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Abstract. In this paper, we address the two-dimensional single large object placement
problem with guillotine cutting constraints, focusing on non-rectangular shapes.
Specifically, we consider large objects with circular or convex polygonal geometries, and
we study a variant that includes defective regions from which no items can be extracted.
Rectangular items are cut from the object using a two-stage guillotine cutting pattern,
allowing orthogonal rotations of the items. To solve this problem, we adopt a recursive
dynamic programming algorithm that handles the geometric complexities of non-
rectangular shapes, including variable cut lengths. For convex polygonal objects, we also
introduce a method that optimizes the starting angle of the cutting pattern to maximize
material usage and profitability. Computational experiments on various instance sets
show that our approach provides optimal solutions for circular objects with high
computational efficiency. For polygonal objects, the method provides robust and
effective solutions by evaluating multiple rotation angles to determine the optimal
cutting orientation. Moreover, our approach can accommodate material imperfections,
maintaining high material utilization levels even in the presence of defects.
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Two-Dimensional Guillotine Cutting Problem for Large Objects with Non-Rectangular Shapes

1. Introduction

Cutting and packing problems have long been central to the operations research and production
economics literature. Their attractiveness stems from their intricate theoretical nature and their
significance across a wide range of industrial settings. Applications arise in paper (Kallrath et al.,
2014), wood (Reinders and Hendriks, 1989; Kokten and Cagri, 2022), steel (Sierra-Paradinas et al.,
2021), textile (Hadj Salem et al., 2023), and glass manufacturing (Durak and Aksu, 2017; Parreno
and Alvarez-Valdes, 2021), among others, where production constraints and material characteristics

have led to a wide variety of problem variants and modeling extensions (Wéscher et al., 2007).

Within this broad family, a widely studied and practically relevant subclass is the “Placement
Problem”, which involves arranging a set of smaller items within one or more larger objects (Cui
et al., 2013). This setting is commonly encountered in industrial applications, such as cutting
wood shapes from a large piece or extracting fabric pieces from a roll. The primary objective
is typically to maximize the total value or area of the items placed or to minimize the material
waste. According to the typology proposed by Wiéscher et al. (2007), placement problems can
vary depending on the characteristics of the large objects (e.g., single vs. multiple), the problem’s
dimensionality (one-dimensional, two-dimensional (2D), or three-dimensional), and the geometric
formats of both the small and large items. These problems exhibit strong similarities to linear and
2D knapsack problems (Wei and Lim, 2015), differing mainly in the heterogeneity of the item set,
which is often more diverse in placement settings. Hence, many solution approaches developed for

knapsack problems are also applicable to placement problems (Tori et al., 2021).

Over time, researchers have introduced numerous variants to reflect real production requirements
(Gilmore and Gomory, 1965). For the small items to be extracted, the problem is classified as
constrained when the number of items of each type is limited; otherwise, it is considered uncon-
strained (Yao et al., 2024). For the unconstrained case, dynamic programming is a natural and
effective solution approach. However, it is not straightforward to extend dynamic programming
techniques to the constrained version of the problem (Clautiaux et al., 2018). Nonetheless, solu-
tions to the unconstrained case can serve as proper upper bounds on the profit in the constrained
setting. Like the cutting-stock problem (Yu et al., 2009), placement problems also impose strict
non-overlapping constraints. Besides, small items may be either fixed in orientation or allowed

to rotate, often restricted to orthogonal (90-degree) rotations to simplify the cutting process and
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maintain feasibility.

Extracting small items often involves cutting large objects in a 2D setting. In this process, specific
cutting constraints may be imposed, one of the most common being the guillotine cutting. Under
this constraint, each cut must go from one edge of the large object to the opposite edge, producing
sub-rectangles that can be further divided (Martin et al., 2020b). When guillotine cuts are required,
an additional constraint may be introduced to limit the number of cutting stages. Each stage
consists of a set of parallel guillotine cuts applied to the pieces generated in the previous stage.
Depending on whether the number of stages is fixed, the problem is referred to as a k-staged
guillotine cutting problem; otherwise, it is called non-staged. Finally, when trimming is permitted,
i.e., when it is acceptable for the final layout to contain some unused space, the problem is considered

to be in a non-exact setting.

The geometry of both the small items and the large object is commonly assumed to be rectangular,
a simplification assumption that significantly eases problem modeling and solution design (Cheng
et al.,, 1994). While rectangular items are representative of certain conventional manufacturing
processes, this assumption does not hold in many practical scenarios where the raw material has
a non-rectangular shape. An additional level of complexity arises when the large object contains
defective regions, which must be excluded from the cutting plan. Such defects can occur in various
industries: knotholes in wood panels used in furniture manufacturing, imperfections in flat glass
production, cracks and fissures in marble or granite slabs, or irregularities in leather used for
fashion goods (Martin et al., 2020b, 2022). Taking these unusable zones into account is essential
for generating realistic cutting plans, since the optimization algorithm must avoid positioning items

over defective areas and adapt the cutting pattern accordingly.

In this paper, we address the Two-Dimensional Guillotine Single Large Object Placement Problem
(2D-GSLOPP) for circular and polygonal shapes, including cases with defects. Our key contri-
butions are threefold. First, we extend existing models by explicitly handling non-rectangular
geometries and material defects, which are rarely addressed together in the literature. Second,
we adapt a recursive dynamic programming algorithm to efficiently generate cutting patterns in
both circular and polygonal formats, managing geometric complexities such as variable cut lengths.
Third, for polygonal objects, we introduce a novel angle-optimization strategy to determine the
best orientation for initiating the cutting process and to improve material profitability. These con-

tributions offer practical value to industries that work with irregular raw materials, such as stone,
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leather, or glass, by enabling more realistic, defect-aware, and geometry-sensitive cutting plans.

The remainder of this paper is organized as follows. Section 2 reviews the literature on exact meth-
ods and mathematical approaches related to the problem, including works that address different
shape formats and the presence of defective regions. Section 3 presents the formal problem descrip-
tion for the specific cases considered in this study. The proposed recursive dynamic programming
approach is detailed in Section 4. Section 5 reports the computational experiments conducted to
evaluate the performance of the algorithm. Finally, Section 6 concludes the paper and outlines

directions for future research.

2. Literature review

We start our review in Section 2.1 discussing the classical guillotine cutting for rectangular objects
classifications. Section 2.2 describes both exact and heuristic algorithms for solving these problems.
In Section 2.3, we review the literature on cutting problems with defects, and in Section 2.4, we

cover circular and convex shapes for the objects.

2.1. Classical guillotine cutting for rectangular objects

Most studies on 2D cutting and packing problems with guillotine constraints assume that the
container (large object) is rectangular (Lépez-Camacho et al., 2013). Only a few explore alternative

geometries, and those that do typically consider such formats without guillotine constraints.

Since the seminal work of Gilmore and Gomory (1965), which introduced several multi-dimensional
cutting problems, numerous studies have focused on 2D guillotine cutting. Most of them stem from
various applications in cutting and packing operations. To generate cutting patterns using at most
two stages of guillotine cuts, Gilmore and Gomory (1965, 1966) proposed dynamic programming
procedures based on the knapsack function. In their approach, the first stage determines a set of
parallel cutting patterns to produce longitudinal strips. In contrast, the second stage specifies how
each strip should be further divided using transversal parallel cuts. This methodology has received
considerable attention in the literature, as it produces optimal solutions for subproblems in which
the number of items to be extracted is unbounded. Moreover, it is widely used to compute upper

bounds for the constrained case, where the number of items of each type is limited.
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Fig. 1 presents the rectangular two-stage guillotine setting. Panel (a) displays three alternative
strip widths for the first stage; rectangles in the same shade indicate the orthogonal rotation of
the same item type. Observe that there are two item types (light gray and dark gray) that can
be rotated by 90°. Panel (b) shows one feasible second-stage layout within the selected strips; the

white upper-right region indicates unused stock.

maximum

height | I I

. — - — —

strip width

(a) (b)

Figure 1: Rectangular two-stage guillotine with orthogonal rotations

In addition to permitting orthogonal item rotation, the rectangular two-stage guillotine setting
is commonly classified as either exact (no trimming) or non-exact (trimming permitted). Fig. 2
shows these two cases under the same strip configuration. Observe that on panel (a), the guillotine
cuts yield the exact objects being cut, while on panel (b), one would need an extra cut to obtain

the final object.

2 — //

[
|
|
|
|
|

Figure 2: Exact and non-exact cases for a specific width class

Herz (1972) introduced the concept of canonical cutting patterns, defined as orthogonal guillotine
cuts restricted to discretized coordinates derived from item dimensions, which reduce the compu-
tational effort to solve the Single Large Object Placement Problem (SLOPP). In the unconstrained
case, Herz (1972) proposed a recursive algorithm, while Christofides and Whitlock (1977) developed

an exact tree search method for the same problem. Later, Beasley (1985) proposed both exact and
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heuristic methods that incorporate discretized points into the dynamic programming framework
initially developed by Gilmore and Gomory (1965). Hifi (2001) studied guillotine cutting prob-
lems by extending the Gilmore and Gomory approach and presented an exact algorithm capable of

solving the unconstrained two-stage SLOPP.

2.2. Ezact and heuristic methods for the rectangular single large object placement and the single

knapsack problems

Building on the Gilmore and Gomory framework, several exact and heuristic approaches have been

developed for the 2D-SLOPP and Single Knapsack Problem (SKP).

Lodi and Monaci (2003) presented integer linear programming models for the 2D-SLOPP, consider-
ing both two-stage and three-stage guillotine cuts. Their formulation is extended to handle several
variants, including the unconstrained case and the possibility of orthogonal rotation of the small
items. To solve the constrained two-stage SLOPP, Hifi and M’Hallah (2005) proposed an exact
branch-and-bound algorithm based on a bottom-up approach. Guillotine cutting can follow a top-
down approach, where the stock is divided to fit items, or a bottom-up approach, where items are
combined to reconstruct the stock (Martin et al., 2021). Other exact methods were introduced by
Cintra et al. (2008), addressing multiple 2D guillotine cutting problems, including the SLOPP and
its variants, which require staged patterns. A primal-dual heuristic was also proposed by Morabito

and Pureza (2010) to address the same class of problems.

Dolatabadi et al. (2012) proposed an exact recursive procedure combined with an implicit enumer-
ation of all feasible patterns to generate the set of guillotine cuts for the 2D guillotine SKP. To
solve large-scale instances of the unconstrained case, Russo et al. (2014) introduced an enhanced
dynamic programming algorithm that reduces the search space and avoids redundant solutions.
Furini et al. (2016) presented integer linear programming formulations for the constrained SKP
with unrestricted-stage guillotine cuts, relying on a pseudo-polynomial number of variables and
constraints. For the same problem, Clautiaux et al. (2018) proposed a hypergraph-based model,
where a cutting pattern is represented as a flow in a directed acyclic hypergraph. Their model was
also extended to incorporate different variants, such as the staged case. To address the constrained
2D guillotine cutting problem more broadly, Velasco and Uchoa (2019) developed exact tree search
algorithms with improved bounds, using state-space relaxations and dynamic programming. More

recently, Wang et al. (2025) proposed an exact algorithm for the 2D guillotine SKP that integrates
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advanced bounding and search strategies, achieving competitive results on benchmark instances

and providing open-source resources to support future research.

2.8. Cutting problems with defects

There are relatively few studies in the literature addressing the 2D cutting problem with defects.
Hahn (1968) and Scheithauer and Terno (1988) proposed dynamic programming approaches to
generate cutting patterns for the non-exact case, where trimming is permitted. Afsharian et al.
(2014) studied the unconstrained variant of the problem with multiple defects and unrestricted-
stage guillotine cuts, also using a dynamic programming method. An instance generator for the
unconstrained 2D guillotine cutting problem with defects was introduced by Neidlein et al. (2016),
enabling the creation of test cases with realistic defect configurations. Finally, Durak and Aksu
(2017) provided a broader discussion on various applications of cutting and packing problems with

defective regions.

In a two-stage guillotine cutting context, when a defective region is present, one possible practice is
to isolate the defect by a short sequence of vertical and horizontal guillotine cuts. Fig. 3 illustrates
two viable sequences, highlighting that the resulting sub-rectangles may differ: (a) vertical-first,

then horizontal; (b) horizontal-first, then vertical.

(a) (b)

Figure 3: Two-stage guillotine cutting with isolation of a defective region

To address a cutting problem with defects arising in the glass industry, Parreno et al. (2020) pro-
posed a beam search heuristic as a solution method. Parreno and Alvarez-Valdes (2021) introduced
the first integer linear programming model capable of handling both trimming and defective re-
gions. A variant of the constrained 2D-SLOPP with defects and non-staged guillotine patterns was
studied by Martin et al. (2020b). They proposed a compact integer linear programming formulation

based on the discretization of the defective object, along with a Benders decomposition algorithm
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and a three-phase constraint programming-based approach. Later, Martin et al. (2022) studied
two additional variants of the 2D guillotine cutting problem with multiple defects. To solve these
problems, the authors extended the integer linear programming and constraint programming mod-
els originally introduced in Martin et al. (2020a). Zhang et al. (2023) addressed the unconstrained
2D cutting problem with defects, considering both guillotine and non-guillotine variants. They
proposed an integer linear model for the non-guillotine case and an exact dynamic programming
algorithm for the guillotine case. Yao et al. (2024) propose a Benders decomposition approach for
the constrained 2D non-guillotine cutting problem with defects, combining a one-dimensional bin
packing master problem with a 2D packing subproblem solved via integer programming. Later
in Yao et al. (2025), the same authors study the 2D non-guillotine strip packing problem with
defects, placing non-rotatable rectangular items using a two-stage exact method based on integer

programming, Benders decomposition, and a heuristic.

2.4. Clircular and convex shapes

Studies involving circular or convex-shaped objects have also been proposed. Considering circular
shapes, Reinders and Hendriks (1989) presented a case study of converting trees into lumber, mod-
eled as a three-level guillotine cutting stock problem. In their approach, the first level determines
where to segment the tree into logs, the second level cuts the logs into flitches, and the third level
selects cuts to maximize the value obtained from the flitches. The authors developed a solution
algorithm based on nested dynamic programming. The 2D-SKP, in which rectangular items must
be orthogonally placed into a circular container to maximize the total packed area, was studied by
Lépez and Beasley (2018) without guillotine constraints. They formulated the problem as an MILP
and solved both rotated and non-rotated variants. For the same problem, Bouzid and Salhi (2020)
proposed a heuristic approach that iteratively packs items to form a polygon fitting within the
circular container. This heuristic was embedded into two metaheuristics: a variable neighborhood
search and a simulated annealing, which explore different item packing orders. More recently, Silva
et al. (2022) introduced the first linear programming formulation for this problem and proposed a
cutting plane algorithm. In addition, they developed a parallel enumeration algorithm that gen-
erates all non-dominated subsets of items and checks whether each subset fits within the circular
container. Their methods improved upon previous results, providing better solutions for large-scale

instances.
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Considering the orthogonal packing of rectangular items within convex areas, Birgin et al. (2006)
modeled the problem without accounting for guillotine constraints and proposed a solution approach
based on nonlinear programming. For the same problem, Cassioli and Locatelli (2011) developed
a heuristic method grounded in an iterated local search framework, where the key mechanism is a

perturbation step to escape local optima.

For a comprehensive survey of exact and heuristic solution approaches for the constrained 2D-
SLOPP with guillotine cutting, see Russo et al. (2020). Oliveira et al. (2023) also provided an
overview of solution methods developed for two-dimensional rectangular cutting and packing prob-
lems, including guillotine variants of both the SKP and SLOPP. To the best of our knowledge, no
approach in the literature addresses the guillotine cutting problem within convex polygonal shapes
while explicitly incorporating guillotine constraints. We also refer the reader to Francescatto and
Junior (2025), which provides a systematic review of industrial aspects of cutting-related applica-

tions, focusing on two-dimensional bin packing, cutting stock, and open-dimension problems.

3. Problem description

In this section, we present the 2D-GSLOPP, considering two types of large objects: circles and
convex polygons. We begin with a generalized formulation that applies to both shapes, followed
by specific procedures tailored to each one. Furthermore, for the convex polygon configuration, we

extend the analysis to account for the presence of a defect.

Given a single large object S with a convex shape and a set I of small rectangular items to be cut
from S, each item i € I is characterized by a height h;, a width w;, and a profit p;. We assume
that the dimensions of the single large object and the small items (h; and w;) are all integers. If
this is not the case, an equivalent integral instance can be obtained by an appropriate scaling. The
objective is to determine a cutting pattern for S that maximizes the sum of the profits of the cut

items, subject to several constraints:

(i)  items must not overlap;
(ii)  all cuts must follow a guillotine pattern;

(ili) at most two guillotine stages are allowed, with cuts in successive stages being orthogonal;
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(iv) the cutting plan must be designed without trimming;
(v) small items may be orthogonally rotated;

(vi) there is no upper bound on the number of items of each type that can be cut.

It is important to note that, given the shape of the large object under consideration, the initial
cut in each guillotine stage must follow a linear trajectory that starts and ends at the boundaries
of the object. However, unlike subsequent cuts, this initial cut cannot be uniformly described as

being parallel to one of the object’s sides.

Without loss of generality, we assume that all cuts are infinitely thin. This assumption does not
impose a significant limitation, as it is well established that a problem involving all cuts of finite
(integer) width can be converted into a problem with infinitely thin cuts by adding the cutting

width to the h; and w; of each small item ¢ € I.

Each cut of each guillotine stage can be seen as a segment parallel or perpendicular to one of the
axes. For a rectangular shape and a vertical first-stage cut, each cut divides the current shape into
two smaller, rectangular strips. These rectangles may have different widths W but share the same
height H, meaning that the lengths of all cuts generated in this stage are the same. However, this
is not the case for a circle or a convex polygon. Therefore, we need to consider the lengths of these

cuts in such cases.

Let the single large object S be a circle with radius r, as shown in Fig. 4. Note that, in this case,
during vertical cutting (parallel to the y-axis), the length varies depending on the location of the

cut.

Considering a cut orthogonal to the z-axis, at each position z, 0 < z < 2r, its length h(z) can be

calculated using the Pythagorean Theorem (see Fig. 4(b)), as h(z) = 21/72 — (r — z)2.

For the second case, let the single large object be any convex polygon, defined by a set of Cartesian
coordinates of its vertices V = {(z1,v1), (x2,%2), ..., (Tn,Yn)}, as shown in Fig. 5(a). As for the

circle, the length also varies depending on where the cut is made (see Fig. 5(b)).

Considering the geometric position of the shape previously assumed, we can see the maximal
variation of each coordinate (x,y) from the vertices of the polygon as an interval of length W = 2,42
and H = Ymaz, respectively, to z and y. Taking into account a cut orthogonal to the z-axis, at

each position z, 0 < < Tz, its length can be calculated as follows. Each side of the polygon is
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Figure 4: Guillotine cutting for a circular shape

(%, yn) (i, i)

(Tit1, Yi+1)

(w2,y2)

(25,95)

(b)

Figure 5: Guillotine cutting for a convex polygon shape

a segment formed by two consecutive vertices, (z;,y;) and (z;4+1,¥yi+1). To calculate the length of
the cut at a given position z = k,0 < k < Xz, it is necessary to consider all pairs of consecutive
vertices, (x;,y;) and (241, Yi+1), for which (x; — k)(z;+1 — k) < 0. For each pair of vertices that
satisfies this condition, there is an intersection point, which represents one extremity of the cut.

The y value of the intersection point (k,y) can be obtained as y(k) = y; + t(yir1 — vi), where
(kﬁ - .%‘Z)

(Tig1 — i)

Using the absolute difference between the coordinates y from the start (k,y,) and end (k,ys)

t= , with 0 <t < 1.

intersection points, we obtain the cut length h(z) for a given point = k. Let us now assume the
polygonal shape can be rotated. Note that the rotation of the polygon does not alter its format, only
its geometric position in the Cartesian plane. However, in this problem, the cutting pattern may
vary depending on the position fixed during the first cut, i.e., determined by the chosen rotation

angle (see Fig. 6). Thus, in this case, we consider planning the cut for different geometric rotations
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of the convex polygon.

(25, 95)
(w2,2)
(25, 45)

(5, 5)
(@, y5)

Figure 6: Guillotine cutting for different convex polygon positions

To rotate the polygon by an angle « (in radians) around the origin, we apply the rotation matrix,

according to equation 1.

R(a) = cos(a) —sin(a) ‘ (1)

sin(a)  cos(a)

Thus, each vertex (x;,y;) can be transformed into the rotated vertex (z},y.) using equation 2.

X

=R(a) | '] . 2)

STN o

Y

Consequently, the rotated polygon for a given angle o is given by V («) = {(2, v1), (25, ¥5), ..., (], yh) }-
Note that, for each different angle a;, 0 < o < 27, the respective cutting plane may have a different

profit value of the extracted items.

For the convex polygon case, we also consider an extension in which the single large object has a
defective region, modeled as a rectangle. Let D be the set of cartesian coordinates of this defec-
tive rectangle D = {(z1,41), (z2,91), (z2,92), (r1,y2)}. In this case, we first isolate the defective
region by performing guillotine cuts along its sides. Consequently, four new, smaller polygons are
generated. Depending on the sequence of cuts performed, these new polygons can have different
shapes, which affects the profitability of the cutting plan, both in terms of each new polygon and

the overall utilization of the original profitable area. For this scenario, we consider two possibilities

CIRRELT-2026-12 11
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using the guillotine cutting. In one of them, we subdivide the polygon by cutting along the base
of the defective rectangle (i.e., along its parallel side); then, we execute two orthogonal cuts on the
remaining sides to completely isolate the defect. For the other scenario, we reverse the order of the
guillotine cuts, starting from the two sides orthogonal to the base of the defective rectangle. Fig.

7 illustrates both situations.

(@1.m)  (x2.a)

(b, y2) (xd,y2)

(@4, 91) (e, 91)

(T1,9a)  (T2,9c)

(b)

Figure 7: Guillotine cutting to isolate the defect in a convex polygon shape

Once the defect is isolated, we can repeat the process described above on each new polygon to
determine its optimal cutting pattern. The way we choose to isolate the defect is the one that
maximizes the overall utilization of the entire shape, considering the four smaller convex polygons

generated.

4. Solution approach

To determine the most profitable cutting pattern for each shape, we use an adapted dynamic
programming recursion, based on the approach presented by Gilmore and Gomory (1965) and
Beasley (1985). We denote pqr = W and ymee = Y, respectively, the maximum z and y values

from the vertices of the shape.

Let P be the set of all available widths to cut a strip vertically, and @, all available heights for
a specific width w. Moreover, let v(w,y1), y1 € Qu, be the profit obtained by extracting a piece
of dimensions w and y;; and F(w,y) be the maximum profit obtained by processing a subproblem
defined by specific values of w and y. The recursion function (3) defines the profit that can be

obtained:
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0, if y <min{y € Qu},
F(w,y) = (3)
max {v(w, y) + Flw,y — y/)}, otherwise.
Y EQu, ¥'<y
For vertical cuts, we introduce the recursive function G(z), which represents the optimal value
obtained for a subproblem that has width x. As the available height depends on the position x, we
define h(x) as a function that provides the available height for a given z. However, for a subproblem
extending from x —w to x, the available effective height is given by min{h(x —w), h(z)}. To ensure

that the height value belongs to Q,,, we define the feasible height as a function of these positions,
given by y(z — w,z) = max{y1 € Qu | y1 < min{h(x —w),h(z)}.

Then, we use the previous recursion function F'(w,y) to process a vertical cut with width w and
height y. Note that extracting a strip of width z of some point of the shape implies evaluating the
available height at two positions:  —w and x. Thus, the vertical recursive function (4) is given as

follows.

0, if < min{w € P},
G(z) = (4)
max {F(w, ylx —w,z) + G(x — w)}, otherwise.
weP, wlx
The complete solution to the problem is obtained by computing G(2qz), which recursively deter-
mines the profitability of the optimal cutting strategy. For each format shape that we address, the

value of h(x) is calculated according to the description in Section 3.

Algorithm 1 summarizes the recursive dynamic programming approach.

5. Computational experiments

This section describes the detailed experiments we conducted to assess the performance and capa-
bilities of our algorithms. The algorithms are coded in C++4, and all computational experiments
are performed on a machine equipped with an Intel Core i7 processor running at 3.4 GHz with 64
GB of RAM, with the Ubuntu Linux operating system. Section 5.1 describes the sets of instances
used. The details of computational experiments and results for the circular case are provided in

Section 5.2, and in Section 5.3 for the convex polygon shape.
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Algorithm 1 Recursive DP algorithm for guillotine cutting for circular and polygonal shapes

1: Input: Shape data (radius or vertices) and item types with width set P, admissible heights Q. for each w € P,
profits v(w,y), and height profile h(z) on x € [0, Tmax]-

2: Output: Optimal profit from guillotine cutting.

3: Define effective available height y(z — w,z) + max{y € Q. | y < min{h(z — w), h(z)} }.

4: // Horizontal recursion:

5: Compute F(w,y), the optimal profit for a piece of width w and height y.

6: for all w € P and 0 < y < Ymax do

7 for all y; € @, such that 0 < y1 < y do

8: Compute F(w,y).

9: end for

10: end for

11: // Vertical recursion:

12: Compute G(z), the optimal profit for a strip of total width z.

13: for all 0 < z < Zymax do

14: for all w € P such that w < x do

15: Compute y(z — w, ).
16: Compute G(z).

17: end for

18: end for

19: Return G(xIHax)'

5.1. Instances

For the case in which the single large object is circular, we use three sets of instances generated
to solve the problem of orthogonally packing a set of rectangular items into a fixed-size circular
container. The first one (set 1C) is a benchmark set from Lépez and Beasley (2018) and contains
instances with 10, 20, and 30 items, where the dimensions are randomly generated from the interval
[1,5]. For each configuration related to the number of items, there are two different versions: one
where all items are rectangles and another where they are squares. The second one (set 2C) is
from Bouzid and Salhi (2020), who follow the same procedure as the previous set to generate 18
instances containing 100, 150, and 200 items. The third set (set 3C) is generated by Silva et al.
(2022) and contains five instances with 30 items with dimensions randomly generated from the
interval [1,5]. In total, 41 instances are used to test the problem when the single large object has

a circular shape.

To test the problem using a convex polygon as a single large object, we adapt a set based on the
problem instances randomly generated by Afsharian et al. (2014) for the 2D Rectangular SLOPP
with defects and non-stage cutting patterns. The original instances have the following character-
istics. The rectangular large object sizes (L x W) are: (75 x 75) and (125 x 50) in category 1;
(150 x 150) and (225 x 100) in category 2; (300 x 300) and (450 x 200) in category 3. The number

of item types, m, is 5, 10, 15, 20, or 25, and the size of items, l; X w;, is taken uniformly from the
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intervals [L/y,3L/4] and [W/p,3W /4], with ¢ = 6,8, or 10. The profit p; of each item is its area,
l; X w;. Finally, the size of the defect, lg X wy, is taken uniformly from the intervals [L/10, L/6]
and [W/10,W/6] and the left-lower coordinate of defects, ox4, 0y4, are taken uniformly from the
intervals [0, L — l4] and [0, W — wy]. The authors divide these instances into 90 classes, each one
with one to four defects, and for each combination, they generated 15 instances. We adapt only

instances with one defect, resulting in a total of 1,350 instances.

By adapting this set to the polygonal shape format, we preserved the characteristics of the items
and the defects from the original instances. Instead of using the original rectangle as the single large
object, we create a convex polygon inscribed in a rectangle with the original dimensions of L and
W multiplied by a scale factor of 1.6. The number of vertices of the polygon is randomly generated
from the interval [4,10], ensuring that the defect is located within the generated polygon. We use
this same set of adapted instances in both cases (with and without the defect); when the defect is
not considered, the defect-related information is disregarded. The sets of polygonal instances with
and without defects are named, respectively, set 1P and set 1D. All instances and detailed results

are available upon request.

5.2. Results for the circular shape

We ran instances of sets 1C, 2C, and 3C using the recursive dynamic programming approach
presented in Section 4. Then, we compare the result of our approach to solve the problem described

in Section 3 with the profitability of extracting the largest unique square item.

Table 1 presents the average results grouped by instance set and number of items, m, as shown in
the first two columns. Then, we report the profitability (i.e., the percentage of total area used),
processing time (in seconds), and improvement (in %) when extracting small items instead of the
largest square item. Each value in the table represents the average over all instances with the same

number of items within the same set.

These results show that a cutting plan for the addressed problem can be generated in a small
fraction of a second, even for instances with up to 200 distinct items. Extracting only the largest
possible square item from the circular boundary yields an area utilization of about two-thirds
of the total. Compared with this single-item approach, our method achieves an improvement in

area utilization of at least 20%, and in some cases exceeding 50%. For the tested instances, the
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Table 1: Average results obtained by the proposed algorithm for a large circular object.

Set m Profitability (%) Time (s) Improvement (%)
1C 10 76.53 0.02 20.22
1C 20 85.09 0.03 33.66
1C 30 87.68 0.03 37.73

Average 83.10 0.02 30.54
2C 100 94.82 0.18 48.95
2C 150 96.00 0.25 50.80
2C 200 96.72 0.35 51.93

Average 95.85 0.26 50.56
3C 30 91.53 0.08 43.78
Global Average 89.77 0.13 41.01

improvement tends to grow with the number of items considered, and is larger when many small

objects are available.

5.8. Results for the polygonal shape

For the polygonal shape case, we tested the instance set 1P using the solution approach described
in Section 4. Since the solution depends on the initial orientation of the convex polygon, we vary

the rotation angle o with three step sizes: 10°, 1°, and 0.1°.

The comparative average results of these experiments are reported in Table 2. The first two columns
indicate the instance category and the number of items. Then, for each rotation angle step, we
report the profitability (Prof.), i.e., the percentage of total area used by our solution approach,
followed by its processing time (Time). For step sizes of 1° and 0.1°, we also show the improvement
relative to the previous step size. Each value in Table 2 represents the average over all instances

belonging to the same category and having the same number of items.

The results in Table 2 show that, for the tested instances, the average profitability is rather similar

across the three categories for all rotation step sizes, with minimal gains with finer step sizes.

In Category 1, the average profitability is 81.26% with a 10° step, increasing to 82.36% with a 1°
step, an average improvement of 1.40%. Refining the step to 0.1° further increases profitability to

82.57%, an additional improvement of 0.26% over the 1° step.

In Category 2, the average profitability values are 82.61%, 82.62%, and 82.81% for steps of 10° ,
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Table 2: Average results of the proposed algorithm for a large polygonal object, according to the rotation angle.

a step = 10° a step = 1° a step = 0.1°
Category m

Prof. (%) Time (s) Prof. (%) Time (s) Impr.(%) Prof. (%) Time (s) Impr.(%)

1 5 81.29 0.02 82.56 0.05 1.59 82.73 0.38 0.21
1 10 85.28 0.02 86.28 0.08 1.18 86.42 0.71 0.17
1 15 78.64 0.02 79.72 0.06 1.41 80.03 0.55 0.39
1 20 78.68 0.02 79.83 0.04 1.53 80.00 0.34 0.21
1 25 82.39 0.02 83.43 0.06 1.27 83.70 0.54 0.33
Average 81.26 0.02 82.36 0.06 1.40 82.57 0.50 0.26
2 5 81.06 0.02 82.09 0.09 1.26 82.26 0.81 0.21
2 10 85.06 0.03 86.02 0.17 1.13 86.27 1.63 0.29
2 15 79.35 0.03 80.60 0.13 1.71 80.72 1.26 0.15
2 20 79.85 0.02 80.65 0.08 1.03 80.82 0.75 0.21
2 25 82.76 0.03 83.75 0.14 1.21 83.98 1.28 0.28
Average 81.61 0.03 82.62 0.12 1.27 82.81 1.15 0.23
3 5 80.95 0.03 81.94 0.17 1.24 82.12 1.64 0.21
3 10 85.55 0.05 86.52 0.37 1.14 86.74 3.57 0.25
3 15 79.92 0.04 80.94 0.29 1.34 81.05 2.81 0.13
3 20 79.78 0.03 80.70 0.18 1.17 80.85 1.65 0.18
3 25 82.87 0.04 83.96 0.28 1.33 84.17 2.72 0.25
Average 81.82 0.04 82.81 0.26 1.24 82.99 2.48 0.21
Global average 81.56 0.03 82.60 0.15 1.30 82.79 1.38 0.23

1° , and 0.1°, respectively, corresponding to improvements of 1.27% and 0.23% when reducing the

step size from 10° to 1°, and from 1° to 0.1°.

In Category 3, decreasing the step from 10° to 1° increases the average profitability from 81.82% to
82.81%, a gain of 1.24%. Reducing it further to 0.1° increases profitability to 82.99%, an additional

0.21% improvement.

Overall, using a 0.1° step instead of 10° or 1° increases the global average profitability by 1.30%
and 0.23%, respectively.

Processing time increases with both the object category and the rotation resolution. For a 10°
step, the global average time is 0.03 seconds, increasing to 0.15 seconds for a 1° step, and 1.38
seconds for a 0.1° step. Despite this increase, from 0.03 to 1.38 seconds, the approach remains

computationally efficient.

5.8.1. Results for the polygonal shape with defect

We also conducted experiments for the polygonal shape with a defect, using the instance set labeled

1D. In this case, two rotation step sizes were tested: 1° and 0.1°. Table 3 reports the average results

CIRRELT-2026-12 17



Two-Dimensional Guillotine Cutting Problem for Large Objects with Non-Rectangular Shapes

by instance category and number of item types that can be extracted. As in the previous table,
the first two columns list these parameters, followed by the profitability and processing time for
each rotation step size. The last column presents the average improvement in profitability obtained
when using the smaller step size. As before, each value in Table 3 represents the average over all
instances belonging to the same category and with the same number of items.

Table 3: Average results of the proposed algorithm for a large polygonal object with a defect, according to the
rotation angle.

a step = 10 a step =1 a step = 0.1
Category m

Profit.(%) Time (s) Profit.(%) Time (s) Impr.(%) Profit.(%) Time (s) Impr.(%)

1 5 69.57 0.14 71.07 0.15 2.40 71.32 1.08 0.35
1 10 77.55 0.17 78.60 0.27 1.40 78.82 1.97 0.27
1 15 68.96 0.14 69.92 0.21 1.43 70.16 1.53 0.33
1 20 67.61 0.13 68.43 0.14 1.27 68.74 0.89 0.46
1 25 72.17 0.16 73.04 0.20 1.29 73.27 1.38 0.30
Average 71.17 0.15 72.21 0.19 1.56 72.46 1.37 0.34
2 5 70.24 0.15 71.57 0.27 1.90 71.63 2.27 0.08
2 10 76.52 0.18 78.18 0.49 2.31 78.42 4.50 0.30
2 15 69.27 0.15 70.14 0.39 1.21 70.50 3.51 0.58
2 20 67.30 0.13 68.40 0.26 1.70 68.67 1.95 0.44
2 25 73.15 0.15 74.26 0.38 1.55 74.51 3.30 0.35
Average 71.29 0.15 72.51 0.36 1.73 72.75 3.10 0.35
3 5 70.40 0.17 71.74 0.51 1.86 72.07 4.58 0.46
3 10 76.71 0.22 77.92 1.02 1.63 78.14 9.85 0.29
3 15 70.00 0.23 70.96 0.79 1.37 71.03 7.85 0.09
3 20 68.57 0.18 69.30 0.46 1.08 69.46 4.29 0.21
3 25 73.17 0.21 74.10 0.72 1.29 74.27 7.16 0.23
Average 71.77 0.20 72.81 0.70 1.44 72.99 6.75 0.26
Global average 71.41 0.17 72.51 0.42 1.58 72.73 3.74 0.32

For the tested instances, the results in Table 2 also show rather similar average profitability indices

across categories.

In Category 1, the average profitability is 71.17%, 72.21%, and 72.46% for rotation step sizes of
10°, 1°, and 0.1°, respectively. This corresponds to an improvement of 1.56% when reducing the

step from 10° to 1°, and 0.34% when reducing it from 1° t00.1°.

In Category 2, the average profitability values are 71.29%, 72.51%, and 72.75% for steps of 10°, 1°,
and 0.1°, respectively, yielding improvements of 1.73% and 0.35% for the same reductions in step

size.

In Category 3, the profitability is 71.77%, 72.81%, and 72.99% for steps of 10°,1°, and 0.1°, respec-

tively. The corresponding improvements are 1.44% and 0.26%.
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Overall, using the smallest step size increases the global average profitability by 1.58% when re-

ducing the step from 10° to 1°, and by 0.32% when reducing it from 1° to 0.1°.

As in the previous tests, processing time increases with instance size (category) and with rotation
resolution. The average computational times are 0.17 seconds for a 10° step, 0.42 seconds for a
1° step, and 3.74 seconds for a 0.1°step. Even when testing two alternative ways of isolating the
defect, the total average time remains below 10 seconds in all cases, with the maximum observed

in Category 3 for m = 10 using the smallest step size.

6. Conclusions

This paper presents an exact approach to solve the Two-Dimensional Guillotine Single Large Object
Placement Problem to a given precision, considering both circular and convex polygonal shapes.
We have also proposed an extension of our method to handle items with an arbitrary rectangular
defect. The proposed methodology relies on a dynamic programming recursion that discretizes the
problem space efficiently, enabling the rapid generation of optimal cutting patterns. Computa-
tional experiments on multiple instance sets show that the proposed approach can produce highly
profitable cutting plans within seconds, even for instances involving a large number of distinct

items.

The results demonstrate significant improvements in material utilization compared with traditional
methods that extract only the largest square item. For circular objects, the proposed approach
yields profitability gains ranging from approximately 20% to over 50%, while maintaining very
short solution times. For convex polygonal shapes, the analysis shows that reducing the rotation
angle step can yield small additional improvements in profitability, albeit with increased processing
times. Nonetheless, even with finer rotation steps, the method remains computationally efficient

and well-suited for practical scenarios requiring rapid decision-making.

Our algorithm provides a robust, flexible framework for addressing complex cutting problems in-
volving diverse object geometries and defects. Its ability to generate high-quality cutting patterns
quickly makes it highly relevant for industrial applications, where maximizing material utilization
and ensuring computational efficiency are critical to optimizing production processes and reducing

waste.
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