

gt
i −

∑
i∈V

∑
g∈S

∑
t∈T

hg
i I

gt
i −

∑
(i,j)∈E

∑
k∈K

∑
t∈T

cijx
kt
ij , (1)

subject to

Igt
0 = Ig−1,t−1

0 −
∑
i∈V ′

∑
k∈K

qgkt
i g ∈ S\{0} t ∈ T (2)

I0t
0 = rt t ∈ T (3)

Igt
i = Ig−1,t−1

i +
∑
k∈K

qgkt
i − dgt

i i ∈ V ′ g ∈ S\{0} t ∈ T (4)

I0t
i =

∑
k∈K

q0kt
i − d0t

i i ∈ V ′ t ∈ T (5)

∑
g∈S

Igt
i ≤ Ci i ∈ V ′ t ∈ T (6)

dt
i =

∑
g∈S

dgt
i i ∈ V ′ t ∈ T (7)

∑
g∈S

∑
k∈K

qgkt
i ≤ Ci −

∑
g∈S

Ig,t−1
i i ∈ V ′ t ∈ T (8)

qgkt
i ≤ Ciy

kt
i i ∈ V ′ g ∈ S k ∈ K t ∈ T (9)∑

i∈V ′

∑
g∈S

qgkt
i ≤ Qky

kt
0 k ∈ K t ∈ T (10)

∑
j∈V,i<j

xkt
ij +

∑
j∈V,j<i

xkt
ji = 2ykt

i i ∈ V k ∈ K t ∈ T (11)

∑
i∈S

∑
j∈S,i<j

xkt
ij ≤

∑
i∈S

ykt
i − ykt

m S ⊆ V ′ k ∈ K t ∈ T m ∈ S (12)

∑
k∈K

ykt
i ≤ 1 i ∈ V ′ t ∈ T (13)

Igt
i , dgt

i , qgkt
i ≥ 0 i ∈ V ′ g ∈ S k ∈ K t ∈ T (14)
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xkt
i0 ∈ {0, 1, 2} i ∈ V ′ k ∈ K t ∈ T (15)

xkt
ij ∈ {0, 1} i, j ∈ V ′ k ∈ K t ∈ T (16)

ykt
i ∈ {0, 1} i ∈ V k ∈ K t ∈ T . (17)

The objective function (1) maximizes the total sales revenue, minus inventory and rout-

ing costs. Constraints (2) define the inventory conservation conditions for the supplier,

aging the product by one unit in each period. Constraints (3) ensure that supplier al-

ways produces or receives top fresh products. Constraints (4) and (5) define inventory

conservation and aging of the items for the customers. Constraints (6) impose a maximal

inventory capacity at each customers. Constraints (7) state that the demand of each

customer in each period is the sum of product quantities of different ages. Note that by

design, any product whose age g is higher than s is spoiled, e.g., it no longer appears in

the inventory nor can it be used to satisfy the demand. Constraints (8) and (9) link the

quantities delivered to the routing variables. In particular, they only allow a vehicle to

deliver products to a customer if a vehicle has been assigned to it. Constraints (10) ensure

the vehicle capacities are respected. Constraints (11) and (12) are degree constraints and

subtour elimination constraints, respectively. Inequalities (13) ensure that at most one

vehicle visits each customer in each period, thus forbidding split deliveries. Constraints

(14)−(17) enforce integrality and non-negativity conditions on the variables.

This model can be strengthened through the inclusion of the following families of valid

inequalities [6]:

xkt
i0 ≤ 2ykt

i i ∈ V k ∈ K t ∈ T (18)

xkt
ij ≤ ykt

i i, j ∈ V k ∈ K t ∈ T (19)

ykt
i ≤ ykt

0 i ∈ V ′ k ∈ K t ∈ T (20)

ykt
0 ≤ yk−1,t

0 k ∈ K\{1} t ∈ T (21)

ykt
i ≤

∑
j<i

yk−1,t
j i ∈ V k ∈ K\{1} t ∈ T (22)

Optimal Joint Replenishment and Delivery of Perishable Products
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Constraints (18) and (19) enforce the condition that if the supplier is the immediate

successor of a customer in the route of vehicle k in period t, then i must be visited by the

same vehicle. A similar reasoning is applied to customer j in inequalities (19). Constraints

(20) ensure that the supplier is visited if any customer i is visited by vehicle k in period

t.

When the vehicle fleet is homogeneous, one can break some of the vehicle symmetry by

mean of constraints (21), thus ensuring that vehicle k cannot leave the depot if vehicle

k− 1 is not used. This symmetry breaking rule is then extended to the customer vertices

by constraints (22) which state that if customer i is assigned to vehicle k in period t, then

vehicle k − 1 must serve a customer with an index smaller than i in the same period.

We also introduce additional cuts in order to strengthen this formulation. If the sum

of the demands over [t1, t2] is greater than or equal to the maximum possible inventory

held, then there must be at least one visit to this customer in the interval [t1, t2]. This

constraint can be strengthened by considering that if the quantity needed to satisfy future

demands is larger than the maximum inventory capacity, then several visits are needed.

Since the maximum delivery size is the minimum between the holding capacity and the

maximum vehicle capacity, one can round up the right hand side of (23). Making the

numerator tighter by considering the actual inventory instead of the maximum possible

inventory yields inequalities (24), which cannot be rounded up because they would then

become non-linear due to the presence of the I t1
i variable in their right-hand side:

∑
k∈K

t2∑
t′=t1

ykt′

i ≥


t2∑

t′=t1

dt′
i − Ci

min{maxk{Qk}, Ci}

 i ∈ V ′ t1, t2 ∈ T , t2 ≥ t1 (23)

∑
k∈K

t2∑
t′=t1

ykt′

i ≥

t2∑
t′=t1

dt′
i − I t1

i

min{maxk{Qk}, Ci}
i ∈ V ′ t1, t2 ∈ T , t2 ≥ t1. (24)

A different version of the same inequalities can be written as follows. It is related to
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whether the inventory hold at each period is sufficient to fulfil future demands. In par-

ticular, if the inventory held in period t1 by customer i is not sufficient to fulfil future

demands, then a visit to this customer must take place in the interval [t1, t2]. This con-

dition can be enforced by the following set of valid inequalities:

∑
k∈K

t2∑
t′=t1

ykt′

i ≥

t2∑
t′=t1

dt′
i − I t1

i

t2∑
t′=t1

dt′
i

i ∈ V ′ t1, t2 ∈ T , t2 ≥ t1. (25)

It is relevant to note that this model distinguishes items of different ages through the

use of index g. The variables have a meaning similar to those of the multi-product IRP

[7]. In the case of a single perishable product, the model works as if products of different

ages are different from each other (through their index), and have different profits, but

contrary to what happens in the multi-product case, any of these products can be used to

satisfy the same demand. Another particularity of this model is that at each period, an

item transforms itself into another one through the process of aging. Thus, our problem

shares some features of the multi-product problem [7], but it is structurally different from

it.

4 Branch-and-Cut Algorithm

For very small instances sizes, the model presented in Section 3 can be fully described

and all constraints and variables generated. It can then be solved by feeding it directly

into an integer linear programming solver. However, for instances of realistic sizes, the

number of subtour elimination constraints (12) is too large to allow full enumeration and

these must be dynamically generated throughout the search process. The exact algorithm

we present is then a branch-and-cut scheme in which subtour eliminations constraints are

only generated and added into the program whenever they are found to be violated. It

works as follows. At a generic node of the search tree, a linear program containing a
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subset of the subtour elimination constraints is solved, a search for violated inequalities is

performed, and some of these are added to the current program which is then reoptimized.

This process is reiterated until a feasible or dominated solution is reached, or until there

are no more cuts to be added. At this point, branching on a fractional variable occurs.

We provide a sketch of the branch-and-bound-and-cut scheme in Algorithm 1.

5 Computational Experiments

In order to evaluate the proposed algorithm, we have coded it in C++ and used IBM Concert

Technology and CPLEX 12.5 running in parallel with 10 threads. All computations were ex-

ecuted on a grid of Intel Xeon� processors running at 2.66 GHz with up to 48 GB of RAM

installed per node, with the Scientific Linux 6.1 operating system.

We have created randomly generated instances to assess the performance of our algorithm on a

wide range of situations. The details regarding the parameters used to generate the instances

are described in Appendix A. We have generated a total of 60 different instances which vary in

terms of the number of customers, periods, vehicles and maximum age of the product. In what

follows we provide average statistics over five instances per combination. Detailed results are

presented in Appendix B. These results along with the instances are available in the website

http://www.leandro-coelho.com/instances.

We provide in Table 1 average computational results for these instances. We have allowed the

algorithm to run for a maximum of two hours. When the time limit is reached, we report the

best available lower and upper bound (solution value) and the optimality gap. We report the

instance sizes as (n-s-K-H), where n is the number of customers, s is the maximum age of the

product, K is the number of vehicles, and H is the length of the planning horizon. The next

columns report the average best solution value obtained, the average best bound, the average

optimality gap, the number of instances out of the five that were solved to optimality, and the

average running time in seconds.

These results clearly indicate that the performance of the algorithm is directly related to the

number of customers and to the length of the planning horizon. For the instances with shorter
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Algorithm 1 Branch-and-cut algorithm

1: At the root node of the search tree, generate and insert all valid inequalities into the

program.

2: Subproblem solution. Solve the LP relaxation of the current node.

3: Termination check:

4: if there are no more nodes to evaluate then

5: Stop.

6: else

7: Select one node from the branch-and-cut tree.

8: end if

9: while the solution of the current LP relaxation contains subtours do

10: Identify connected components as in Padberg and Rinaldi [23].

11: Determine whether the component containing the supplier is weakly connected as

in Gendreau et al. [13].

12: Add all violated subtour elimination constraints (12).

13: Subproblem solution. Solve the LP relaxation of the current node.

14: end while

15: if the solution of the current LP relaxation is integer then

16: Go to the termination check.

17: else

18: Branching: branch on one of the fractional variables.

19: Go to the termination check.

20: end if

Optimal Joint Replenishment and Delivery of Perishable Products
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Table 1: Summary of the computational results for the PIRP

Instance size Best known Best known
Gap (%) # solved Time (s)

(n-s-K-H ) solution value lower bound

PIRP-10-2-1-3 31009.58 31009.58 0.00 5/5 0.2

PIRP-10-3-1-6 60412.56 60412.56 0.00 5/5 0.4

PIRP-10-5-1-10 80552.30 80552.30 0.00 5/5 4.8

PIRP-20-2-2-3 61912.98 61912.98 0.00 5/5 0.4

PIRP-20-3-2-6 127157.20 127157.20 0.00 5/5 547.4

PIRP-20-5-2-10 180218.40 176862.20 2.03 0/5 7205.2

PIRP-30-2-2-3 96995.56 96995.56 0.00 5/5 4.2

PIRP-30-3-2-6 191237.60 190195.80 0.54 1/5 5800.0

PIRP-30-5-2-10 294052.00 289241.40 1.75 0/5 7209.6

PIRP-40-2-3-3 126066.80 126066.80 0.00 5/5 67.4

PIRP-40-3-3-6 250671.40 245361.00 2.22 0/5 7214.6

PIRP-50-2-3-3 173794.60 173794.60 0.00 5/5 368.0
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planning horizons, the algorithm is always able to find optimal solutions within a few seconds

of computational time. This remains true even when the number of customers and vehicles

increases, e.g., all five instances with 50 customers and three vehicles were solved to optimality,

taking on average six minutes.

6 Conclusions

We have presented and discussed general assumptions for the joint replenishment and inventory

control of perishable products. We have modeled the problem under general assumptions as a

MILP, and we have solved it exactly by branch-and-cut. Our model remains linear even when

the product value decreases in a non-linear or even in a non-convex fashion over time. It keeps

track of the number of items of each age, and considers different holding costs for products of

different ages. The model optimally determines which items to sell at each period based on

the trade-off between cost and revenue. The algorithm can effectively compute optimal joint

replenishment and delivery decisions for perishable products in an inventory-routing context for

medium size instances. Computational experiments carried out on randomly generated instances

support this conclusion.

Appendices

A Details of the instances

Our testbed is composed of instances generated with the following parameters:

� Number of customer n: 10, 20, 30, 40, 50;

� Number of periods H: 3 for up to n = 50; 6 for up to n = 40; and 10 for up to n = 30;
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� Number of vehicles K: 1 for n = 10; 2 for n = 20 and 30; 3 for n = 40 and 50;

� Maximum age of the products s: 2 for H = 3; 3 for H = 6; 5 for H = 10;

� Demand dt
i: randomly selected from the interval [30, 210];

� Position (x, y) of the supplier and customers: randomly selected from the interval [0,

1000];

� Customers’ inventory capacity Ci: R×maxt{dt
i}, where R is randomly selected from the

set {2, 3};

� Initial inventory I0
i of fresh products: equal to Ci − d1

i ;

� Revenue ug
i : equal to R1 − (R1 −R2) g/s, where R1 and R2 are randomly selected from

the intervals [10, 20] and [4, 7], respectively;

� Inventory holding cost hg
i : equal to (R1 + gR2/ (1 + g)) /100, where R1 and R2 are ran-

domly selected from the intervals [0, 100] and [0, 70], respectively;

� Vehicle capacities Qk: equal to b1.25
∑

i∈V ′

∑
t∈T

dt
i/(HK)c;

For each combination of the parameters above we have generated five instances, yielding a total

of 60 instances.

B Detailed computational results

We present in Table 2 the detailed computational results for all instances.
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