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Abstract. The bin packing problem is one of the most studied combinatorial optimization
problem. This paper proposes two novel bin packing problem settings with many practical
applications, in particular in logistics capacity planning. Both problems explicitly consider,
besides the classical bin-selection costs, the item and bin-specific item-to-bin assignment
costs. These assignment costs depend not only on the physical, e.g., item and bin size, and
economic, e.g., bin selection fixed cost and the cost of item \transport" by the bin, but also,
on the temporal attributes of items and bins, e.g., availability of regular bins for selection
and utilization and of items to be assigned to such a regular bin. Special, item-specific in
terms of size, spot-market bins may be used at higher cost for the items one cannot fit into
the selected bins. Single and a multi-period formulation are proposed, both aiming to
minimize the total cost of the system computed as the sum of the fixed costs of the selected
bins and the total item-to-bin assignment cost using regular and spot-market bins. The multi-
period formulation optimizes the cost over all the time periods considered. Several
constructive heuristics are proposed, three for the single-period model, and four for the
multi-period formulation. The heuristics are evaluated and compared through an extensive
computational experimentation. The numerical results show the high level of performance
of the proposed heuristics in terms of solution quality and computational efficiency, as well
as the potential benefits of using the new models in practical applications.
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Multi-period Bin Packing Model and Effective Constructive Heuristics for Corridor-based Logistics Capacity Planning

1 Introduction

Producers, wholesalers, and retailers are regularly faced with the need of moving goods
across their distribution networks. This could be the need to ship goods from producers,
suppliers, or warehouses to customers or outlets for stock replenishment. The costs
involved in such movements of goods represent a significant part of the distribution and
operating costs of these companies Monczka et al. (2008). Therefore, researchers have
developed decision support tools, based on the use of bin packing models, to reduce such
distribution costs Perboli et al. (2014).

Given a set of items and a set of bins, the classical Bin Packing Problem (BPP)
aims to load all the items into the smallest possible number of bins, while ensuring that
the packing of each bin is feasible Martello and Toth (1990); Dyckhoff (1990). Vari-
ous applications of the BPP can be encountered in the planning of telecommunication,
transportation, production and logistics/supply chain systems Crainic et al. (2011). In
transportation and logistics system planning, the items may represent the goods that
need to be moved or stored, while the bins represent the transportation medium, e.g.,
containers, container slots within ships or on trains, and capacitated vehicles of any given
mode, or the storage means available. The classical BPP assumes that all the bins are
identical in cost and size, thus focusing on the physical characteristics of the problem,
e.g., the packing constraints, while ignoring several important considerations such as, the
variability in the bin types, costs and sizes, the economic characteristics of item-to-bin
assignment, and the temporal characteristics of when items and bins become available
and decisions are to be taken Crainic et al. (2016).

The BPP has attracted a lot of attention over the past few decades. Several BPP
variants have been studied in the literature, the BPPs with variable cost and size bins
targeting the first concern above. Yet, as a review of the literature shows (Section 2), it
still appears that the existing BPP variants focus on selecting the bins at the lowest cost
possible and loading them with any items available. Hence, all these variants assume that
the cost of loading an item into a bin depends on the item volume only. This is a serious
limitation, as the cost of assigning an item to a bin may be influenced by many other
considerations related to the item, the bin, and other decision-making characteristics.
We discuss these issues in more depth in Section 3 but, for illustration purposes, consider
the logistics case when loads (items) have to be delivered by a certain due date, and one
must chose among several carrier services (bins) operating particular vehicles according to
specific timetables. Bin packing offers the methodology to address this problem setting,
but the current BPP variants, which focus on the bin cost only, are not appropriate.

The first main contributions of this paper is to bridge this gap in the literature and
propose a new BPP variant, which addresses the issues identified above and extends
the capabilities of the Bin Packing methodology. More precisely, we introduce a time-
dependent BPP setting wherein the cost of assigning an item to a bin is explicitly ac-
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counted for. Furthermore, the item-to-bin assignment cost may depended not only on the
physical and cost attributes of items and bins, but also on the temporal characteristics
of both and on when the item is assigned to the bin. We designate this version of BPP,
the Multi-period Variable Cost and Size Bin Packing Problem with Assignment Costs. A
static, single-period version of this problem setting explicitly considers the item-to-bin
assignment costs, hence also generalizing previous models in the literature, but without
the time component. We study this Single-period Variable Cost and Size Bin Packing
Problem with Assignment Costs as well in this paper.

For efficient decision support when planning, e.g., logistics and transportation activi-
ties, bin-packing methods need to produce good-quality solutions rapidly. Consequently,
in addition to the description and mathematical formulation of these two new BPPs,
we also propose a set of constructive heuristic algorithms to address them; three for
the single-period and four for the multi-period problem settings. The main idea behind
these heuristics is to adapt the well-known First-Fit Decreasing and Best-Fit Decreas-
ing heuristics (Martello and Toth, 1990; Dyckhoff, 1990) to the problems at hand. As
computationally shown in Section 7, the proposed heuristic algorithms achieve these
goals of rapidly providing high-quality solutions. They are therefore appropriate both
for practical applications and as components of more sophisticated solution methods.

In order to properly assess the efficiency of the proposed heuristics, we carry out a
thorough computational experiment with a set of 1540 instances of the single and multi-
period problems. The objective of these experiments are fourfold. First, we evaluate the
efficiency of the proposed heuristic algorithms. This efficiency is measured in terms of
CPU computation time and solution quality, i.e., the optimality gap with respect to the
exact solution provided by a well-known commercial solver, or the lower bound when
the solver cannot reach the optimum within a given time limit. Second, we examine
the impact on solutions of certain problem characteristics, in particular those related to
the availability periods of items and bins. Third, we measure the impact of explicitly
integrating the time-dependency of items, bins, and their related decisions into the bin
packing formulations. We preform this analysis by evaluating the cost reductions pro-
vided by the multi-period formulation compared to a myopic approach addressing the
same instances without considering the multi-period setting. Finally, we assess the abil-
ity of the solutions provided by the heuristics to improve the performance of commercial
solvers. More precisely, we feed the objective-function value of the best heuristic solution
to the solver as an initial upper bound for the branch-and-cut algorithm, which proves
to increase significantly the node-pruning capability of the solver.

The results of the computational experiments confirm the interest of the new problem
settings and models, the importance of explicitly consider the time esmension of the
problem (one observes reductions of up to some 82% in operational costs provided by the
multi-period formulation compared to a myopic approach), as well as the efficiency of
the proposed heuristics. Indeed, while some problem instances with particular structures
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can be solved by commercial solvers within a time limit of 1 hour, the solvers struggle
to solve a large number of instances. The proposed constructive heuristics obtain good-
quality solutions very rapidly, providing great trade-offs between computational time and
optimality gap regardless of the structure of the problem at hand. One may thus use
them either directly to address problem in practice or to provide efficient initial cut-off
upper bounds that enhance the performance of commercial solvers.

The rest of this paper is structured as follows. We present a brief review of the
literature related to the problem at hand in Section 2. Section 3 provides an in-depth
description of the proposed novel variants of the BPP. The corresponding mathematical
models are then presented in Section 4. Sections 5 and 6 describe the proposed heuristic
algorithms for the single and multi-period models. The results and analyses of the com-
putational experiments carried out are discussed in Section 7. Finally, Section 8 provides
concluding remarks and insights for potential extensions of this work.

2 Literature Review

The problem studied in this paper generalizes previously-studied BPPs with varying
characteristics, in particular the cost and capacity of the bins. Prior to briefly discussing
the related literature, we introduce a labeling scheme to simplify the identification of the
bin packing deterministic problem variants. The proposed notation is inspired by labeling
schemes used in other fields, e.g., scheduling, queuing, and location-routing, as well as
by previous attempts in the packing and cutting surveys, e.g., Dyckhoff (1990); Wischer
et al. (2007). We aim to enrich the current classifications and identify in a concise form

the main cost, size, and time attributes and relations defining packing problem classes.
We thus propose the labeling system D/C/B/K/T|-|, where

e D = Number of (physical, handling, etc.) dimensions; D =1, 2, 3, ... ;

C = Bin (fixed) cost; C = U, unique and same for all bins, or V| variable and
possibly different for each bin;

e B = Bin size: B = U, unique (same for all bins) or equal /proportional to the cost
of the bin, or V, variable and possibly different for each bin;

K = Commodities, that is, the number of different item types; K = S, single
commodity / item type, or M, multicommodity / item types;

e T = Time representation; T = 1, single period, N, multi-period, and C, continuous;
In this classical definition, single period means time is not explicitly represented and
there are no time-related attributes for bins and items, all events and decisions tak-
ing place simultaneously; The decision-planing horizon is discretized into a number
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of time periods in N problem settings, all time-related events (e.g., the starting of
a bin availability interval) being associated to a particular time period; Finally, an
event may happen at any time moment during the length of the decision-planning
horizon in a C problem setting;

e [| = List of additional attributes, such as item-to-bin assignment costs, I2B in
the following, bin loading rules, permitted item rotation, inclusion/exclusion rules
among items and bins, etc.

According to this labeling scheme, the problems studied in this paper are the 1/V/V/S/N[12B]
and 1/V/V/S/1[12B], the Multi- and Single-Period Variable Cost and Size Bin Packing
Problems with Assignment Costs, respectively.

It should be noted that the BPP and its variants belong to the broad field of general
packing and cutting problems Dyckhoff (1990); Martello and Toth (1990); Dyckhoff et al.
(1997); Wischer et al. (2007); Brandao and Pedroso (2016); Crainic et al. (2012). The
former aims to find how to best pack small objects into larger ones, while the latter
focuses on how to best cut large objects into smaller items. While differences exist (see,
e.g., Dyckhoff (1990)), the two are very much related and one can often reformulate one
in the vocabulary and setting of the other one. The application context often indicates
the most appropriate. In our case, inspired by logistics and transportation applications,
the packing environment appears the most appropriate. Although a thorough literature
survey of this vast field, and of related problem settings, e.g., parallel machine scheduling
Lenstra et al. (1977); Fanjul-Peyro et al. (2017); Kravchenko and Werner (2011), assembly
and disassembly line balancing Wee and Magazine (1982); Battaia and Dolgui (2013);
Alvarez-Miranda and Pereira (2019); Ozceylan et al. (2019), and drregular packing Leao
et al. (2020), is of interest to the research community, it is well beyond the scope of this
paper focusing on a new problem setting in bin packing. We therefore now briefly discuss
previous contributions directly relevant to the problems studied.

The class of Variable Size Bin Packing Problems, D/U/V/S/1, constitutes a first
BPP setting related to the problem at hand Wischer et al. (2007). This case considered
bins of different sizes with costs either equal to their sizes or strictly proportional to
those. The next step in addressing increasingly practical application concerns yielded
the Variable Cost and Size Bin Packing Problem class, D/V/V/S/1, which disconnected
the definition of the costs of the bins from their sizes Monaci (2002); Pisinger and Sigurd
(2005); Kang and Park (2003); Alves and de Carvalho (2007); Crainic et al. (2011). A
stochastic extension of the D/V/V/S/1, integrating uncertainty regarding future item
and bin characteristics into current decisions on bin bookings, was proposed in Crainic
et al. (2016), where it was applied to a logistics capacity planning problem.

The Generalized Bin Packing Problem, D/V/V /M=2/1[optional items|, extends the
D/V/V/S/1 by considering two categories of items, compulsory ones that have to be
loaded into bins, and non-compulsory ones, which can either be loaded for an additional
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profit or be left behind at no cost Baldi et al. (2012, 2014). Baldi et al. Baldi et al. (2019)
extended the latter problem within the context of last-mile logistics by introducing bin-
dependent profits earned by loading items into specific bins and maximizing the total net
revenue. The authors called this setting the Generalized Bin Packing Problem with Bin-
dependent Item Profit, D/V/V/M=2/1]optional items, bin-related item profits]. The
proposed single-period 1/V/V/S/1[12B] BPP and model adds new dimensions to the
problem as highlighted in Section 4.3.

Bin packing problems with consideration of the time dimension have recently started
to gain attention from the research community. Namely, Dell’Amico et al. Dell’Amico
ot al. (2020) recently introduced the temporal BPP (TBPP), as a generalisation of the
standard BPP wherein each item has to be packed within a given time window. This
variant considers identical bins, and may therefore be classified as 1/U/U/S/N[ITW]
(Time Windows on Item assignment). An application of the TBPP in the context of
cloud computing Aydimn et al. (2020) resulted into a multi-objective formulation, for
which a compact formulation that can be solved with commercial solvers is proposed in
Martinovic et al. (2021).

This overview of the literature emphasizes that two major problem characteristics,
often encountered in logistics and transportation applications (at least), are not currently
addressed. The time-dependent availability of both items and bins of various types is
ignored, as are the costs of assigning items to bins, which are not dependent only on the
physical characteristics of both, but also and principally on the time of the assignment
and the dispatching of the bin to deliver the items on time.

We conclude this section recalling that the BPP is known to be NP-hard in the
strong sense Korte and Vygen (20006); Garey and Johnson (1979). Most BBP exact
solution methods found in the literature rely either on decomposition techniques Alves
and de Carvalho (2007); Monaci (2002); Casazza and Ceselli (2016) or on reformulations
solved using commercial MIP software Correia et al. (2008). The computational effort
required by these methods makes them difficult to use in practice, however, as they are
limited to small size problems only Martello and Toth (1990). Consequently, heuristic
solution methods are proposed and allow to find good solutions to larger size problems
within reasonable computational efforts. The literature shows that the most commonly
used constructive heuristics are the First-Fit Decreasing (FFD) and Best-Fit Decreasing
(BFD) heuristics (Martello and Toth, 1990; Dyckhoff, 1990). Both heuristics first sort
items in decreasing order of their size. The FFD heuristics then assigns each item, one
after the other, to the first bin which can accommodate it, i.e., with sufficient residual
capacity (nominal capacity minus the space occupied by the currently loaded items); a
new bin is selected when no current bin can be used. BF'T heuristics proceed in a similar
way, except that each item is assigned to the best bin that can accommodate it. The
contributions reviewed above are all implementing some form of these two constructive
heuristics. We will extend this framework to develop the constructive heuristics we
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propose for the single and multi-period BPP with variable bin cost and size and item-to-
bin assignment costs.

3 Problem Description

The problem setting is inspired by the planning challenge of corridor-based integrated
logistics systems supporting freight exchanges between two regions (e.g., South-West
China and Canada). The system includes several shippers, e.g., producers, wholesalers,
and retailers, which need to ship items from one region to the other. Inter-region trans-
portation takes place between two major terminals, one in each region (e.g., the ports of
Shenzhen and Vancouver, respectively), where the items to be shipped are brought in to
be grouped for long-haul transport to the destination terminal, and from where incoming
items are distributed within the region. The pickup and distribution activities are not
explicitly considered in the problem setting, they are rather included in the assignment
costs described bellow. Several transportation-service providers are also part of the sys-
tem and offer a pool of transportation units, called bins in the following, among which
the system selects the ones to move the items.

The planning problem is defined for a certain schedule length of finite duration (e.g.,
one week, one month), divided into time periods of equal length (e.g., one day). Given
sets of items (the demand) and bins (the supply), with particular physical, temporal, and
economic attributes, the goal is to find the selection of bins and the assignment of items
to bins to satisfy the demand with the available supply at the minimum total cost over
the entire schedule length.

Each item is characterized by its size, identified as volume in this single-dimension bin
packing problem setting, as well as by particular handling and loading requirements (e.g.,
does it require refrigeration?), potentially related to particular transportation modes
(e.g., rail or truck). Items are also characterized by temporal attributes, i.e., the times
of 1) availability, when the item appears in the system and is available for shipping; 2)
delivery due date, indicating the preferred moment the shipment should be at destina-
tion; 3) earliest delivery, when one can deliver earlier, possibly at a penalty cost; and 4)
latest delivery, the time moment beyond which delivery is no longer acceptable, even at
a penalty cost. Economic attributes are related to the costs associated to satisfying the
demand for movement given the previous two classes of attributes, i.e., 1) drayage cost,
related to the first/last-mile (kilometer) collection and delivery of the item within the
respective origin and destination zones; 2) dispatching-delay cost, accounting for possi-
ble storage costs while waiting for assignment and departure; 3) early and late-delivery
penalty costs when the item is delivered before or after its preferred due date, respec-
tively. A mode-specific transport cost, related to the handling and loading requirements,
links items and bins.

6 CIRRELT-2021-14
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Indeed, bins are also characterized by physical, temporal, and economic attributes.
A bin is thus characterized by its volume, or capacity, expressed in the same units as the
item volumes, as well as by the travel time it requires to move between the two regions
(terminals). Given the delivery restrictions and costs associated to items, it is important
to account for the bin travel times when deciding on the item-to-bin assignments to
enforce constraints at the lowest cost possible. The availability interval of a bin represents
the time window within which it is available and can be used for loading and shipping
items. The bin cannot be used once this interval has expired. The economic attributes of
a bin are, first, its fixed selection cost and, second, the transport costs mentioned above,
which are related to the handling and loading requirements of items as well as the bin’s
own mode and other operational characteristics. In the current problem setting, any bin
can be loaded with any combination of items that fits into it.

In this setting, when a bin is made available to the system, one needs to decide not
only whether to use (select) it or not, but also when to use it, that is, when, within its
availability interval, to complete the loading and have it leave. Symmetrically, once an
item is made available to the system, one needs to decide whether to load it into a bin
that leaves immediately, or to delay and load it into a bin departing at a later time period,
as long as it can be delivered before the latest delivery limit. When the need arises, e.g.,
when there is not sufficient bit capacity available for the items in need of shipping at that
particular point in time, one may also call on non-participating transportation-service
providers outside the pool at a, normally, higher unit item transportation cost. This
ad-hoc decision is identified as using spot-market bins, in the following.

The overall objective of the problem is to minimize the total cost of the system for the
schedule length, while satisfying the time and physical attributes of the given bins and
items. The total system cost is computed as the sum of the total fized cost of selecting the
bins for usage at particular time periods within the schedule length, the total variable
assignment (transportation) cost of items to the selected bins, and the total variable
ad-hoc cost of assigning items to spot-market bins.

One should note that, differently from the literature on variable-cost-and-size bin
packing (Section 2), the bins considered in the 1/V/V/S/N[I2B] may not only be selected
and loaded once, but may be selected for use at a particular time period within a bin-
specific interval. This decision, combined to the travel time of the bin, yields a particular
time at destination, which has a direct impact on the feasibility, in terms of latest delivery,
and cost of the assignment of items to be loaded into it. Thus, a feasible assignment of a
particular item to a given bin implies a time-dependent item-to-bin unit assignment cost,
which captures (through a direct sum, usually) the drayage cost, the transport cost, as
well as any penalty for early or late delivery reflecting the contrast between the temporal
attributes of the item and the decision to use the bin at a particular time period. It
is noteworthy that the time-dependent item-to-bin assignment costs may be computed
straightforwardly before the optimization starts.
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The time dependency of items and bins, reflected in their temporal attributes, the bin
selection decisions with restriction of using each bin at most once during their respective
availability interval,s and the item-to-bin assignment costs dependent on the item and bin
attributes make the 1/V/V/S/N[I2B] and the 1/V/V/S/1[12B| stand apart from most
problems currently present in the literature. They are, in fact, representative of a broad
class of new BPP problems with weights (“costs”) fully dependent on a multi-varied
range of item and bin attributes.

It is noteworthy that the proposed models and algorithms for these deterministic
problem settings, , described in the following sections, may be used in various contexts.
On the one hand, the plan built for a particular schedule length given predicted item
requests and bin availabilities may be used repeatedly over a medium-term tactical plan-
ning horizon. On the other hand, the 1/V/V/S/N[I2B] model and heuristics may be
used in operations, its look-ahead capabilities strengthening the decisions of the current
period.

We bring this section to a close noticing that, while the 1/V/V/S/N[I2B] problem
setting represents a growing trend in collaborative or capacity-sharing logistics systems,
including transportation and storage (e.g. Yilmaz and Savasaneril; 2012; Huang et al.,
2013), the relevance of the bin packing methodology developed in this paper is broader.
Consider, e.g., the case of hospital resource management during a major pandemic. Items
would be patients, in this context, in need of hospitalization within certain temporal limits
with various levels of dire consequences. Bins, on the other hand, would be beds available
at different dedicated hospitals, which may be made available to infected patients when
required, or be used for normal hospitalization, otherwise.

4 Mathematical models

We propose models for the multi-period 1/V/V/S/N[I2B] problem, described in Section
3), and for the single-period variant. The models are introduced in Sections 4.2 and 4.3,
respectively, following the notation description.

4.1 Notation

Let T designate the duration of the schedule length in terms of number of time periods.
Let Z be set of the items and J the set of bins which are made available during the
schedule length. We define first the notation particular to items and bins, followed by
the notation of the temporal and economic aspects of item-to-bin assignment.

8 CIRRELT-2021-14
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For each item 7 € Z, define

e v;: Volume;

: Availability time;

e {;: Latest delivery time, with T; = [t;, t;];

e v;: Earliest delivery time;

e 4;: Delivery due date, with ¢, <; < 6; < 1;;

e pl: Item-to-spot-market-bin assignment cost, i.e., the cost of shipping through the

spot market at period t € 7;.
For each bin j € J, define

e f;: Fixed cost of selecting and using the bin;
e V;: Volume (capacity);
o', = [Lj,fj]: Availability time window;

e «;: Travel time.

Let 7;; be the item-to-bin assignment interval, that is, the time window within which
it is feasible to assign item ¢ € 7 to bin j € J, where feasibility is defined with respect
to the availability interval of the item and bin, i.e. Ty = [t;,1; — a;] N T;. Let, then, aj;
be the corresponding item-to-bin assignment cost of item ¢ € Z to bin 5 € J at period
t € Ty (recall that af; captures the various costs as described in Section 3).

4.2 Formulation of the multi-period model
Define the following decision variables

' 1 if bin j € J is selected at time period t € I';,
[ ] y = .
J 0 otherwise;

1 if item ¢ € 7 is assigned to bin j € J at time period t € T;;,
[ ] "]jt = . ]
0 otherwise;

CIRRELT-2021-14 9
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o Ul — 1 if item ¢ € 7 is assigned to a spot-market bin at time period t € T,
© 1 0 otherwise.

The multi-period 1/V/V/S/N[I2B] model can formally be written as follows:

min Z Z fivs + Z Z Z ag;xy; + Z pruf (La)

it jeJ ter, i€T jeJ teTs, i€T teT;

s.t. Zvﬂfj < ijj, Vje J,tely, (1b)
1€l
S Ya+u-1 vier 19
JET teTi; teT;
dyt<, Vjed, (1d)
teFj
y; € {0,1}, VjieJ,teT;, (1e)
at; € {0,1}, VieIjeJ teTy; (1f)
ul € {0,1}, VieZ,teT,. (1g)

The three terms of the objective function (la) are, respectively, the total cost of
selecting the bins, the total cost of assigning the items to the bins at feasible time
periods, and the total cost of using the spot market. Constraints (1b) ensure that the
volume capacity of each bin cannot be exceeded. Constraints (1c) enforce satisfaction of
demand, i.e., each item is assigned to a bin or to a spot-market bin within its availability
time interval. Constraints (1d) ensure that each bin is selected at most once during its
availability time window. Finally, constraints (1e)—(1g) enforce the binary requirements
of the decision variables.

4.3 Formulation of the single-period model

The mathematical formulation of the single-period 1/V/V/S/1[I2B] model is similar to
that of the general multi-period one (Section 4.2), except for the time index on parameters
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and decision variables:

min Z ijj + Z Z Q5T + szuz (2&)

Y,r,u

jeT i€T jET 1€

st Y vy < Vi, vieJ, (2b)
€L
» wytui=1, Viel, (2¢)
JjeJ
y; € {0,1}, VjeJ, (2d)
z;; € {0,1}, VieZI, jed, (2e)
u; € {0,1}, Vi € T, (2f)

where the objective function (2a) minimizes the total cost of selecting the bins, assigning
items to bins, and using the spot market; constraints (2b) enforce the bin capacity;
constraints (2¢) ensure that each item is either assigned to a bin or shipped via the spot
market; constraints (2d)—(2f) enforce the binary requirements of the variables.

Note that one can find a feasible solution to the 1/V/V/S/N[I2B] by solving 7" in-
stances of the 1/V/V/S/1[12B], one instance for each time period defined by the sets of
items and bins becoming available at the corresponding time period, without considering
future time periods. We explore this heuristic strategy in the computational experiments
presented in Section 7 where it is used as benchmark in assessing the value of the proposed

1/V/V/S/N[I2B] methodology.

Recall that the 1/V/V/S/1[I2B] is more than a variant of the multi-period formula-
tion. It is a problem and model on its own, generalizing the variable size and cost bin
packing class of problems by explicitly considering, other than the fixed cost of select-
ing bins, item and bin attribute-based item-to-bin assignment costs. It is important to
point out in this context that, by considering negative item-to-bin assignment costs, the
single-period problem we propose is close to the BPP with optional items and bin-related
item profits of (Baldi et al., 2019). It also generalizes it by, on the one hand, assuming
each bin may be of a different type and, on the other hand, each item may be loaded
into its own ad-hoc bin with capacity equal to the item volume and selection cost equal
to the item-to-spot-market-bin assignment cost, instead of loading in to dummy bin of
indistinct but very large capacity and cost. This generalization corresponds to a broader
gamut of applications (e.g., sending shipments individually and paying the proper price)
and offers a broader scope to the optimization of the resulting model.
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5 Heuristic algorithms for the 1/V/V /S/1[I2B]| model

We propose three constructive heuristic algorithms, HS1 - HSS. to efficiently find feasible
solutions to the 1/V/V/S/1[I2B]. HS1 is item-centric, in the sense that it focuses on
finding the best bin into which each item can be loaded. HS2 and HS3, on the other
hand, are bin-centric focusing on finding the best packing for each bin by considering the
possible contribution to the total cost of the items which could be loaded. The details
on how this contribution is computed in each of these two heuristics are provided below.

5.1 Item-centric heuristic for the single-period problem

The main idea of the HS1 heuristic, Algorithm 1, is, first, to construct a feasible solution
by finding for each item the most suitable bin in which it can be loaded, if such a bin
has already been selected, or select a new suitable bin, otherwise. An item-swapping
procedure and the usage of spot-market bins are called upon when the first phase does
not yields a feasible solution (i.e., unassigned items still exist).

Given sets of already selected bins & C J and items A C Z assigned to them, let
V¥ be the residual capacity of bin j € S and a;; = a;/(V;" — v;) the unit impact cost of
using part of the residual capacity of j € S for an unassigned item i € Z.

The algorithm starts with empty sets of selected bins and assigned items. It then
considers each unassigned item ¢ sequentially trying to load it into the most suitable
bin among those already selected, where “suitable” is defined as the one with sufficient
residual capacity, unit item-to-bin assignment cost less that the corresponding spot-
market bin, and lowest unit impact cost. If such a bin exists, the item is assigned to it.
Otherwise, a new bin is possibly selected, provided it is cost efficient to do so. The item
is assigned to the new bin, if selected, or remains unselected, otherwise.

The evaluation and identification of a new bin to select is performed by Algorithm 2
implementing the Profitable(i,b) procedure, which yields a new bin b (if it exists) for
unassigned item i. The idea is to measure the contribution of a new bin with respect to
an estimation of its overall cost. Hence, a new bin is selected, and item ¢ is assigned to
it, if there exists a subset of other unassigned items that can be assigned to the bin with
an overall cost, fixed bin selection plus sum of the item-to-bin assignment costs, smaller
than the sum of the individual item-to-spot-market-bin assignment costs.

If all items are assigned once all items have been investigated, the heuristic stops.
Otherwise, the algorithm proceeds to evaluate possible swaps between unassigned items
and assigned ones, aiming to fill up the residual bin capacities when it is profitable to
do so. Any unassigned item the end is shipped via the spot market (i.e., assigned to a
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spot-market bin).

Algorithm 1 HS1

Input: Sets of items Z and bins J;
Output: Sets A of items assigned to bins and S of selected bins;
Initialize S = 0, A = (;
for all i € 7 do
Identify the bin b € S into which ¢ can be loaded at smallest values of @;; and
Qg5 < Pi;
if b exists then
Load 7 into b;
A= AU {i};
else
Identify the bin b € J \ S using Profitable(i,b);
if b exists then
Load ¢ into b;
A= AU{i}, S :=SU{b};
else
Leave 7 as unassigned;
end if
end if
end for
# Look for possible swaps between assigned items and unassigned ones;
for i € A assigned to a bin 5 do
for/ €7\ Ado
if (V' — vy +v; >0) and (ai; > ay;) then
Replace item 4 with item ¢’ in bin 7j;
Update the sets of assigned and unassigned items appropriately;
Vj* = Vj* — Uy + V5
end if
end for
end for
Assign any still unassigned item to a spot-market bin.

5.2 Bin-centric heuristics for the single-period problem

While the algorithm HS1 focuses of packing each item into the best possible bin and then
complete the packing of the bin, the second and third heuristics aim to simultaneously
select the bin and accompanying packing which makes the best contribution to the total
cost.

Both heuristics sort the bins in increasing order of their potential for contribution
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Algorithm 2 Profitable(i,b) procedure for new bin b selection for an item i

Input: Sets of unassigned items Z \ A and unselected bins J \ S;
Output: A bin index b (may be null if no such bin may be found) with a corresponding
packing;
forall j € 7\ S do
if a;; < p; then
Initialize the total cost of bin j to ¢; = f; + aij;
Update the residual capacity V' := V" — v;;
Sort the items list Z\ A\ {4} in non-decreasing order of (f; + ay;)/(V}" — vir);
forall/ e T\ A\ {i} do
if vy < Vi and ay; < py then
Load ¢ into 7j;
¢j = ¢yt apy; V=V —oy;
end if
end for
end if
end for
Set b to be the bin such that ¢, = min{c¢; : j € J\ S};
Return b.

to the total cost (and decreasing order of their capacities in case of equal potential
contributions), and then proceed sequentially to fill up each bin as best as possible given
the available items. Similarly to HS1, bin-centric heuristics complete the work by, first,
topping-up the selected bins with yet unassigned items (sorted in increasing value of
their unit impact costs a;;), second, swapping unassigned items with assigned ones where
possible, and third fitting still unassigned items into item-specific spot-market bins. The
pseudo-code of HS2 is displayed in Algorithm 3, while Algorithm 6 for HS3 is displayed
in the Appendix.

The difference between HS2 and HS3 lies in how the bin potential for contribution is
computed. HS2 computes it as the f;/V; yielding a linearized unit loading cost for each
bin 57 € J. HS3, on the other hand, includes the best item-to-bin assignment cost in the
computation, i.e., given all the available items for each bin. Both heuristics then fill up
each bin by fitting in unassigned items, sorted in increasing value of their unit impact
costs @;;, when capacity allows it and the item-to-bin assignment cost is lower than the
cost of assigning to a spot-market bin. Note that this filling-up stage is needed for HS3
as items are no longer all available at all iterations.
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Algorithm 3 HS2

Input: Sets of items Z and bins J;
Output: Sets A of items assigned to bins and S of selected bins;
Initialize S = 0, A = (;
Sort the bins in 7 in increasing order of f;/V;;
for all j € sorted J do
Sort the items in Z in increasing order of a;;;
for all + € sorted Z do
if v; <Vj and a;; < p; then
Load 7 into j
A:=AU{i}, V; =V, —u;
end if
end for
if j is non-empty then
S:=8U{j}h
end if
end for
# Top-up the selected bins if possible;
for all bin j € § with residual capacity V" do
Sort the items in 7 \ A in increasing order of a;;
for i € sorted Z\ A do
if Vi—v20 then
Load 7 into j
A= AU {i}, V=V —w;
end if
end for
end for
Look for possible swaps between assigned items and unassigned ones - See Algorithm
L
Assign any still unassigned item to a spot-market bin.

6 Heuristic algorithms for the multi-period 1/V/V /S/N[12B]
model

We propose four constructive heuristic algorithms, HM1 - HM/, for the 1/V/V/S/N|[I12B]
model. The four heuristics follow the same framework, which is detailed in Section 6.1,
the implementation differences between these algorithms being discussed in Section 6.2.
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6.1 The main framework for the heuristic algorithms (HM)

The proposed framework for the 1/V/V/S/N[I2B] heuristics, displayed in Algorithm 4,
consists of the following main steps:

1. Redefine the model by duplicating the bin and item selection variables for each
time period of their respective availability intervals;

2. Decompose the problem by time period by relaxing the constraints enforcing that
items and bins be selected exactly once and at most once, respectively, within their
availability time intervals;

3. Construct a feasible solution by iteratively solving the 1/V/V/S/1[I12B] subprob-
lems independently;

4. Based on the current solutions obtained, identify the period when specific bins can
be selected in the most cost-efficient way, assign the items based on this selection,
update the sets of unassigned bins and items, and repeat.

Let Z, = {i € Z: T;N{t} # 0} be the set of items available at period t = 1,...,T.
Similarly, let J, = {j € J : T; N {t} # 0} be the set of bins available at period
t = 1,...,T. The duplication of items and bins at the periods of their availability
intervals allows to decompose the problem by time period for the schedule length. Each
of the resulting single-period 1/V/V/S/1[12B] subproblem, corresponding to a period
t=1,...,T, may then be addressed using one of the three heuristics presented in Section
5 to assign the items in Z; to the bins in ;.

Notice that, at this point, the solution combining those of the independent 1/V/V /S/1[12B]
subproblems is most certainly infeasible for the 1/V/V/S/N[I2B], since some bins may
have been selected at more than one time period and some items may also have been
assigned to bins at more than one time period. Consequently, the next step determines
the most-efficient time period for selecting and packing each bin in terms of impact on
the overall total cost. Let A;(j) be the set of items assigned to (the copy of) bin j at
period ¢t € T';, and pf = min{p! : V¢ € T;} be the minimum item-to-spot-market-bin cost
for items i € Ai(j). We may now define ¢§ = > () i as the total cost of shipping the
items loaded into bin j at time period ¢ via the spot market. We then define ¢}, the most-
efficient time period to select bin j, as the period when selecting the bin would have the
most significant impact on the overall total cost by reducing the most the spot-market
cost one would otherwise have to pay. This procedure is displayed as Algorithm 5.

Once, the most-efficient time period is determined for a bin, together with the cor-

responding packing, its selection for any other time period is canceled, and the sets of
bins and items still to be decided are updates. The process is repeated until there are
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Algorithm 4 Framework for the multi-period (HM) heuristics

Input: Sets of items Z and bins J;
Initialize the sets of selected bins for each time period S, =0, t =1,...,T;
Initialize the sets of assigned items for each time period A, =0, t =1,...,T;
while (Z # ()) and (one item packing may be made) do
fort=1,..., Tdo
Solve the 1/V/V/S/1[12B] with item set Z; and bin set J;;
end for
for all j € J do
Identify the time period t; by using MostEfficient(j,t*);
Update the set of bins selected at time t*, i.e., Sp := Sp» U{j };
Update the set of items yet to be assigned at period t*, i.e., Z;« := Zps \ Zi+(5),
where Z;+(j) is the set of items loaded into bin j;
Update the set of items assigned at time t*, i.e., Ay := Ap UL (5);
forallt eI';\ {t*} do
Update the set of items yet to be assigned at period t, i.e., Z, ;== Z; \ (A N

7 (]))7
end for

end for

Update the set Z := 7T\ Uy, 1Ay

Update the set J := J \ Uit 1S
end while
Top-up the selected bins as possible - See Algorithm 3;
Look for possible swaps between assigned and unassigned items - See Algorithm 3;
Assign any still unassigned item to a spot-market bin at the period with the smallest
spot cost.

no more unassigned items left or it becomes more costly to assign them to a bin than
to ship them via the spot market. Similar to the previous heuristics, the last phase of
the procedure proceeds to top-up the selected bins with yet unassigned items, then swap
unassigned items with assigned ones where possible, and finally fit still unassigned items
into item-specific spot-market bins.

6.2 The four heuristic algorithms

The heuristic framework proposed above for the 1/V/V/S/N[I2B] may be implemented
differently according to 1) the order of examining the bins to find their most-efficient time
period, and 2) the heuristic used to address the single-period subproblems. Two cases
are defined for the former case: no ranking, and ranking the bins by cost contribution.
The HS1 - HS3 heuristics (Section 5) may be called upon to address the 1/V/V/S/1[12B]
subproblems.
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Algorithm 5 MostEfficient(j,t;) procedure to determine the best time period to select
bin j
forallteTI'; do
Delete any item in j already assigned to another bin;
Top-up the non-empty bin 5 with unassigned items;
Compute ¢};
end for
Set t* to the time period such that ¢i" = max {¢! : t € T; };
Return ¢}.

We define four heuristics for the multi-period problem, by combining these possibili-
ties:

1. HM1: HSI1 heuristic (Algorithm 1) for the single-period subproblems; Bins are
not ranked;

2. HM2: HS2 heuristic (Algorithm 3) for single-period subproblems; Bins are not
ranked;

3. HM3: HS3 heuristic (Algorithm 6) for single-period subproblems; Bins are not
ranked;

4. HM}: HS3 heuristic (Algorithm 6) for single-period subproblems; Bins are ranked:
the q;- values are computed for all bins j and time periods ¢, and bin j* is selected

at time period ¢* for which ¢%. = max {¢!" =max{¢.: te;}: je J}.

7 Computational Results

We present and analyze the outcome of the computational experiments that we carried
out for the proposed mathematical models and heuristic algorithms. Four goals were
fixed to these experiments. First, we aimed to evaluate the performance of the proposed
heuristics by measuring 1) the quality of the corresponding upper bounds in terms of the
optimality gap, and 2) the computational efficiency in terms of CPU time in seconds. To
compute the optimality gaps and evaluate the computational performance, the instances
were solved using the MIP solver of CPLEX wversion 12.6.3 1B\ (2016). Section 7.2 is
dedicated to this analysis. The second goal, Section 7.3, was to analyze the impact of a
number of problem attributes on the behavior of the solution approach we propose, the
tightness of the availability time windows, in particular.

The third objective was to assess the ability of the heuristics to improve the perfor-
mance of commercial solvers by feeding the heuristically-obtained feasible solutions to
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an exact MIP solver. More precisely, we set the objective function value obtained by
the heuristic algorithm as the initial cutoff upper bound within the commercial solver,
so that, hopefully, more nodes (with objective values at or above the upper bound) are
pruned faster. We initiated this experiment motivated by our own results as well as by
the literature reporting on the inefficiency of commercial solvers in solving bin packing
models Crainic et al. (2011); Baldi et al. (2012); Correia et al. (2008). Notice that this is
not meant to diminish the capabilities of commercial solvers for most MIP problem set-
tings. It is known, in fact, that such solvers, which are not designed for specific problem
types, can be used to develop tailored solution methods to specific problem settings. Our
results, discussed in Section 7.5, support this claim by showing that providing a good
heuristic upper bound value greatly improves the computational performance of CPLEX.

Finally, we evaluate in Section 7.4 the interest of accounting explicitly for the time
dimension of the problem and of the methodology we propose to address this issue. We
perform this analysis by measuring the reduction in total cost obtained by solving the
multi-period model, with respect to a myopic approach which solves T' single period
problems, each considering the items and bins first appearing at that period.

These experiments were conducted for the most part on four sets of randomly gener-
ated data, two sets for the single-period 1/V/V/S/1[12B] heuristics, and two sets for the
multi-period 1/V/V/S/N[I2B] ones. A total of 1300 test instances were thus generated,
aiming to represent various situations with respect to the item sizes relative to the bin
sizes. Section 7.1 describes the test instances and their generation process.

All the algorithms were coded in the C programming language and were compiled
with gce version 4.8.1 GNU (2018). The computational platform used to run the heuris-
tic algorithms was a machine with 8 GB of memory and a processor at 1.8 GHz, while
the computational platform used for solving the instances to optimality was the super-
computer “CEDAR” managed by “Calcul Québec” and “Compute Canada”. We used a
single node on this cluster with a 2.26 GHz processor. The memory requested to solve
the problems was 8 GB for all the instances with a time limit of 1 hour. Furthermore,
we set the internal parameter of parallel CPLEX (CPX_PARAM THREADS) to 1 to use one
thread only. We left the cut generation parameters to their default values so that CPLEX
can generate as many cutting planes as needed. Note that throughout this section, we
assume that CPLEX has found an optimal solution for an instance when the optimality
gap is 0.05% or less.

7.1 Description of the test instances

As indicated above, four sets of instances were generated, two each for the cases con-
sidered, i.e., the 1/V/V/S/N[I2B] and the 1/V/V/S/1[I12B] problems, respectively. The
same idea guided the generation for both cases, except that 1/V/V/S/N[I2B] instances
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were generated over multiple periods. Therefore, the instances of the first set, Set 1 in
the following, represent in both cases situations where the item sizes are relatively small
compared to the bin capacities. Similarly, instances of Set 2 represent situations where
there is a mix of large and medium size items compared to the capacities of the bins.
Note that these instances are similar in spirit with the instances used by Baldi et al.
(2012); Crainic et al. (2011), but bin capacities are randomly generated. Note also that
the C-code employed to generate the instances used for the experiments in this paper
can be found in Fomeni et al. (2020).

The 1/V/V/S/N[I2B] instances were generated using the following parameters:

e Availability time window for items and bins: Randomly chosen initial period be-
tween 0 and T, with length randomly varying between 3 and 6 time periods;

e Fixed cost for bin j: f; = 100,/V};

e Item-to-bin assignment cost = af; = f1 + B2 x (t —1;) + B3 x max{(y; —1),0} +
B4 x max{(t — ¢;),0}, for item ¢ € Z, bin j € J, and time period ¢ € T;;, where
B, k = 1,2,3,4 are random numbers in the intervals [20, 30], [3, 5], [1, 2] and [3, 5],
respectively;

e Spot market cost = p! = p; + B2 x (t —¢,), where p; is a random number between
(100, 200] and S, is the same as in the assignment cost.

The values for the other parameters are given in Table 1. Combinations of these values
define five and six types of instances for Sets 1 and 2, respectively, as displayed in the
table. Ten instances were randomly generated for each type and number of items, for
each set.

The cost parameters defined above were also used for the 1/V/V/S/1[I2B] instances.
The instance types and the corresponding parameters are displayed in Table 2.

7.2 Performance of the heuristics

The objective of this section is to analyze the efficiency of the heuristic algorithms pro-
posed for the single, Section 7.2.1, and multi-period, Section 7.2.2, cases, respectively.
Recall that these algorithms are constructive heuristics, which aim to produce a good
feasible solution in a very short amount of time. They may thus be directly applied
to address practical problems, or they can yield cutoff upper bounds to enhance the
performance of commercial solvers (Section 7.5).
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Table 1: Instance types, multi period: 1/V/V/S/N[I2B]

Set 1 Types | N. Items = 100,200,300,500,750,1000

N. Bins | N. Periods | Item Vol. | Bin Cap.
T1 [10,100] 10 [1,20] [50,250]
T2 [20,100] 20 [1,20] [50,250]
T3 [50,100] 30 [1,20] [50,250]
T4 [50,150] 10 [1,20] [50,250]
Th [50,200] 15 [1,20] [50,250]
Set 2 Types | N. Items = 100,200,300,500,750,1000
T1 [75,100] 10 [1,100] 20,250]
T2 [100,150] 10 [20,100] 20,250]
T3 [150,200] 10 [50,100] 20,250]
T4 [75,100] 20 [1,100] [20,250]
T5 [100,150] 20 [20,100] [20,250]
T6 [150,200] 20 [50,100] 20,250]

Table 2: Instance types, single period: 1/V/V/S/1[12B]

Set 1 Types | N. Items = 100,200,300,400,500,600,700,800,900,1000
N. Bins | N. Periods | Item Vol. Bin Cap.
T1 [10,100] 10 [1,20] [50,250]
T2 [10,100] 20 [1,20] [200,250]
Set 2 Types | N. Items = 100,200,300,500,750,1000
T1 [75,100] 10 [1,100] [50,250]
T2 [100,150] 10 [20,100] [50,250]
T3 [150,200] 10 [50,100] [50,250]
T4 [50,100] 20 [1,100] [100,200]
T5 [100,150] 20 [20,100] [100,200]
T6 [150,200] 20 [50,100] [150]
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The tables of this section follow the same format in displaying results by instance type
(Column 1) and cardinality of the item set (Column 2). Namely, the average, over the 10
instances, of the relative optimality gap with respect to the optimal solution (OPT) of
CPLEX and the average CPU time (in seconds) are displayed for each heuristic included
in the respective table. Notice that, CPLEX could not find an optimal solution in all cases
within the 3600 seconds time limit, in particular for the multi-period problem setting.
In those cases, the best lower bound (LB) obtained by CPLEX was used to compute the
relative gap (Equation 3).

Heuritic Solution — CPLEX LB or OPT
CPLEX LB or OPT

) x 100. (3)

relative heuristic gap = (

The optimality gaps and the CPU computing times are displayed for the branch-and-
cut algorithm of CPLEX in the BnC set of columns. When optimality was not reached
within the time limit, the results in Tables 5 and 6 for the multi-period case display
additional information: the number of instances (out of ten) that were solved by CPLEX
(Column #Sol.) and the number of instances for which at least one feasible solution was
found (Column #Feas.) within the time limit. Note that the average optimality gap of
CPLEX in those cases was computed for the instances for which a feasible solution was
found, only.

We further support the conclusions of the following analyzes by plotting, in boxplot
form, the spread of the average gaps and CPU times achieved by the proposed heuristics
and by CPLEX for the single and the multi-period formulations in Figures 1 and 2,
respectively.

7.2.1 Single-period problem

The results obtained for assessing the quality of the solutions provided by the three
heuristics for the 1/V/V/S/1[12B], HS1, HS2, and HS3, are shown in Table 3 for the
instances in Set 1 and in Table 4 for the instances in Set 2. All gaps were computed
relative to the CPLEX lower bound as shown in Equation (3). Figure 1 displays the
overall spread of the average gaps and CPU times for these instances.

In terms of computational times, one notes that all three heuristics, HS1, HS2, and
HS3, require a few seconds only to solve most instances. The average computational times
of HS1 for instances with more than 500 items are 5 seconds or less, while it requires less
than half a second for instances with less than 500 items.

One notes that, while CPLEX is able to find feasible solutions within 0.15% of op-
timality, the computational times required are rather large. For example, instances in
the Type 2 group require up to 500 seconds, while most of those in the Type 1 group
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Table 3: Performance for on Set 1 instances

HS1 HS2 HS3 BnC

|Z]| Gap Time Gap Time Gap Time Gap Time
100 10.99 0.01 7.56 0.01 7.69 0.01 0.00 32.80
200 9.75  0.06 7.38  0.06 7.94 0.11 0.01 260.43
300 8.41  0.17 9.09 0.18 13.63 0.33 0.01 1,328.06
400 6.91 0.44 10.40  0.40 12.67  0.76 0.04 2,970.02
500 6.66 0.62 17.31  0.57 19.41 1.05 0.05 2,345.45
Type 1 600 6.65  0.90 18.88  0.79 18.02  1.49 0.05 2,608.62
700 6.49 1.72 16.89  1.52 16.96  2.96 0.10 2,732.17
800 6.43  3.38 13.09 3.10 15.20  6.09 0.12  3,600.07
900 6.56 3.04 16.91 291 16.55  5.65 0.11 3,240.27
1000 6.83 5.79 16.22  5.35 16.10 10.23 0.15 3,600.07
100 6.25 0.01 5.87 0.01 5.87 0.01 0.00 1.58
200 3.44  0.06 4.40  0.06 4.40 0.11 0.00 11.59
300 3.15  0.17 5.67  0.16 5.67 0.32 0.01 13.12
400 3.60 0.39 3.52  0.38 3.52  0.73 0.01 33.94
500 3.12  0.54 18.25 0.53 18.25  1.02 0.02 535.34
Type 2 600 4.00 0.77 20.82  0.75 20.82  1.45 0.00 92.08
700 3.20 1.55 16.14  1.50 16.14  2.90 0.00 122.21
800 3.79  3.13 12.39  3.03 12.39  5.83 0.00 311.00
900 4.34 291 19.66  2.82 19.66  5.45 0.00 502.09
1000 4.24  5.59 16.71  5.23 16.71 10.08 0.00 586.34

require up to the 3600 seconds limit to get to this optimality gap. This may be much
too long in many applications, considering that bin packing problems are often solved
at the operational level where the time available to make decisions is often quite limited
Crainic et al. (2011). This is achievable by one of our proposed heuristics, HS1, which
is able to produce good quality solutions within less than five seconds. Moreover, given
that the computational times of HS1 are so small, it means that this heuristic algorithm
is a good candidate for generating starting solutions that may be used by commercial
solvers. We show in Section 7.5 how these solutions are able to dramatically improve the
computational time of CPLEX for the difficult instances in Set 1. The illustration of the
average CPU times in Figure la (right-hand side image) supports this analysis.

Turning now to solution-quality performance, the results for the instances of Set 1,
reported in Table 3, indicate that HS2 and HS3 behave similarly but are not competitive
for these instances, with average optimality gaps near 20% in some cases. HSI has a
very good performance for this set of instances, however, as it consistently finds solutions
within 6% of optimality for most instances of Type 1 and within 3% of optimality for most
instances of Type 2. On the other hand, one notes that the Branch-and-Cut algorithm of
CPLEX is unable to optimally solve all the instances within the 3600 seconds time limit,
but it identifies feasible solutions within 0.15% of optimality for all the instances. Most
of the highest gaps are observed for the Type 1 instances, which are also the instances for
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which the optimality gap of our best proposed heuristic, HS1, is above 6% of optimality.

The last observation suggests that the instances in this group have characteristics,
symmetry in particular, which make them harder to solve for both CPLEX and our
algorithms. Indeed, as already observed in previous studies, symmetry is induced in
1/V/V/S/1 problems by the presence of many items with small volumes relative to
the capacity of the available bins. Then, replacing an item in a bin with another one
of similar size makes generally no difference in the loading pattern and the value of
the objective function. Exact and heuristic algorithm then need significantly broader
explorations before identifying good solutions, with notable performance degradation. A
good heuristic, which may also accelerate exact solution methods, is then an interesting
choice. The proposed HS1 heuristic addresses this challenge, as illustrated in Figure 1a.

To further analyze the behavior of the heuristics, one observes in Table 3 that the op-
timality gaps obtained by the HS2 and HS3 heuristics tend to increase with the number
of items. The HS1 heuristic offers a superior performance. Indeed, while the optimality
gaps are higher for instances with 100 and 200 items, they not only significantly out-
perform those of the other two heuristics, but they also become almost stable for larger
instances. This behavior may be related to the structure of the problem and that of the
algorithms. On the one hand, HS2 and HS3 are bin-centric as they focus on selecting
a bin first, then looking for the combination of items to be loaded into the bin. Thus,
it is relative easy to find a good combination for each selected bin when there are few
items, while with a larger number of items, the problem becomes more complex. On the
other hand, HS1 is item-centric as it focuses on finding the best bin for each item. This,
combined with the fact that instances in Set 1 are characterized by items with small sizes
to be loaded into larger bins, may result, when there are only few items, in some bins
being opened up with few opportunity of being filled up. When a large number of items
is available, however, each bin that is opened is more likely to be filled-up, thus yielding
solutions that are much closer to optimality.

Item dimensions are more varied with respect to bin volumes in Set 2 instances
compared to those of Set 1, many instances including large items. This reduces the
symmetry resulting in better-performing solution methods, as illustrated by the figures
in Table 4 and Figure 1b. One thus notices that CPLEX efficiently solves the instances
of Set 2. It consistently finds the optimal solutions, computational times exceeding 50
seconds only for a handful of instances.

Very good performance may be also observed for all heuristics on the Set 2 instances,
computational times for the three heuristic algorithms never exceeding 36 seconds. HS1
appears again as the best performing of the three heuristics, with optimality gaps varying
between 0.00% and 4%. Notice that optimality gaps are low in most cases, except for
Type 1 and Type 4 instances with low item volumes compared to the bin volumes. This
reinforces the discussion above on instances more difficult to solve when including items
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of small size. Figure 1b illustrates these findings.

In summary, the results of the computational experiments reported in this section
show that the proposed model may sometimes be solved to optimality using commercial
solvers. This is mainly the case for instances with large-size items with respect to bin
capacity, or a mix of large and medium size items. In the case of small-size items,
the CPLEX solver finds it difficult to solve the instances. However, one of our proposed
heuristics, HS1, proves to be able to provide a great trade-off between computational time
and optimality gap regardless of the type of problem at hand. HS1 displays useful traits
for applications to practical problems. First, it has the ability to produce good quality
solutions in a very small amount of time, which is extremely important in practical
applications. Second, it is also a good candidate for generating starting solutions to
speed-up the performance of commercial solvers.

7.2.2 Multi-period problem

We turn to analyzing the performance of the heuristic algorithms HM1, HM2, HM3, and
HM4 (Section 6.2) proposed to address the multi-period 1/V/V/S/N[I2B]. These exper-
imental results are presented in Tables 5 and 6 for instances of Sets 1 and 2, respectively,
and illustrated in Figure 2.

Recall that instances in Set 1 have items of rather small size compared to the size of
the available bins which, as observed previously, increases the symmetry of these problems
and makes them somewhat difficult to address. Notice, moreover, that the multi-period
nature of the problem tends to increase this symmetry and the time required to address
it, by increasing the assignment possibilities for items to bins in several periods. Such
combinations of characteristics, which is further analyzed in Section 7.3, challenges all
methods, in particular ways, illustrated in the results reported in Table 5 and Figure 2a.

With respect to solution quality, one observes that the HM4 heuristic outperforms the
other three, which display a somewhat similar behavior. As for computational efficiency,
all heuristics are extremely fast. Thus, e.g., HM4 consistently provides solutions within
6% of optimality in less than 15 seconds. This behavior contrasts with that of CPLEX,
which struggles for these instances in terms of both optimality gap and computational
time. The displays of Figure 2a, as well as the last two columns of Table 5, are particularly
telling in this respect.

One notices, first, that CPLEX struggles to find the optimal solutions in many cases
(some 194 instances), while not even finding a feasible one for 41 instances. Given the
fact that the average optimality gaps are low, the second conclusion is that it is the
high symmetry of this class of instances which makes pruning the branch-and-bound tree
tedious and induces this behavior. Comparing the heuristics and the solver, one also
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notices that not only all heuristics find feasible solutions to all instances, but also that
they do so in very short computational times. Moreover, using CPLEX as a heuristic
by stopping the search after 10 minutes (Column Gap'®) does not appear enticing when
compared to HM4. As discussed in Section 7.5, using HM4 to provide a good initial
upper bound increases the performance of the exact solver.

The results for the instances of Set 2, reported in Table 6 and Figure 2b, indicate
that the proposed heuristics perform well, in terms of solution quality and computational
efficiency, with heuristic HM1 dominating. Indeed, on the difficult (low item volumes with
respect to bin sizes) Type 1 and Type 4 instances, HM1 yields gaps between 0.6% and
3%, while the gap does not exceed 0.18% on all other instance types. And these solutions
are obtained very fast, significantly faster than CPLEX. It is noteworthy that, even on
these instances which appear easier to address, CPLEX still fails on a number of cases.

In summary, the computational experiments reported in this section also highlight
the practical usefulness of the proposed heuristic algorithms. More precisely, it has
been observed that, even thought CPLEX can be quite efficient on certain instances, it
struggles when problem symmetry is high and when the size of the instances increases.
It actually starts failing to prove optimality and even to find feasible solutions. The
corresponding increases in computational times are not nearly as pronounced for the
heuristics, completing the search under a minute in most cases. Moreover, heuristics are
quite robust, producing high-quality solutions on all instances.

Two final remarks before proceeding to analyze the impact of a number of parameters
on the multi-period solutions. First, a different heuristic stands up among those proposed
for the different types of problem instance studied. These may be used as stand-alone so-
lution methods or, as discussed in Section 7.5, to speed-up the performance of commercial
solvers. Second, we attained our goal of efficient heuristics for the the 1/V/V/S/N[I2B].
Moreover, given the fact that all proposed heuristics provide good solutions in short com-
putational times, one could enhance performance in application contexts by applying all
of them and selecting the most appropriate solution.

7.3 Parameter impact on multi-period solutions

This section is dedicated to a further exploration of the impact of a number of problem
attributes, e.g., number of items, bins, and periods, and tightness of the availability time
windows, on the performance of the heuristics proposed for the 1/V/V/S/N[I2B] and the
solutions they provide.

We start the discussion with two observations that, we believe, highlight the fact that

the time dimension of the 1/V/V/S/N[I2B] is highly important and cannot be dissociated
neither from the model, nor from the algorithm design.
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First, one notices that the performance of the four heuristics for the 1/V/V/S/N[I2B]
on instances with low item volumes compared to the bin volumes (Set 1 and Types 1
and 4 of Set 2) tends to improve greatly (significant decrease in optimality gaps) as the
number of items increases. This contrasts with the observation made for the similar
instance types for the single-period , and could even seem to be counter-intuitive. This
behavior can be explained, however, by the fact that the items and the bins in a multi-
period problem setting have availability time intervals that may overlap, thus offering
more opportunity for consolidation. And this opportunity increases with the number of
items and compensates for the inherent symmetry of the problem. We further analyze
the impact of the availability time windows of bins and items later in this section.

The second observation is that a different heuristic dominates for the multi-period
(HM4) and single-period (HS1) problem settings. Given the similarities between the
instances in most attributes except the time factor, we believe that the fact that the
HM1 heuristic does not behave as well as HS1 on which it is based, underscores the
importance of addressing time in models and algorithms alike.

The number of items appears less critical when instances include a good number of
large items or a mix of medium and large-sized items, always with respect to the bin
volumes. This is not surprising as the loading combinatorics decreases with larger item
sizes (fewer larger items may be packed in the bins of the “same” size and, thus, fewer
loading combinations are possible).

Turning now to the impact of the number of periods and bins, we first observe that, as
the instances were generated based on different ranges of bin volumes, trends are better
observed by comparing the average values obtained. We then first examine the instance
types T1, T2, and T3 of Set 1. The range of the number of bins for these instance types
decreases with the number of periods, due to an increasingly higher minimum number
of bins, resulting into increasing numbers of bins per instance. Intuitively, this should
create more opportunities for consolidated packing (more periods to do it into more bins
available). The intuition is confirmed by the results displayed previously, as optimality
gaps decrease drastically, for all numbers of items. Second, we compare the behavior for
instance T1 versus T4 of Set 1. We observe that the optimality gap tends to increase
with the number of bins, but a closer analysis indicates that this happens only when the
number of items increases as well. As this is observed for all heuristics and CPLEX, one
then concludes that the impact is not due to the number of bins but rather the increasing
symmetry due to the number of low-size items. We finally turn to the instances of Set
2, comparing pairs of instance types according to the range of the number of bins, i.e.,
T1-T4, T2-T5, T3-T6. No significant difference is observed, except a slight improvement
with the number of bins noticed for all numbers of items. It seems that the proposed
heuristics are robust with respect to the number of items - number of bins ratio, when
instances include large items or a mix of large and medium-sized ones.
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We now turn toward the impact of tightening the availability time windows of both
bins and items. We focused the experimentation on the difficult 1/V/V/S/N[I2B] in-
stances with low-volume items compared to the bin volumes. The T1 (Set 2) instances
are described in Section 7.1, and the corresponding results are found in the first six rows
of Table 6. Recall the time-window width for the latter instances was [3,6].

We generated 240 new T1 instances by modifying the width of the item and bin
availability time windows as indicated in the first column of Table 7, which reports
the results of the experimentation. The table displays for each instance type, number
of items, and number of available bin types (over the 10 periods) the average over 10
instances of the CPU times (in seconds) for HM4, the best heuristic identified previously,
and CPLEX as well as the average optimality gaps between the respective CPLEX lower
bounds and the HM4 solutions.

The results are interesting. Notice that tightening the availability time windows
has a double, potentially conflicting, impact. On the one side, it reduces the overlap
periods when “many” items and bins are simultaneously available. This reduces the
opportunity for item-to-bin assignment, decreasing the symmetry of the problem, and
increasing the computational efficiency. The significant and continuous reduction in CPU
times for both solution methods supports this claim. It would appear that reducing the
bin time windows has more impact on CPLEX CPU times than reducing the item ones;
the reverse seems to be true for the heuristic. The impact on solution quality, on the
other hand, is somewhat less obvious. Thus, reducing time windows slightly, from [3,6]
to [0,2], appears unprofitable for large numbers of items. Indeed, reducing slightly the
item-to-bin assignment opportunities leaves still a sufficiently large search space for a
constructive heuristics to end up with local optimum using too many spot bins with high
costs. This observation is sustained by the fact that, even though performance improves
for the second instance sub-type where the search space is reduced by reducing the bin
offer, the heuristic behaves much better when the space is reduced by reducing the item
assignment possibilities while still proposing a larger bin offer (third type). When very
few assignment possibilities exist (fourth type) the search space is relatively small and
the HM4 heuristic identifies very good, almost optimal, solutions.

The current conclusion is thus that, first, availability time windows play a role in
the efficiency of the heuristics and exact solution methods, tighter windows improving
performances. Second, these experiments showed the excellent behavior of the proposed
heuristic, HM4, in all cases studied. Finally, it is noteworthy that, in actual applications,
one searches first and foremost for low-cost solutions, and the proposed heuristics are
sufficiently fast to identify them. Consequently, one would not recommend to negotiate
or fix tighter time windows as the resulting solutions may require relying on more spot
bins and, thus, be more costly.
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7.4 Comparisons with a myopic approach

Recall that the main idea of the problem setting we define and explore, is that it is
more appropriate and beneficial to explicitly consider the time characteristics of the
problem within a comprehensive model, rather than myopically considering each period
individually. More precisely, it is better to solve the multi-period 1/V/V/S/N[I2B] model
we propose in this paper, rather than a sequence of single-period models, each with the
currently available items and bins. Intuitively, the multi-period approach allows to take
advantage of the fact that decisions of some items or bins could be delayed for a better
consolidation opportunity in a future time period. Obviously, one should avoid as much
as possible that such delays induce penalty costs or missing the delivery due dates.
According to our best knowledge, this intuition has not been validated in the literature
and, thus, we undertook the experimentation reported in this section.

We first solved each instance in Sets 1 and 2 of 1/V/V/S/N[I2B| with each of the
four heuristics proposed, HM1, HM2, HM3, and HM4. We use Cost(MultiP) to identify
the objective function-value of any one of those runs. The formulation is then solved
for each of the T time periods of the corresponding instance, with the bins and items
made available for that time period. The best heuristic for the single-period case, HS1,
was used and the objective-function values of the T" problems were summed up. Let
Cost(Myopic) identify the resulting value of solving 7" independent problems. We finally
computed the estimated improvement as

Cost(Myopic) - Cost(MultiP))) 100

Improvement =
b ( Cost(Myopic)

We display the results of these comparisons in Table 8, as averages over ten instances,
for each instance in Sets 1 (there is no T6 in Set 1) and 2 and each heuristic proposed
for the 1/V/V/S/N[I2B].

The obvious observation is that there is no negative value in Table 8. This means that,
for all the 660 test instances of Sets 1 and 2, and for all the heuristics proposed, solving
the multi-period 1/V/V/S/N[I2B] model is always better than solving a sequence of
independent single-period problems. This shows that introducing the possibility to delay
the selection of bins and the assignment of items to bins, within the limits of time and the
penalty values imposed by the particular problem setting, is beneficial. And the benefits
can be very high. These results emphasize that the proposed 1/V/V/S/N[12B] model
is important not only from a theoretical point of view, but that it has the potential of
significantly reducing the operational costs for practical applications.
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7.5 Heuristic solutions to enhance a MIP-solver performance

Given the excellent performance of the proposed heuristics, we wanted to explore the
potential benefit of using them to enhance the performance of a commercial solver. More
precisely, we aim to show that the solutions provided by the heuristic algorithms may
be provided to the MIP solver of CPLEX to effectively reduce computational times. We
tested two approaches. First, we used the heuristic solution to warm start the solver
and, thus, initiate the exploration. Second, we used the solution value provided by the
heuristic as a good initial upper bound for the MIP to enhance pruning and limit the
number of branch-and-bound nodes explored.
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Figure 3: Impact of using the heuristic solution in CPLEX - CPU time comparisons, Set
1of 1/V/V/S/N[I2B]

We focused this experiment on the difficult instances of the Set 1 for the 1/V/V /S/N[I2B]
problem. Each instance was first solved using HM4, the best heuristic for the problem
setting. The instance was then solved twice, first by imputing the HM4 solution as warm
start to CPLEX and, second, by imputing the objective-function value of the HM4 solu-
tion as the initial cut-off upper bound in CPLEX (using the parameter CPX_PARAM_CUTUP),
meaning that the solver will prune any node that has a lower bound larger than or equal
to this value. All the other CPLEX parameter settings were left at the same values as for
the previous experiments. The outcome of this experiment is shown in Figure 3, which
plots the comparisons between the CPU times of CPLEX alone, with the cut-off upper
bound, and with the warm start.

The results illustrate the interest of using the heuristic to initiate the commercial-
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solver exploration. For some 60% of the instances tested, using the heuristic solution
to warm start the solver improves its computational performance. The solver still fails,
however, to solve a good number of instances within the one hour time limit. Moreover,
the computational gains observed are less marked than when the heuristic solution value
is used to initiate the solver upper bound only. This behavior could be explained by the
amount of work the solver dedicates to improving, through various heuristics, externally-
obtained feasible solutions.

One can clearly observe from the results displayed in Figure 3, that using the heuristic
solution objective-function values as initial cut-off upper bounds enables the commercial
solver to reduce its computational times by a significant amount compared to CPLEX
alone and to warm-started CPLEX. It’s noteworthy to recall that, without the heuristic
cut-off capability (Table 5) , CPLEX was unable to find even a feasible solution for 41
instances (out of 300) within the 1 hour time limit. In comparison, using the heuristic
solution values as initial upper bounds enables the solver to find a feasible solution for all
instances, the 1 hour time limit having been reached for 9 instances only. Moreover, 290
instances out of 300 were solved to optimality within 20 minutes, Similar performance
was observed for the 1/V/V/S/1[I2B] problem setting, CPLEX solving all the instances
of Set 1 within 40 seconds, when the HS1 heuristic results were input as initial cut-off
upper bound.

The results of these experiments further emphasize the usefulness of the proposed
heuristic algorithms. illustrating quite clearly how our heuristics can be combined with
other solution strategies to enhance computational performance.

8 Conclusions

We proposed in this paper a novel time-dependent Bin Packing problem setting, which
addresses several shortcomings in the literature and extends the capabilities of the Bin
Packing methodology to many practical applications, in particular to logistics capacity
planning. This new Multi-period Variable Cost and Size Bin Packing Problem with As-
signment Costs explicitly considers item and bin-specific item-to-bin assignment costs,
which depend on the physical, e.g., item and bin size, economic, e.g., bin selection fixed
cost and the cost of item “transported” by the bin, and, especially, the temporal attributes
of items and bins. Several temporal attributes were defined, including the availability
of bins for selection and utilization and of items for assignment to such a regular bin,
the length of time the bin can be used (the so-called travel times), and the length of
time items must be kept in a bin (the so-called earliest, latest, and due delivery dates)
with associated costs. Moreover, item-specific, in terms of size, spot-market bins could
be used at higher cost for the items one cannot fit into the selected bins.
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We proposed mathematical formulations for the Multi-period Variable Cost and Size
Bin Packing Problem with Assignment Costs, as well as for the Single-period Variable
Cost and Size Bin Packing Problem with Assignment Costs. The later, which may be
called static without a look-ahead capability, extends the current Bin Packing literature,
and may be used both in certain planning contexts and in heuristics for the multi-period
version. The main contribution is brought by the Multi-period Variable Cost and Size Bin
Packing Problem with Assignment Costs model, addressing time-dependent multi-period
problem settings, where decisions are taken “now” for a multi-period schedule length,
given data which may be totally (firm contracts) or partially (certain for the current
period and predicted for the following ones) known. The multi-period formulation and
solution methods may thus be directly used in many practical real-life cases, as well as
to address the problem at the current time period in a rolling-horizon approach.

We introduced a set of constructive heuristic algorithms to address these formula-
tions; three for the single-period and four for the multi-period problem settings. The
heuristics were evaluated and compared through an extensive computational experimen-
tation involving 1540 problem instances of the single and multi-period problems. The
results of these experiments showed the high level of performance provided by the pro-
posed heuristics in terms of CPU computation time and solution quality. Indeed, the
proposed heuristics rapidly provide high-quality solutions. Moreover, while a well-known
commercial solver was quite efficient on certain instances, its computing times increased
rapidly with the problem size. The software failed to even find a feasible solution on a
large number of instances. On the other hand, the increase in computing times of the
heuristics was rather negligible, the heuristics proving to be quite robust in producing
high-quality solutions on all the instances.

The impact on solutions of a number of problem characteristics was analyzed, in
particular related to the availability periods of items and bins. We also explored the
interest of explicitly integrating the time-dependency of items, bins, and their related
decisions to the bin packing formulations. The results of the computational experiments
confirm the importance of explicitly considering the time dimensions of the problem,
as one observes significant reductions in operational costs provided by the multi-period
formulation compared to a myopic approach.

Given the fast computational times of the proposed heuristics, it appears that they can
be used jointly to address a problem instance. That is, one could run the four heuristics
for the multi-period problem and select the best result in a very short time. Such an
approach would both potentially improve the solution and hedge against the risk of
making the wrong choice of algorithm, while remaining computationally efficient. It also
appears quite clearly that these algorithms can be used within more sophisticated solution
methods algorithms for improved search performance, as well as algorithmic components
of solution methods for more complex problem settings, e.g., stochastic versions. Our
experiments actually showed that, using the solution provided by the heuristic as initial
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upper bound (and, thus, initial cut-off threshold for the pruning of the tree) improved
significantly the performance of the exact solution method of the commercial solver.

To summarize, the numerical results thus show the interest of the new problem set-
tings and formulations we introduce, the high-performance and robustness, in terms of
solution quality and computational efficiency, of the constructive heuristics we propose,
the interest of using these heuristics as components of more sophisticated solution meth-
ods, as well as the potential benefits of using the new models in practical applications.

Several research avenues may be now contemplated. Applying the methodology to
more practical settings and ranges of problem characteristics would raise new issues and
provide the opportunity to enhance the models and methods. Richer problem settings
should also be investigated, e.g., by increasing the packing dimensions and introducing
particular loading rules. Extending this research to investigate the various sources of
uncertainty that may be related to items and bins and propose appropriate stochastic-
optimization models is also a challenging but fascinating research avenue. Last but not
least, one should start the development of more sophisticated meta- and matheuristic
algorithms for these problems and models. We hope to report on some of these issues in
the near future.
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Appendix - Pseudo-code of Algorithm HS3

Algorithm 6 Heuristic HS3 for the single-period

Input: Sets of items Z and bins J;
Output: Sets A of items assigned to bins and S of selected bins;
Initialize S = 0, A = (;
for all j € J do
¢; = fj
Sort the items in Z in increasing order of a;;;
for all 1 € sorted Z do
if v; <Vj and a;; < p; then Load ¢ into j; ¢; :== ¢; + a;5; V; =V, —v;;
end if
end for
end for
Sort the bins in J in increasing order of c;;
Re-initialize V; to the initial capacity of the bin, for all j € J;
for all j € sorted J do
Sort the items in Z in increasing order of a;;;
for all 7 € sorted Z do
if v; <V; and a;; < p; then Load i into j; A:= AU {i}, V; :=V; —v;
end if
end for
if 7 is non-empty then S :=S U {j};
end if
end for
for all bin j € § with residual capacity V" do
Sort the items in Z \ A in increasing order of a;
for i € sorted 7\ A do
if V" —v; > 0 then Load i into j; A:= AU {i}, V" := V" — v
end if
end for
end for
for i € A assigned to a bin j do
for/ €7\ Ado
if (V; — vy +v; >0) and (ai; > ay;) then
Replace item i with item i’ in bin 7;
Update the sets of assigned and unassigned items appropriately;
Vj* = VJ* — vy + v;;
end if
end for
end for
Assign any still unassigned item to a spot-market bin.
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Table 4: Performance for on Set 2 instances

HS1 HS2 HS3 BnC

|Z| Gap Time Gap Time Gap Time Gap  Time

100 252  0.11 7.89 0.01 7.04 0.01 0.00 2.92

200 4.44  0.70 8.68 0.04 9.15 0.06 0.01  23.58

Type 1 300 411  1.56 8.96 0.12 9.58 0.16 0.01  51.05
500 451 443 9.12 0.36 10.16  0.45 0.01 169.04

750 3.69 10.23 9.65 0.93 10.11  1.05 0.01 356.58

1000 3.10 17.20 9.31 135 9.59 216 0.01 908.36

100 0.01 0.10 0.01 0.01 0.01 0.01 0.00 0.21

200 0.29  0.67 0.29 0.02 0.29 0.04 0.01 0.96

Type 2 300 0.22  2.05 0.19 0.06 0.19  0.09 0.01 2.69
500 0.35  5.67 0.38 0.16 0.38  0.23 0.01  53.53

750 0.41 1245 041 033 041 049 0.01  66.68

1000 0.39 20.99 0.38  0.58 0.38  0.86 0.01 47.63

100 0.00 0.18 0.00 0.01 0.00 0.01 0.00 0.20

200 0.00 1.08 0.00 0.03 0.00 0.05 0.00 0.32

Type 3 300 0.00 3.44 0.00 0.08 0.00 0.12 0.00  0.46
500 0.00 9.77 0.00 0.22 0.00 0.32 0.00 0.81

750 0.00 20.95 0.00 0.47 0.00 0.68 0.00 1.20

1000 0.00 36.22 0.00 0.81 0.00 1.21 0.00 1.66

100 3.17  0.11 13.41  0.01 13.41  0.01 0.00 0.85

200 422 075 14.78  0.03 14.78  0.04 0.00 1.43

Type 4 300 299 1.60 14.87  0.08 14.87  0.12 0.01 1.36
500 3.52  4.52 14.68  0.28 14.68  0.44 0.01 2.86

750 3.07  9.29 14.43  0.45 14.43  0.70 0.01 5.43

1000 2.68 14.95 13.61  0.69 13.61  1.07 0.01 8.66

100 0.61 0.10 0.70  0.01 0.70  0.01 0.00 0.25

200 1.14 095 1.39  0.02 1.39  0.03 0.01 0.92

Type 5 300 1.02  3.34 1.21  0.05 1.21  0.08 0.01 1.27
500 1.04 8.73 1.31  0.15 1.31  0.22 0.01 3.26

750 1.04 20.65 1.24  0.33 1.24 048 0.00 6.88

1000 0.97 35.76 1.09  0.57 1.09  0.84 0.01 11.65

100 0.00 0.17 0.00 0.01 0.00 0.01 0.00 0.19

200 0.00 1.07 0.00 0.03 0.00 0.05 0.00 031

Type 6 300 0.00 3.24 0.00 0.07 0.00 0.12 0.00 0.48
500 0.00 8.92 0.00 0.21 0.00 0.31 0.00 0.82

750 0.00 19.92 0.00 0.46 0.00  0.66 0.00 1.33

1000 0.00 34.85 0.00 0.80 0.00 1.17 0.00 1.65
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Table 5: Performance for 1/V/V/S/N[I2B] on Set 1 instances

HM1 HM?2 HM3 HMA4 BnC
|Z| Gap Time | Gap Time| Gap Time | Gap Time | Gap™® Gap Time #Sol. #Feas.
100 | 15.82 0.01 | 12.19 0.02 | 1290 0.03 | 7.45 0.05| 11.67 0.00 16.12 10 10
200 | 16.24 0.06 | 15.71 0.14 | 16.05 0.23 | 7.07 0.23 | 13.03 0.06 1,493.74 8 10
Type1l 300 |12.32 0.13|14.30 0.37 | 1447 0.69 | 8.07 0.51|12.66 0.09 3,035.26 8 10
500 7.89 0391324 1.19| 1472 218 | 884 1.21|12.20 0.12 2,650.34 6 10
750 427 1.05| 819 352 968 758 | 4.36 296 | 11.81 0.15 291740 6 10
1000 | 1.06 2.50| 553 811 | 7.31 1584 | 094 6.90 | 12.67 0.11 3,600.21 6 10
100 | 16.81 0.02 | 15.73 0.05|14.76 0.07 | 876 0.11 | 1349 0.01 103.48 10 10
200 | 14.56 0.06 | 14.54 0.19 | 1525 0.26 | 7.23 0.24 | 12.05 0.02 1,072.54 9 10
Type 2 300 |10.77 0.13| 11.12 0.54 | 11.36 085 | 5.71  0.81 | 14.47 0.47 3,600.05 2 9
500 | 11.47 0.54 | 1250 299 |12.89 498 | 576 3.18|14.00 0.73 3,600.06 0 9
750 558 1.34| 712 818| 7.76 1383 | 1.90 6.97|13.34 0.33 3,600.19 0 6
1000 | 1.45 2.67| 3.17 1535 | 3.98 2581 | 1.16 13.33 | 14.49 0.52 3,600.33 0 3
100 | 14.40 0.03 | 1486 0.09 | 16.12 0.11 | 794 0.18 | 16.05 0.01 124.89 10 10
200 | 17.04 0.09 | 16.09 0.37 | 17.17 0.56 | 831 0.64| 14.21 0.20 1,991.09 7 10
Type 3 300 | 14.12 0.19| 13.68 094 | 13.63 141 | 7.05 1.38|16.50 0.56 3,600.01 0 10
500 | 11.47 0.54 | 12.50 2.99 | 12.89 4.89 | 5.76 2.98 | 14.00 0.73 3,600.02 0 9
750 544 134 695 827| 759 13.69| 1.75 5.61|13.36 0.33 3,600.29 0 6
1000 | 0.17 2.68 | 1.87 1641 | 2.67 2598 | 1.41 15.23 | 17.05 0.47 3,600.38 0 2
100 | 15.64 0.02 | 12.65 0.04 | 13.00 0.07 | 811 0.09 | 14.33 0.01 90.11 10 10
200 | 14.12 0.07 | 1544 0.22 | 1470 038 | 7.70 0.37| 2147 0.04 2,770.56 8 10
Type4 300 | 13.54 0.18 | 1527 0.62 | 15.08 1.12 | 7.60 0.82 | 24.05 0.09 3,437.43 3 10
500 |10.03 0.59 | 12.17 2.28 | 12.52 4.07 | 6.27 243 | 14.37 0.24 3,600.03 0 9
750 518 1.60| 813 561 | 921 10.84 | 3.27 4961266 0.30 3,600.21 0 6
1000 | 4.34 3.12| 7.80 10.21 | 10.02 21.36 | 3.69 8.45 ]| 1533 0.38 3,600.13 0 6
100 | 11.13  0.03 | 11.26  0.09 | 12.58  0.17 | 11.38  0.26 | 17.39 249 2,774.82 3 10
200 6.32 0.14| 728 048 | 7.51 094 | 589 1.08|20.76 3.51 3,600.02 0 10
Type 5 300 788 024| 876 091| 840 183 | 7.39 1631294 2.16 3,600.06 0 10
500 6.10 0.87| 786 3.83| 737 714 | 6.15 538 |8.82 1.47  3,600.04 0 8
750 5.73 238 | 6.03 11.90| 7.00 2347 | 6.13 13.40 | 5.63 1.86 3,600.06 0 8
1000 | 6.69 3.78 | 7.08 2097 | 7.98 42.14| 6.74 16.40 | 18.39 1.18 3,600.06 0 10
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Table 6: Performance for 1/V/V/S/N[I2B] on Set 2 instances

HM1 HM2 HM3 HM4 BnC
|Z| Gap Time | Gap Time | Gap Time | Gap Time | Gap Time #8Sol. #Feas.
100 | 2.01 0.06 | 3.68 0.01|396 0.02|3.96 0.30| 0.01 274 10 10
200 | 342 020|593 0.08|6.20 0.13|557 1.74|0.01 13.69 10 10
Typel 300 |390 0.42]|6.17 023|776 0.28|6.57 3.32|0.01 66.94 10 10
500 |3.16 142|6.05 083|753 1.11|6.05 992|001 441.73 10 10
750 | 3.69 342|589 288 7.68 3.19|6.24 2231 0.02 1,530.40 9 10
1000 | 2.31  7.61 | 4.68 6.02 | 6.60 6.66 | 5.32 36.61 | 0.02 2,849.11 8 8
100 | 0.00 0.05] 0.00 0.02]0.00 0.02]0.00 045/ 0.00 0.11 10 10
200 | 0.00 0.17|0.00 0.04]0.00 0.06|0.00 1.72 | 0.00 0.30 10 10
Type2 300 | 0.04 0.41]0.04 0.09|0.04 0.14|0.04 3.96| 0.00 0.63 10 10
500 | 0.14 120)|0.14 022|014 036 0.14 11.27 ] 0.01 4.67 10 10
750 | 0.15 272|015 046|015 0.78|0.15 25.09 | 0.01 828 10 10
1000 | 0.18 5.11| 0.18 0.76 | 0.18 1.25| 0.18 42.57|0.01  225.17 10 10
100 | 0.00 0.08 { 0.00 0.02| 0.00 0.03|0.00 0.80 | 0.00 0.12 10 10
200 | 0.00 031|000 0.06|0.00 0.08|0.00 3.36| 0.00 0.19 10 10
Type 3 300 | 0.00 0.72]0.00 0.12] 0.00 0.18 ] 0.00 7.71| 0.00 0.26 10 10
500 | 0.00 1.90| 0.00 0.28 | 0.00 0.54 | 0.00 18.66 | 0.00 0.40 10 10
750 | 0.00 4.50 | 0.00 0.61|0.00 1.05|0.00 41.09 | 0.00 0.66 10 10
1000 | 0.00 817 | 0.00 1.03| 0.00 1.73| 0.00 71.41 | 0.00 0.86 10 10
100 | 0.65 0.05]1.32 0.02|1.42 0.02| 142 0.32]0.01 24.07 10 10
200 | 232 020|363 010|438 0.10]4.41 1.76 1 0.01 148.40 10 10
Type4 300 |3.09 037|556 027|619 031|614 3.94|0.01 14231 10 10
500 |3.02 127|597 1.04|6.75 1.04| 588 10.66 | 0.02 1,728.06 10 10
750 | 231  3.29| 464 3.14] 592 328|481 21.27| 0.05 2377.78 6 8
1000 | 2.50  6.03 | 4.50 6.60 | 5.88  8.44 | 5.01 41.56 | 0.07 3,462.01 4 8
100 | 0.00 0.04 | 0.00 0.02| 0.00 0.03|0.00 0.54| 0.00 0.07 10 10
200 | 0.00 0.14 | 0.00 0.06 | 0.00 0.08 | 0.00 2.00 | 0.00 0.14 10 10
Type 5 300 | 0.00 0.34|0.00 0.11|0.00 0.16| 0.00 4.84 | 0.00 024 10 10
500 | 0.13 1.19)0.13 022|013 0.35]0.13 11.51 ] 0.01 4.15 10 10
750 | 0.15 273|015 046|015 0.74|0.15 24.51 | 0.01 819 10 10
1000 | 0.18 5.11 | 0.18 0.76 | 0.18 1.22| 0.18 40.39 | 0.01 222.81 10 10
100 | 0.00 0.06 | 0.00 0.03| 0.00 0.04| 0.00 0.98 | 0.00 0.07 10 10
200 | 0.00 0.25|0.00 0.08|0.00 0.11|0.00 3.63| 0.00 0.13 10 10
Type 6 300 | 0.00 0.58| 0.00 0.15|0.00 0.21|0.00 8.36 | 0.00 0.18 10 10
500 | 0.00 1.55|0.00 0.34]0.00 0.50 | 0.00 20.76 | 0.00 0.26 10 10
750 | 0.00 3.66|0.00 0.70 | 0.00 1.07 | 0.00 46.58 | 0.00 042 10 10
1000 | 0.03  6.06 | 0.03 1.12| 0.03 1.77 | 0.03 74.97 | 0.00 4.00 10 10
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Table 7: Bin and item availability-window impact analysis

TW Width [Z] |J] HM4 CPLEX Gap (%)
100 90 0.01 15.35 0.18
200 87 0.04 180.04  0.68

Ttems: [0,2] 300 86  0.09 308.36  4.98
Bins: [0,2] 500 83 027 829 6.19
750 91 094  37.03 6.94
1000 90 175  26.46 8.29
100 90 0.01  1.39 0.14
200 87 0.03  55.96 2.13
Items: [0,2] 300 86 0.11  84.22 3.14
Bins: [0,0] 500 83 043  11.33 5.13
750 91 133 5.39 5.14
1000 90 285  6.78 5.78
100 90 001 04 0.01
200 87 0.03  14.73 0.12
Ttems: [0,0] 300 86 0.06 20825  0.41
Bins: [0,2] 500 83 0.6 240.00 235
750 91 053 20299 273
1000 90 116 54483  3.53
100 90 0.01 003 0.01
200 87 002  0.04 0.08
Ttems: [0,0] 300 86 0.04  0.05 0.24
Bins: [0,0] 500 83 0.17 0.1 1.4
750 91 071 0.17 3.33
1000 90 1.66  0.25 2.46
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Table &:

Average Improvement

of our heuristics with respect to the myopic approach

IZ|

Set 1

Set 2

HM1

HM?2

HM3

HM4

HM1

HM?2

HM3

HM4

Type 1

100
200
300
500
750
1000

14.98
24.17
22.82
17.60
14.68
13.95

17.61
24.45
21.34
13.27
11.31
10.10

17.07
24.20
21.19
12.09
10.00
8.56

21.09
30.02
25.47
16.53
14.39
13.92

73.84
62.21
51.78
37.59
27.55
23.09

73.39
61.29
50.76
35.83
26.02
21.31

73.32
61.19
50.01
34.94
24.76
19.87

73.32
61.42
50.56
35.84
25.77
20.82

Type 2

100
200
300
500
750
1000

41.52
23.98
20.19
17.62
19.95
17.53

42.05
23.99
19.90
16.86
18.78
16.12

42.52
23.46
19.74
16.56
18.31
15.43

45.48
28.86
23.79
21.82
22.75
18.79

77.82
69.96
61.81
49.27
38.24
31.14

77.82
69.96
61.81
49.27
38.24
31.14

77.82
69.96
61.81
49.27
38.24
31.14

77.82
69.96
61.81
49.27
38.24
31.14

Type 3

100
200
300
500
750
1000

55.90
36.86
25.38
17.62
19.95
17.53

55.76
37.35
25.66
16.86
18.78
16.12

55.27
36.76
25.69
16.56
18.31
15.43

58.38
41.52
29.99
21.82
22.75
18.79

81.64
75.97
69.44
57.31
47.55
40.89

81.64
75.97
69.44
57.31
47.55
40.89

81.64
75.97
69.44
57.31
47.55
40.89

81.64
75.97
69.44
57.31
47.55
40.89

Type 4

100
200
300
500
750
1000

16.89
28.06
25.25
18.04
14.35
13.61

19.08
27.25
24.12
16.45
11.87
10.70

18.79
27.66
24.26
16.17
11.03
8.85

22.27
32.07
29.16
20.79
15.83
14.10

72.40
64.37
55.09
41.03
30.58
24.00

72.21
63.91
54.00
39.33
29.01
22.53

72.18
63.65
53.73
38.88
28.14
21.52

72.18
63.64
93.75
39.38
28.90
22.16

Type b5

100
200
300
500
750
1000

37.56
27.60
20.13
14.53
12.58
11.74

37.49
26.96
19.47
13.10
12.35
11.42

36.78
26.78
19.74
13.51
11.52
10.67

37.42
27.91
20.49
14.48
12.25
11.71

78.16
71.90
64.81
49.75
38.24
31.14

78.16
71.90
64.81
49.75
38.24
31.14

78.16
71.90
64.81
49.75
38.24
31.14

78.16
71.90
64.81
49.75
38.24
31.14

Type 6

100
200
300
500
750
1000

82.06
77.58
72.50
60.75
50.80
41.82

82.06
77.58
72.50
60.75
50.80
41.82

82.06
77.58
72.50
60.75
50.80
41.82

82.06
77.58
72.50
60.75
50.80
41.82
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