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Abstract. Order picking is one of the most challenging operations in distribution center 

management and one of the most important sources of costs. One way to reduce the lead 

time and associated costs is to minimize the total amount of work for collecting all orders. 

This paper is motivated by a collaboration with an industrial partner who delivers furniture 

and electronic equipments. We have modeled their 3D narrow aisle warehouse as a 

vehicle routing problem through a series of distance transformations between all pairs of 

locations. Security issues arising when working on narrow-aisles impose an extra layer of 

difficulty when determining the routes. Nevertheless, our approach yields an exact 

representation of all possible picking sequences. We have then solved large sets of 

instances reproducing realistic configurations using a combination of an heuristic and an 

exact algorithm, minimizing the total distance traveled for picking all items. Through 

extensive computational experiments, we identify for which aisle configurations our 

methods work best. We also compare our solutions with those obtained by the company 

order picking procedure, showing that significant improvements can be achieved by using 

our approach. 
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1 Introduction

Distribution centers (DCs) play a central role in modern supply chains which are charac-

terized by an increasing number of different products, or stock keeping units (SKUs), and

by more frequent but smaller orders. Considering that order delivery within 24 hours is

becoming a new industry standard, the performance of order picking operations in DCs

are of critical importance. Because order picking is labor intensive for most warehouses,

the design and control of warehouse order picking systems are highly strategic decisions

[1, 13, 14, 16]. This paper is based on a collaboration with a Québec-based (eastern

Canada) company which operates in the furniture and electronics industry. This industry

is characterized by a very large number of SKUs since many products can be customized

(type and color of woods and leathers, large variety of furniture fabrics, etc) and by large

number of orders, each having few items. To efficiently deal with such an ordering pattern

and product variety, the DC of our partner is organized in warehousing zones. Large elec-

trical appliances are stacked directly on the floor; expensive electronic devices are stored

in controlled access sections; finally, general furniture products, which represent about

70% of the total number of SKUs, are stored in narrow aisles with single-depth shelves

on both sides, as depicted in Figure 1. Such mixed-width aisle configuration is useful to

optimize both space utilization and order picking productivity [7].

Figure 1: General overview of a distribution center with narrow aisles

Warehouse control presents numerous challenges, namely how to operate receiving, stor-

ing, order picking, and shipping [1, 3]. Storage and order picking are the two most
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intensively studied operations. Storage addresses how the warehouse is divided and how

space is allocated to products; order picking is related to how products are picked to

fulfill customer orders. Some of the most important issues in order picking are batching

procedures and routing methods [1, 5, 8, 9].

Standard large aisles warehouses have long been modeled and solved using routing meth-

ods. Goetschalckx and Ratliff [2] showed that the optimal aisle traversal can be modeled

and solved as a shortest path problem. Single order picking in a general warehouse reduces

to a standard traveling salesman problem (TSP). Ratliff and Rosenthal [11] showed that

order picking in a rectangular warehouse is a special case of the TSP. Roodbergen and

de Koster [12] developed an algorithm to find the shortest picking tour in a parallel aisle

warehouse with a middle aisle. Despite these special cases, most realistic order picking

problems are much more complex as they need to handle complicating constraints. Among

these real-life constraints is the use of narrow aisles, which limits lift trucks circulation.

Narrow aisles are useful to maximize floor space utilization, and they facilitate the picking

process as the picker has direct access to shelves on both sides of the aisle [4]. However,

they require the use of special narrow aisle man-up turret lift truck, which must be driven

according to some specific rules enforced by security reasons. In narrow aisles warehouses,

traffic often becomes an important issue, but in our case traffic problems are eliminated by

the DC practices according to which replenishments are performed during daytime while

order picking and truck packing operations are performed at night. Also, each order picker

is in charge of a specific number of aisles. These are some standard procedures used in

this industry that make the problem at hand significantly different from other industries.

In this paper we describe the Capacitated Narrow Aisle Order Picking Problem (CNA-

OPP) and show how to model it as a well-known vehicle routing problem (VRP) [17]. We

derive a simple heuristic to reproduce the company decision-making procedure in order to

accurately compute the cost of its current solutions. In addition, we develop an adaptive

large neighborhood search (ALNS) heuristic as well as an exact branch-and-cut algorithm

to solve realistic instances to optimality within very short computing times.
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The remainder of the paper is organized as follows. In Section 2 we formally describe the

CNA-OPP. Section 3 shows how to model this problem as a VRP taking into consideration

the structure of the warehouse and security rules. Section 4 presents the algorithms we

have developed to solve the problem. The results of extensive computational experiments

of our algorithms and that of the company are detailed in Section 5, where we also provide

a comparison of different layouts. Our conclusion are presented in Section 6.

2 Problem description

The warehouse can be formally described as being composed of narrow-aisles arranged

with two single-depth racks having s sections long and t levels high. A set P = {1, . . . , m}

of m SKUs has to be picked up from a given aisle. The location of SKU i in the aisle

can be defined as (xi, yi, zi) where xi ∈ {1, . . . , s}, yi ∈ {1, . . . , t}, and zi ∈ {1, 2}, where

zi represents the left or right rack of the aisle. We assume that x1 is the first section of

the aisle and xs is the last one. The input/output (I/O) point of each aisle is modeled as

being the position (0, 0, 0). Each SKU i has a weight wi in kilograms and a volume vi in

cubic feet. When performing a picking sequence, the maximum weight and volume that

can be put on a pallet are W and V , respectively. All locations in the rack are identical,

the horizontal distance between two consecutive sections is αh, and the vertical distance

between two consecutive levels is αv. The parallel distance between left and right racks

is equal to the aisle width and to that of the picking vehicle. Thus, the lateral distance is

negligible and will be considered as zero. Because all m SKUs have to be picked up and

given that the handling time is identical for all products, it can be ignored without loss

of generality.

In order to ensure picker safety, two security rules must be respected. First, any horizontal

lift truck movements, i.e., change of sections, must be performed at the ground level. The

second constraint is that after having performed a pick, other truck movements should

be in the backward direction to avoid products falling on the picker. Thus, if the pick of
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product i is in section xi, the next pick of product j must be in a section xj ≤ xi. Note

that it is allowed to pick at different levels and on both sides of the aisle because this does

not imply a horizontal lift truck movement.

3 Distance matrix and mathematical formulation

We can define a distance matrix D = dij, i, j = 0, . . . ,m, over the I/O point and all

product locations. In order to respect safety constraints, D is defined as:

dij =



αhxj + αvyj if xi = 0 (1a)

αv|yi − yj| if xi=xj (1b)

αh|xi − xj|+ αv(yi + yj) if xi > xj (1c)

∞ otherwise. (1d)

Case (1a) computes the distances when starting from the I/O point to section xj and

level yj. Case (1b) computes the distance between two locations in the same section

as the sum of vertical distances, i.e., the difference between the levels. Note that this

condition imposes a distance equal to zero from a location itself. Case (1c) is the more

general case in which the picker changes sections, going forward from section xi to xj,

with xi > xj. This distance is composed of two segments: the distance between the two

sections (αh|xi− xj|) and the sum of the two vertical movements (αv(yi + yj)). Case (1d)

prohibits backward movements from section xi to xj if xj > xi.

For example, consider a simple order with only two SKUs. The first pick i is at section

xi = 5, level yi = 4 and on the left aisle, i.e., zi=1, so at (5, 4, 1), and the second pick

j is at section xj = 2, level yj = 3 and right side, thus at (2, 3, 2). Starting from the

I/O point, the picker must first perform the pick at section 5 and level 4, go to the floor

level, move back to section 2, and then go up to level 3. The first movement from the I/O

point to product i incurs a distance of (5αh +4αv). Traveling from product i to product j
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incurs a distance (5−2)αh + (4 + 3)αv. Returning from j to I/O point requires a distance

of (2αh + 3αv), for a total distance of (10αh + 14αv). Note that if the picker decides to

pickup the second item first, he will not be able to move forward to pickup the first one

in the same trip. In this case, two trips from I/O point are required with a total distance

of (14αh + 14αv).

3.1 Mathematical model

The CNA–OPP consists of determining the order picker routes, starting and ending at the

I/O point, such that all products are picked and the traveled distance is minimized while

respecting capacities and safety constraints. It is modeled over a graph G = (V ,A) where

V = {0, 1, . . . ,m} is the set of vertices in the aisle with a picking demand, composed of

the m location nodes V ′= {1, 2, . . . ,m} assigned to specific requests with weight wj and

a volume vj. We define the arc set A = {(i, j) : i, j ∈ V , i 6= j, i = 0, . . . ,m, j = 1, . . .m}

and distance dij associated with arc (i, j).

In order to define a transportation plan that respects the practical constraints of this

problem and minimizes the total work of the picker, we define the following decision

variables. Let xij be a binary variable equal to 1 if arc (i, j) is used, and k be an integer

variable indicating the number of routes (picking tours) needed. The CNA-OPP can then

be modelled as follows:

minimize
∑

(i,j)∈A

dijxij (2)

subject to

∑
j∈V

x0j = k (3)

∑
i∈V

xi0 = k (4)
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∑
j∈V\{i}

xij = 1 ∀i ∈ V (5)

∑
i∈V\{j}

xji = 1 ∀i ∈ V (6)

∑
i∈S

∑
j∈S

xij ≤ |S| − r(s) S ⊆ V ′, |S| ≥ 2 (7)

k ≥ 0 and integer (8)

xij ∈ {0, 1}. (9)

The objective function (2) minimizes the total distance traveled. Constraints (3) and (4)

ensure that the same number of routes will leave and return to the I/O point. Constraints

(5) and (6) are degree constraints and ensure that all products will be picked up exactly

once, while (7) simultaneously forbids subtours and ensures that the volume capacity is

respected. Here, r(s) = max

{⌈∑
j∈S vj

V

⌉
,

⌈∑
j∈S wj

W

⌉}
. Movement restrictions do not need

to be imposed through constraints as they will be avoided due to the values from the

distance matrix.

3.2 Arc reductions

We now present three procedures to remove several arcs from the graph and significantly

decrease its size.

The first procedure is due to the restriction of the picker to move from lower sections to

higher sections. For security reasons, all arcs from a lower section to a higher section can

be removed as these paths are not feasible.

The second procedure considers products located in the same section and at the same

level, but at different sides. Since the picker can pick the items in any order, these create

symmetric solutions. We can thus remove all arcs (i, j) with i < j.

The last procedure considers products from the same section but at different levels. Recall

that the picker always starts and ends a section at ground level. This structure enables
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the removal of arcs between products in the same section. Let S be a set of products

located on different levels of a same section. Among all paths visiting all the products

of S only two are of minimal distance. The first path collects products from the lowest

level to the highest level. The second one does the opposite, collecting products from the

highest level to the lowest one. For example, if three products are located on levels 3, 7

and 11 then paths (3, 7, 11) and (11, 7, 3) are clearly the least costly. Other paths such

as (7, 3, 11) will require additional vertical movements. To remove all more expensive

paths, and at the same time subtours within the same section, all arcs from a product

located in a lower level to a higher level in the same section can be removed.

To summarize our rules, arc (i, j) with i ∈ V \ {0} is removed if any of the following

applies:

1. xi < xj;

2. xi = xj and yi < yj;

3. xi = xj and yi = yj and i < j.

Proposition 1. The use of all these procedures eliminate all cycles in the graph and thus

prevent having solutions with subtours.

Proof By contradiction, suppose all procedures were applied and at least one cycle is

present. It means there exists a path from a product i located in a lower section, or

at lower level, or having a lower index than another product j. However, because all

procedures were applied, no arcs exist from i to k where k is in a farter section, or at

a higher level or having a higher index. Consequently, the graph does not contain any

cycles. �
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4 Solution methods

Since the CNA-OPP can be modeled as a CVRP over an asymmetric graph, we have

implemented three different algorithms for its resolution. In Section 4.1 we describe the

order picking method used by our industrial partner. Section 4.2 presents an adaptive

large neighborhood search metaheuristic [15], and in Section 4.3 we present a branch-and-

cut algorithm.

4.1 Actual picking method used by the company

In order to compare our results with those obtained by our industrial partner, we have

implemented an heuristic that reproduces their current picking method. For each picking

route, they start with the product in the farthest section at the highest level. Then,

they add the next feasible product from the next highest level in the same section. If

no more products can be feasibly picked in the same section they go back to the next

farthest section where a product can be feasibly picked. In this way they always choose the

product in the farthest section at the highest level, which respects to security movement

constraints. The pseudocode for this set of rules is presented in Algorithm 1.

First, we use a list L of products which is ordered by sections, and for the same section it

is sorted by levels. For a same level, ties between left and right aisle is broken arbitrarily

(line 1). Then, create a new route R, and start by picking the farthest product L[1], i.e.,

the one at the farthest section at the higher level (lines 3 and 4). The route is completed

by picking the next closest item or until the capacity constraints are reached, always

respecting the safety movements restrictions (lines 6 to 10). When an item is added to

a route, it is removed from the list L and all following items in L are moved up once.

When the route is filled, another route is created and initialized again with the farthest

item from the remaining items from L. This approach is optimal if the total volume and

weight of all the products to be picked up is less or equal to the capacity V and W of the

picking vehicle.
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Algorithm 1 Picking method used by the company

1: Sort the set of requests L such that the following two conditions hold for all i, j ∈ L

xL[i] ≥ xL[j] and if xL[i] = xL[j] then yL[i] ≥ yL[j]

2: while L is not empty do

3: Create a new picking route R with a total volume D = 0 and total weight P = 0

4: Initialize route with L[1]

5: D = D + vL[1] and P = P + wL[1] and L = L \ L[1]

6: for request i in the sorted L do

7: if D + vL[i] < V and P + wL[i] < W then

8: Add request L[i] to the route R

9: D = D + vL[i] and P = P + wL[1] and L = L \ L[i]

10: end if

11: end for

12: end while

4.2 Adaptive large neighborhood search

We present an implementation of an ALNS heuristic for our problem, widely based on

Ropke and Pisinger [15]. The ALNS is composed of a set of simple destruction and

reconstruction heuristics in order to find better solutions at each iteration. An initial

solution can be considered to speed up the search and the convergence of the algorithm.

We have implemented a fast sequential insertion heuristic, which performs a greedy search

for the best insertion for one product at a time.

The ALNS selects one of many destroy and repair operators at each iteration. We have

implemented three destroy and two repair operators. Our destroy operators include the

Shaw removal [18], the worst removal, and a random removal. Our repair operators include

a greedy parallel insertion and a k-regret heuristic [10] . Each operator is selected with a

probability that depends on its past performance and a simulated annealing acceptance

criterion is used.
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The ALNS is ran for 50 000 iterations of destroy-repair operators. After every 100 itera-

tions, the weight of each operator is updated according to its past performance. Initially,

all the operators have the same weight. A sketch of our ALNS is provided in Algorithm

2 and for further details see Ropke and Pisinger [15].

Algorithm 2 Adaptive large neighborhood search

1: Create an initial solution s using sequential insertion operators : s′ = s

2: D : set of removal operators, I : set of repair operators

3: Initiate probability ρd for each destroy operator d ∈ D and probability ρi for each

repair operator i ∈ I

4: while stop criterion is not met do

5: Select remove (d ∈ D) and insert (i ∈ I) operators using ρd and ρi

6: Apply operators and create st

7: if st, is accepted by the simulated annealing criterion then

8: s = st

9: end if

10: if cost(s) < cost(s′) then

11: s′ = s

12: end if

13: Update ρd and ρi

14: end while

15: return s′

4.3 Branch-and-cut algorithm

We have implemented a classic branch-and-cut algorithm in which valid linear inequalities

are used as cutting planes to strengthen a linear programming relaxation at each node

of a branch-and-bound tree. Constraints (7) are initialy relaxed and only added to the

branch-and-bound tree if they are found to be violated.
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The whole model can be solved by feeding it directly into an integer linear programming

solver to be solved by branch-and-bound if the number of rounded capacity inequalities (7)

is not excessive. However, for instances of realistic size, the number of rounded capacity

constraints (7) is too large to allow full enumeration and these must be dynamically

generated throughout the search process. The exact algorithm we present is a branch-

and-cut scheme in which the rounded capacity inequalities constraints are generated and

added into the program whenever they are found to be violated. It works as follows. At

a generic node of the search tree, a linear program containing the model with a subset

of the subtour elimination constraints and relaxed integrality constraints solved, a search

for violated inequalities is performed, and some of these are added to the current program

which is then reoptimized. This process is reiterated until a feasible or dominated solution

is reached, or until there are no more cuts to be added. At this point, branching on a

fractional variable occurs. We provide a sketch of the branch-and-cut scheme in Algorithm

3.

5 Computational results

The algorithms described in Section 4 were implemented in C++. The branch-and-cut

uses the CVRPSEP library [6] and IBM CPLEX Concert Technology 12.5 as the branch-

and-bound solver. All computations were executed on machines equipped with two Intel

Westmere EP X5650 six-core processors running at 2.667 GHz, and with up to 48 GB

of RAM installed per node running the Scientific Linux 6.3. We have first solved each

instance using the ALNS algorithm. This solution was then used to start the branch-and-

cut, to which a time limit of 7200 seconds was imposed.

In order to evaluate the performance of our algorithms and that of the company, we have

generated instances inspired from real warehouse configurations. First we have generated

five types of aisle configurations as presented in Table 1. The second and the third columns

show respectively the number of sections and levels present in an aisle. We also show the

Mathematical Models, Heuristic and Exact Method for Order Picking in 3D-Narrow Aisles

CIRRELT-2015-18 11



Algorithm 3 Branch-and-cut algorithm

1: Subproblem solution: Solve the LP relaxation of the current node

2: Termination check

3: if there are no more nodes to evaluate then

4: Stop

5: else

6: Select one node from the branch-and-cut tree

7: end if

8: while solution of the current LP relaxation contains subtours do

9: Identify connected components with CVRPSEP [6]

10: Add violated subtour elimination constraints

11: Subproblem solution. Solve the LP relaxation of the current node

12: end while

13: if the solution of the current LP relaxation is integer then

14: Go to the termination check

15: else

16: Branching: branch on one of the fractional variables

17: Go to the termination check

18: end if

Mathematical Models, Heuristic and Exact Method for Order Picking in 3D-Narrow Aisles

12 CIRRELT-2015-18



number of locations by side and the total, including both sides. Finally, we indicate the

ratio of the layout between sections and levels. These configurations will allow us to

assess the impact of different aisle configurations. For each type of configuration, 10 sets

of instances having each 10, 20, 30, 40, 50, 60, 70, 80, 90 and 100 requests were generated.

For each of the five aisle configurations and for each of the 10 number of requests, we

generated five instances. Thus, 50 instances were generated for each aisle configuration

for a total of 250 instances. The typical operation of our industrial partner consists of

orders containing fewer than 30 requests. We have generated instances with more requests

to assess the performance of our methods.

The products are chosen randomly from the database obtained from our partner along

with their specific volume and weight and placed randomly on the aisle. Our instances

can contain more products to pickup than the total number of locations, meaning that

products can be picked more than once.

Table 1: Types of aisle configuration

Type Sections Levels Locations by side Total locations Ratio

1 12 4 48 96 3

2 24 4 96 192 6

3 36 4 144 288 9

4 48 4 192 384 12

5 60 4 240 480 15

We provide in Table 2 the average results for the method used by the company and for

our algorithms on all 250 instances. The results are organized by the number of requests,

thus each row presents the average of 25 instances for all five aisle configurations. The

first column shows the number of pickups, followed by the solution value yielded by the

company heuristic, then the solution of our ALNS algorithm, its running time in seconds,

the best known solution yielded by CPLEX, its lower bound, percentage gap and running

time in seconds. To validate our graph reduction method, we provide the results of the

model for the cyclic and the reduced acyclic version.
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It is clear that the ALNS algorithm is very effective and run in a few seconds even for

the largest instances. Moreover, CPLEX, warm started by ALNS, is able to marginally

improve the solution obtained by this algorithm. We observe an improvement for instances

starting from 30 requests for both graph. Finally, as is known from other VRP problems,

a branch-and-cut algorithm is capable of proving optimality or yielding tight optimality

gaps for instances containing less than 100 nodes, as is corroborated by our experiments.

As it can be observed in the Company column of Table 2, which represents the current

picking method, this heuristic never reaches optimality or yields solutions as good as

those of the ALNS algorithm. In fact, these solutions are on average 5.76% worse than

the solutions provided by our algorithms. In a large warehouse being operated daily

over a long period, this represents a large reduction in the workload. Using the ALNS

solutions to warm start CPLEX seems to be a good approach to help the solver in reaching

optimality. The Time column shows how the ALNS is a fast heuristic given the large

number of iterations we have allowed. With the branch-and-cut algorithm, we see that it

was able to solve to optimality instances with up to 100 requests. We see that on average,

the acyclic version is faster and obtains higher lower bounds. The use of an acyclic graph

has reduced the overall average gap from 0.47% to 0.32% while being much more faster

in terms of computation time.

In Table 3 we show the gap between the heuristic methods and the lower bound (LB)

yielded by CPLEX after two hours of running time. We see that all instances with

50 requests or less were solved to optimality, and that the number of optimal solutions

decreases when the number of requests goes up. In total, our cyclic model solved 164

instances and the acyclic model solved 189 instances to optimality from our set of 250

instances.

For the company heuristic, the gap with the best lower bound ranges between 0.28% and

6.98%. This shows that ALNS is able to yield better solutions, even for small instances.

With respect to the best lower bound obtained by CPLEX, the ALNS provides an average

gap of 0.34%. We note that these solutions were hardly improved by the exact methods.
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Table 4 shows that it is important to analyze the performance of the model against the

various aisle configurations. Since the CNA-OPP is subject to movement restrictions,

we must analyze the impact of the layouts configuration and the performance of the

algorithms. With these constraints on section movements, we observe that different con-

figurations can have a significant impact on the computation performance. The bigger

it is, the more it can contain different products and have a longer distance for picking.

In the same way, an instance with many requests in a small aisle, will contain the same

products appearing multiple times. Therefore, it is difficult to compare the layout based

only on the total distance. However, it is possible to measure the performance of methods

for each type of aisle configuration based on the ratio between the number of sections and

levels.

In Table 4 we present the average gap over five instances yielded by the solver after two

hours, for each type of layout and all quantities of pickups, according to the aisle config-

uration created and presented in Table 1. When all instances are solved to optimality,

we indicate it by a zero in bold. We can observe that the average gap (over 50 instance

for each column) is well correlated to the ratio sections/levels outlined in Table 1. This

means that for the same number of requests, optimal solutions are easier to obtain with

aisles having more sections.

Even if the number of instances solved to optimality is the highest in the acyclic version

of the model, the impact of the number of sections seems to be higher in the model with

cycles. Both versions are still influenced by the number of sections in the aisle. Based on

our algorithms, the easier aisle configuration is that with 60 sections. With the acyclic

model on layout 5, we have obtained an average gap of 1.00% for all instances. With the

cyclic model and the layout 5, this average gap is 1.35%.

For the acyclic version of the model, we notice that the layout 2 allows the model to

perform well. It seems that the instances of this group with 90 requests were easier to

solve than the instances from the layout 3. The layout 5 combined with an acyclic graph

solves all instances with up to 70 requests to optimality. All other configurations are not
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able to solve to optimality all instances from the sample with more than 70 requests.

Based on our set of instances, its is easier for CPLEX to solve problems in an aisle with

more sections. The worst configurations for this group of instances is the first one, with

only 12 sections. According to the movement restrictions, it seems difficult to create high

quality tours in a short aisle. Obviously, a longer aisle will yield solutions with longer

routes, but for which our methods can obtain solutions of better quality.

6 Conclusion

In this paper we have proposed a formulation for the CNA-OPP that yields a well-known

CVRP. We have then been able to use classical CVRP algorithms to solve this difficult

problem arising in warehousing operations. We have modeled the problem as a CVRP and

based on the problem structure we have showed that the number of arcs can be drastically

reduced leading to an acyclic model which is easier to solve. With a collaboration from

an industrial partner, we have generated a large dataset of benchmark instances for the

order picking problem based on a real data. We have proposed five configurations of an

aisle and tested one heuristic and one exact algorithm against the picking method used

by the company. We have shown that improvements of up to 4.16% can be obtained by

using our methods.
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