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1 Introduction

The use of deterministic approaches to solve the vehicle routing problem with time windows (VRPTW)
often leads to routes that are sensitive to variations in travel times, requiring significant adjustments at
execution time once the uncertain parameters become known [1, 2, 3]. These adjustments create operational
challenges, as they may require last minute decisions, increase management complexity, and incur additional,
unanticipated costs. Travel times can be affected by many factors, such as the weather and traffic, resulting
in delays that might make the vehicle fail to serve a customer within the planned time windows. Nevertheless,
most vehicle routing literature considers that all parameters are known a priori, even though optimal solutions
based on these values are likely to become infeasible in practice even for small variations in travel times [4, 5, 6].

Several methods aim to incorporate these uncertainties into models and solution algorithms. In this
paper, we focus on Robust Optimization (RO), which has gained increased attention in the VRP literature
in the last decade. Compared to stochastic programming approaches, RO has the advantage of not requiring
knowledge of the probability distribution of the uncertain parameters. Instead, it relies on bounds on their
possible realizations, such as the maximum travel time between two nodes [4]. In particular, the use of
RO to incorporate travel-time uncertainty in a vehicle routing problem (VRP) is relatively new. Lee et al.
[7] proposed an exact algorithm based on column generation (CG) to solve the robust VRP with deadlines
under demand and travel-time uncertainties, solving instances with up to 25 customers. The robust VRP
with deadlines is a variant of the robust VRPTW (RVRPTW) in which time windows are defined by their
closing time only (i.e., they open at the beginning of the time horizon). Despite this similarity between
these two problems, the authors mention that it is not straightforward to extend their algorithm to solve the
RVRPTW.

Agra et al. [8] proposed the first RO formulation for the RVRPTW under travel-time uncertainty. They
proposed a model for a problem with a heterogeneous fleet, but no capacity constraints, solving instances
with up to 20 customers. This problem was later revisited by Agra et al. [9], who proposed two more
efficient robust approaches, capable of solving instances with up to 50 customers, one extending the resource
inequalities formulation by employing adjustable RO and the other generalizing a path inequality formulation
to consider uncertainty on travel times. The first formulation proposed by Agra et al. [9] was later adapted
by Hu et al. [10], who also proposed a two-stage heuristic based on a modified adaptive variable neighborhood
search to solve the RVRPTW with uncertainty on demand and travel times. This heuristic solved instances
with up to 100 customers in a reasonable time.

Munari et al. [6] proposed a compact model for the RVRPTW under uncertainty on demand and travel
times based on the linearization of recursive equations. This approach showed superior computational results
to dualization-based compact formulations [8, 7]. Additionally, the authors proposed a branch-price-and-cut
(BPC) method based on a set partitioning formulation, solving most of the benchmark instances with up to
100 customers. Wang et al. [11] also used a BPC algorithm to solve the robust capacitated vehicle routing
problem (RCVRP) and the RVRPTW. The authors proposed a cutting-plane framework implemented within
a BPC solver [12], which allows the temporary generation of non-robust feasible columns that are subsequently
eliminated using infeasible path elimination constraints. Abreu et al. [13] introduced the robust pickup and
delivery problem with time windows under demand and travel-time uncertainty, proposing compact and
cutting-plane formulations as well as tailored branch-and-cut (BC) and BPC algorithms based on them.

Recently, Bartolini et al. [14] developed an exact algorithm based on CG and dynamic programming for
the robust traveling salesman problem with time windows with uncertain travel times, which solved instances
with up to 80 customers. In addition to the cardinality-constrained set, they also use the single-knapsack
uncertainty set to model travel-time uncertainty. To the best of our knowledge, they were the first to model
travel-time uncertainty in a problem with time windows (with nonzero opening times) using a set other than
the cardinality-constrained set [15]. The knapsack uncertainty set was also explored by Campos et al. [16],
who proposed new compact formulations based on commodity flow constraints and a BC algorithm to solve
the RVRPTW under demand and travel-time uncertainty. To incorporate uncertainty, the authors proposed
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a formulation based on the linearization of recursive equations.
While demand uncertainty is common in routing problems under different uncertainty sets, such as the

ellipsoidal [17, 18], the cardinality-constrained [6, 18, 19], the knapsack [5, 20, 18, 21], the factor model
[5, 18], and the discrete set [17, 18], studies considering uncertainty on travel times are usually limited to
the cardinality-constrained and the discrete uncertainty sets. As already mentioned, only recently the single
knapsack uncertainty set was used to represent travel times [14, 16]. Thus, there is a noticeable gap in the
literature as no current solution method can consider uncertainty on travel times for the other sets.

The lack of research addressing uncertainty on travel times is a consequence of the additional difficulty
introduced by the earliest service start time at the customers. More specifically, to evaluate whether a
solution for problems with deviation on the demand is robust feasible, one only needs to find a combination
of worst-case realizations within the uncertainty set that results in the largest absolute deviation, regardless
of their sequence. This does not hold for problems with time windows and uncertainty on travel times. The
uncertainty realization that leads to the maximum combination of delays does not necessarily lead to the
latest arrival time, as deviation in some arcs can be absorbed by the waiting time required before the time
window opens.

The consideration of alternative uncertainty sets is appealing for two primary reasons. First, different sets
may be more effective at capturing the system characteristics and more readily implementable. Second, their
structure can yield solutions with distinct trade-offs between solution cost and robustness. In particular,
certain uncertainty set configurations can yield solutions that are not found by other sets. Therefore, the
ability to model and incorporate different uncertainty sets without a significant increase in computational
effort could greatly expand the range of robust solutions available to decision-makers.

Building on this motivation, the main contributions of this paper are summarized as follows:

• A polynomial time separation algorithm for the RVRPTW under travel-time uncertainty, capable of
verifying the robust feasibility of a given solution for any compact convex uncertainty set;

• Closed-form expressions for five commonly used uncertainty sets in the literature, cardinality-constrained,
axis-parallel ellipsoidal, knapsack, factor model, and discrete sets, showing how the proposed algorithm
can be efficiently applied to each of them;

• Exact BC and BPC algorithms that dynamically integrate the proposed separation procedure to ensure
robust feasibility;

• Computational enhancements that exploit the structure of the robust problem, including the first robust
extensions of reachability cuts for the RVRPTW, time-window tightening and arc-removal procedures
for each studied uncertainty set;

• Extensive computational study on instances adapted from the literature, analyzing the impact of each
uncertainty set on solution cost, robustness, and computational performance.

The remainder of this paper is organized as follows. Section 2 formally introduces the RVRPTW and
the uncertainty sets considered in this study. Section 3 describes the proposed separation algorithm to
efficiently characterize the feasibility of a route under travel-time uncertainty. Section 4 presents the BC
framework developed for the RVRPTW, while Section 5 introduces the BPC algorithm, which also integrates
the proposed separation algorithm. Section 6 reports the results of extensive computational experiments,
highlighting the impact of each uncertainty set on the solution. Finally, Section 7 provides concluding
remarks and outlines future research directions.

2 Problem definition and uncertainty sets

To represent the deterministic and robust versions of the VRPTW, we define a complete directed graph
G = (N ,A), where N = {0, 1, . . . , n + 1} is the set of nodes connected by a set of arcs A = {(i, j) : i, j ∈
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N , i ̸= j, i < n + 1, j > 0}. The subset N ∗ = {1, . . . , n} corresponds to the customers, and nodes 0 and
n + 1 represent the departure and arrival depots, respectively. This distinction is a modeling technique,
and a physical separation between the depots is not required. The depot houses a homogeneous fleet with
V vehicles of capacity Q. Each node i ∈ N is associated with a demand di, a service time si, and a time
window [wa

i , w
b
i ]. This time window represents the time a node can be serviced by a vehicle; if the vehicle

arrives before wa
i , it must wait for the time window to open to start the service, and it is not allowed to

start servicing after wb
i . We assume that d0 = dn+1 = 0, s0 = sn+1 = 0, wa

0 = wa
n+1 = 0, and wb

0 = wb
n+1 is

provided by the decision-maker.

2.1 Deterministic problem

In the deterministic VRPTW, each arc (i, j) ∈ A is associated with a known travel time tij and a travel cost
cij . The objective is to determine the least-cost routes to service all customers exactly once while respecting
capacity and time window constraints. We use three sets of decision variables to model this problem: the
binary xij , which represents if arc (i, j) ∈ A is traversed in the solution, and continuous variables ui and wi

which represent, respectively, the load in the vehicle departing from node i ∈ N and the service starting time
in that node. Using the defined parameters and decision variables, a model to represent the VRPTW is as
follows:

min
∑

(i,j)∈A

cijxij (1)

s.t.
∑

(i,j)∈A

xij = 1, i ∈ N ∗, (2)

∑
(i,h)∈A

xih =
∑

(h,j)∈A

xhj , h ∈ N ∗, (3)

∑
(0,j)∈A

x0j ≤ V, (4)

uj ≥ ui + dj −Q(1− xij), (i, j) ∈ A, (5)

u0 = 0, (6)

uj ≤ Q, j ∈ N , (7)

wj ≥ wi + tij + si −Mij(1− xij), (i, j) ∈ A, (8)

wa
i ≤ wi ≤ wb

i , i ∈ N , (9)

uj , wj ∈ R+, j ∈ N , (10)

xij ∈ {0, 1}, (i, j) ∈ A. (11)

The objective function (1) seeks to minimize the total transportation cost. Constraints (2) ensure that each
node i is visited exactly once. Constraints (3) impose that a vehicle can depart from node i only if a vehicle
arrives at this node. Constraint (4) guarantees that at most V vehicles leave the depot. Constraints (5)
propagate the load carried on the vehicle arriving at node j and forbid subtours. Constraint (6) imposes the
initial vehicle load. The capacity of the vehicles is imposed by constraints (7). Constraints (8) propagate the
arrival time at node j, where Mij is a sufficiently large value defined as Mij = max{0, wb

i + tij + si − wa
j }.

Time windows are enforced by constraints (9). Finally, constraints (10)–(11) define the domain of the decision
variables.
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2.2 Uncertainty sets

In the robust counterparts of the VRPTW, the travel times tij are no longer precisely known a priori.
Instead, these parameters are treated as random variables whose values range around a nominal travel time
t̄ij to a maximum absolute deviation t̂ij , i.e., tij ∈ [t̄ij − t̂ij , t̄ij + t̂ij ]. To avoid over-conservative solutions,
uncertainty sets model the total deviation that can simultaneously happen in a solution, thus controlling its
robustness. We now describe the five uncertainty sets used in this work.

2.2.1 Cardinality-constrained uncertainty set (UΓ).

This is the most widely used uncertainty set in the robust optimization literature. Introduced by Bertsimas
and Sim [15], this uncertainty set quickly became the staple in RO literature for being the only controllable
one that could be implemented via linear constraints at the time. Ordonez [4] was the first to model a robust
VRP under demand uncertainty using this uncertainty set. Later, Lee et al. [7] use the cardinality-constrained
set to model travel-time uncertainty in the robust VRP with deadlines.

In this set, the decision-maker controls the robustness of the solution by choosing a budget Γ that limits
the threshold of the total scaled variation of the uncertain parameters. Intuitively, Γ can be interpreted as
the number of components of the uncertain parameter that attain their worst-case value. It is based on the
premise that not all uncertain components (e.g., travel-time deviation on each arc), will attain their worst-
case value simultaneously. For instance, choosing Γ = 2 implies that the solution must be feasible when the
travel times of up to two arcs attain their worst-case value. When Γ is not an integer, the robust solution
must be feasible when any ⌊Γ⌋ arcs reach their worst-case deviations, and one additional arc deviates by a
fraction (Γ−⌊Γ⌋) of its maximum deviation t̂ij [22]. Let the random variable ξcij ∈ [0, 1] represent the fraction
of the maximum absolute deviation of arc (i, j) considered for a given realization within the uncertainty set.
Then, we can represent this set as follows:

UΓ = {t ∈ R|A| | tij = t̄ij + t̂ijξ
c
ij , (i, j) ∈ A;

∑
(i,j)∈A

ξcij ≤ Γ; ξcij ∈ [0, 1], (i, j) ∈ A}.

2.2.2 Knapsack uncertainty set (U∆).

Instead of imposing a limit on the number of worst-case realizations, this set constrains the total deviation
of the uncertain parameters [5]. Hence, to control the robustness of the solution using this uncertainty set,
the decision-maker chooses a budget ∆ representing the maximum absolute deviation allowed on a route.
This parameter is often easier to estimate in practice than the budget Γ from the cardinality-constrained
uncertainty set, as drivers typically have a better sense of how late they are than of how many individual
trips between customers exceed expected durations.

Additionally, it is possible to partition the arcs into disjoint subsets (knapsacks) Sl, and assign an indi-
vidual budget ∆l to each knapsack l ∈ L, resulting in the multiple knapsack uncertainty set. This structure
can be used to model, e.g., different geographical areas, which can be subject to variation independently. We
then define ξkij ∈ [0, 1], to represent the fraction of the maximum deviation on arc (i, j) for a given realization,
and the subset Sl of arcs in each knapsack l ∈ L. With this information, this set can be represented by:

U∆ = {t ∈ R|A| | tij = t̄ij + t̂ijξ
k
ij , (i, j) ∈ A;

∑
(i,j)∈Sl

ξkij t̂ij ≤ ∆l, l ∈ L; ξkij ∈ [0, 1], (i, j) ∈ A}.

2.2.3 Ellipsoidal uncertainty set (UΩ).

Introduced by Ben-Tal and Nemirovski [23], it was the first set in the RO literature to allow the decision-maker
to control the robustness of the solution. However, the nonlinear nature of this set has limited its application
in the VRP literature [17, 18]. This set stipulates that the realization of the uncertain parameter (e.g., travel
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time) should lie within an ellipsoid centered at the nominal travel-time vector t̄, allowing deviations along
multiple correlated directions, resulting in different axis inclinations.

A notable case for this set is the axis-parallel ellipsoidal set, where the ellipsoid’s axes are aligned with
the coordinate axes. In this configuration, the decision-maker may select a maximum radius Ω ≤ 1 from the
center of the ellipsoid to its surface, with larger values yielding more conservative solutions. Let ξeij ∈ [−1, 1]
be a random variable that governs the deviation on arc (i, j) within the ellipsoid. The uncertainty set can
then be defined as follows:

UΩ = {t ∈ R|A| | tij = t̄ij + t̂ijξ
e
ij , (i, j) ∈ A;

∑
(i,j)∈A

(ξeij)
2 ≤ Ω2; ξeij ∈ [−1, 1], (i, j) ∈ A}.

Note that, although ξeij may take negative values, the uncertainty set UΩ is bounded by
∑

(i,j)∈A(ξ
e
ij)

2 ≤ Ω2.
Therefore, negative deviations would consume uncertainty budget without increasing travel times and can
be safely disregarded.

2.2.4 Factor model uncertainty set (UΨ).

It was first introduced in the portfolio optimization literature [24] to incorporate estimation errors into the
decision-making process. The uncertain parameter is represented as a linear combination of F independent
factors within a factor loading matrix Ψ that correlates these factors to the uncertain parameter realization.
For example, an entry Ψijf = 5 of this matrix means that the total travel time on arc (i, j) ∈ A is increased
by five units when factor f is fully present. Conversely, if the system exhibits behavior opposite to the
expected condition associated with the factor (e.g., a cold day when the factor corresponds to hot weather),
then tij may decrease by five units from its nominal value instead. The values of Ψijf are scaled according to

the maximum travel-time deviation on arc (i, j). In this work, we assume that
∑F

f=1 |Ψijf | ≤ t̂ij , (i, j) ∈ A,
so that the total deviation induced by the factors is bounded by the maximum deviation parameter.

The decision-maker must construct this matrix, typically using historical data and relying on statistical
tools, such as principal component analysis or factor analysis. Let ξf ∈ [−1, 1] be a random variable repre-
senting the magnitude and direction of factor f in a realization. The uncertainty budget is controlled through
a parameter β ∈ [0, 1], which imposes the constraint −βF ≤

∑F
f=1 ξf ≤ βF. For example, setting β = 0

imposes that as many factors are positive as negative.
Then, the factor model can be represented by:

UΨ = {t ∈ R|A| | tij = t̄ij +
F∑

f=1

ξfΨijf , (i, j) ∈ A; −βF ≤
F∑

f=1

ξf ≤ βF ; ξf ∈ [−1, 1], f = 1, . . . , F}.

Notice that, unlike the previous uncertainty sets, a realization (ξ′1, . . . , ξ
′
F ) in which tij < t̄ij for a given

arc (i, j) may still lead to a worst-case scenario for the solution. This is because, although the travel time
on arc (i, j) is reduced, the same realization may increase the travel times on other arcs (i.e., there may

exist (i′, j′) ∈ A such that
∑F

f=1 ξ
′
fΨi′j′f > 0) which could ultimately increase the overall arrival time at a

customer node.

2.2.5 Discrete uncertainty set (UD).

In this set, the travel time takes values inside a convex hull of D scenarios specified by the decision-maker.
Each scenario s ∈ {1, . . . , D} can be chosen considering the historical realization of the uncertain parameter.
Although historical records are essential for creating a representative uncertainty set, one should be careful
when selecting the data, as considering statistical outliers may result in over-conservative solutions. This
uncertainty set can be represented by the following expression:

UD = conv{t(s) | s = 1, . . . , D}.
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3 Characterization of robust feasibility and separation algorithm

A solution is called robust feasible if it remains feasible for all realizations within the chosen uncertainty
set. However, when working with the convex sets described in Section 2.2, evaluating all the infinite possible
realizations is impractical. Instead, as we will demonstrate, it is sufficient to evaluate feasibility with respect
to the extreme points of the uncertainty set. This is because any other realization would yield equal or lower
total travel times compared to at least one of these extreme points. Hence, a solution is robust feasible for the
VRPTW if, for every customer node, the worst-case arrival time, computed over the set of extreme points,
respects the corresponding time window. Therefore, if one can efficiently determine the worst-case arrival
times at all nodes of a route, one can also efficiently verify the solution’s robust feasibility. This section
presents an explicit characterization of the robust feasibility of a route for the RVRPTW that can be verified
in polynomial time. Our characterization extends the approach developed by Bartolini et al. [14] for the
single knapsack uncertainty set in the robust traveling salesman problem with time windows.

Consider a route R = (r0, r1, . . . , rm+1) visiting m customers, represented by the nodes rp for 1 ≤ p ≤ m,
where r0 and rm+1 correspond to the depot nodes 0 and n + 1, respectively. Let τ0rp denote the earliest

possible service start time at node rp in the deterministic setting, for 0 < p ≤ m, computed as: τ0rp =

max{wa
rp , τ

0
rp−1

+ srp−1 + t̄rp−1rp}. Note that the opening time of the time window may introduce waiting
time. Additionally, define σrp as the waiting time at node rp in the deterministic setting, if any, computed
as

σrp = τ0rp − τ0rp−1
− (srp−1

+ t̄rp−1rp). (12)

Let τrp denote the earliest start time of service at node rp in the robust problem. This value can be computed
using the findings of the following theorem:

Theorem 3.1. Let U be a closed, bounded, and convex uncertainty set, and let ηri−1ri denote the effective
travel-time deviation induced on arc (ri−1, ri) by a realization η ∈ U . For a route R = (r0, . . . , rm+1), a node
rp with 1 ≤ p ≤ m + 1, and an index s ∈ {0, . . . , p − 1}, let η(s,p) be a realization in U that maximizes the
total deviation over the subpath (rs, . . . , rp), that is,

∑p
i=s+1 ηri−1ri , and define

τ rsrp = τ0rs +

p∑
i=s+1

(
t̄ri−1ri + sri−1 + σri

)
+ max

0≤k≤p

[
(wa

rk
− τ0rk) +

p∑
i=k+1

(
η(s,p)ri−1ri − σri

)]
, (13)

whose first two terms equal the deterministic arrival τ0rp . Then the worst-case earliest service start time at
rp over all realizations in U is

τrp = max
{
wa

rp , max
0≤s≤p−1

τ rsrp

}
. (14)

Proof. See Appendix A.

Remark. Although the realization η(s,p) maximizing the subpath deviation need not be unique, the value
τrp in (14) is independent of the choice: any such maximizer yields the same worst-case arrival time, as
established in the proof.

While the construction of Theorem 3.1 holds regardless of the uncertainty set, its verification simplifies
for sets in which the deviation on each arc (i, j) ∈ A is governed by its own dedicated variable ξij , ranging
over a domain containing the nominal value ξij = 0, and coupled with the other arcs only through constraints
of the form g(ξ) ≤ b, where g is nonnegative and nondecreasing in each |ξij | separately. We refer to such sets
as separable. The cardinality-constrained, knapsack, and ellipsoidal sets all share this property, whereas in
the factor-model and discrete sets, named coupled sets, a single component governs the deviations of several
arcs simultaneously, ruling out this improvement.

Polynomial Time Separation Algorithms for Robust Vehicle Routing under Travel-time Uncertainty 

6 CIRRELT-2026-15



For a separable set, the realization η(s,p) optimizing the subpath deviation can be extended by zero to
every arc preceding rs without affecting its optimality on (rs, . . . , rp), since arcs on either side of rs share
no component. Two features distinguish this case from the coupled one. First, since the deviation vanishes
on all arcs preceding rs, the inner maximization over k in (13) needs only account for the realization on
the subpath (rs, . . . , rp) itself. Second, the outer maximization in (14) can be restricted to predecessors
s ∈ L = {ℓ : τ0rℓ = wa

rℓ
}, rather than ranging over all s ∈ {0, . . . , p − 1}. Both features are formalized in

Proposition 1.

Proposition 1. If, in addition to the assumptions of Theorem 3.1, U is separable, then for each arc the
deviation is governed by its own component, and the realization optimizing the subpath (rs, . . . , rp) can be
taken to be zero on every arc preceding rs. Expression (13) can be replaced with

τ rsrp = τ0rs +

p∑
i=s+1

(
t̄ri−1ri + sri−1

)
+max

η∈U

p∑
i=s+1

ηri−1ri , (15)

and the outer maximization in (14) may be restricted to the predecessors s ∈ L = {ℓ : τ0rℓ = wa
rℓ
}. In

particular, the cardinality-constrained, knapsack, and ellipsoidal sets satisfy these conditions.

Proof. See Appendix B.

In a coupled set, by contrast, this extension is unavailable, since the component values that optimize
the subpath (rs, . . . , rp) also fix the deviations on the preceding arcs. Consequently, the index attaining
the maximum in (14) may satisfy τ0rs ̸= wa

rs , so the outer maximization cannot be restricted to L as in the
separable case, and must instead range over all predecessors s ∈ {0, . . . , p− 1}.

The proposed separation procedure, which relies on expressions (13)–(14) and (15), is summarized in
Algorithm 1. Lines (1)–(5) compute the deterministic arrival time at each node visited in a route of the
candidate solution. Robust feasibility is verified in lines (6)–(16), where the algorithm calculates the earliest
time the service can start at each node rp. In particular, line 10 updates this time (τrp) by taking the
maximum worst-case arrival time at node rp when deviation is optimized on the sequence starting from a
previous node rs (τ rsrp ). The expression for τ rsrp depends on the chosen uncertainty set and is given in Table 1.
Although the complexity for the factor-model and discrete sets grows with F and D, respectively, these
parameters are typically much smaller than the number of nodes. As a result, their computational effort is
effectively bounded by a polynomial in practical settings. Appendix D presents an illustrative example of
the proposed approach using the ellipsoidal uncertainty set. The example also highlights why the worst-case
arrival time cannot, in general, be obtained by simply maximizing the cumulative deviation along the route,
as is commonly done in robust optimization problems under demand uncertainty.

For the factor-model and discrete uncertainty sets, the inner loop of Algorithm 1 is executed for every
predecessor rs, without the guard τ0rs = wa

rs used in the separable case (Proposition 1). Moreover, once the
realization optimizing the subpath (rs, . . . , rp) is determined, it is evaluated on the entire route in τ rsrp : the
inner maximization over 0 ≤ k ≤ p in (13) scans every node as a possible point from which the surviving
delay accumulates, so that any deviation the shared components place on the arcs preceding rs is correctly
accounted for when it is not absorbed by an earlier buffer.

If τrp exceeds the time-window closing time wb
rp , the route is deemed infeasible, and the corresponding

solution is rejected. The algorithm proceeds by repeating this process for each route. At each iteration,
either a cut is generated for every infeasible route, or the solution is accepted as robustly feasible.

Since the algorithm repeatedly computes the maximum possible deviation along a subpath, it is essential
to solve the associated maximization subproblem efficiently for each uncertainty set. To this end, we propose
closed-form expressions that compute this value in polynomial time. These expressions are summarized in
Table 1, which presents the formulas for the arrival time at node rp for each uncertainty set, assuming that
deviation occur only along a subpath starting from index s < p (denoted τ rsrp ). For clarity, we introduce the
following notation used in the formulas:
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Algorithm 1: Feasibility evaluation procedure

Input: Solution candidate.
Output: Information on the feasibility of the solution for the uncertainty set U .

1 foreach route R = (r0, r1, . . . , rm+1) do
2 τ0

0 ← wa
0 ;

3 for p← 1 to m+ 1, step+ 1 do
4 τ0

rp ← max{wa
rp , τ

0
rp−1

+ t̄rp−1rp + srp−1};
5 end
6 for p← 1 to m+ 1, step+ 1 do
7 τrp ← τ0

rp ;

8 for s← (p− 1) to 0, step− 1 do
9 if U is separable and τ0

rs = wa
rs , or U is coupled then

10 τrp ← max{τrp , τrs
rp };

11 if τrp > wb
rp then

12 return Solution is infeasible;
13 end

14 end

15 end

16 end

17 end
18 return Solution is feasible for the evaluated uncertainty set;

• Sl: subset of arcs in knapsack l.

• Ps: number of arcs in the subpath, computed as Ps = p− s.

• t̂(i): the deviations along the subpath, indexed in non-increasing order.

• f+ and f−: indices used in the closed-form expressions for the factor model, defined as f+ =
⌈
(1+β)F

2

⌉
and f− = max

{⌈
(1−β)F

2

⌉
, 1

}
.

• Ψ
(s,p)
f :=

∑p
i=s+1 Ψri−1rif , f = 1, . . . , F : aggregate factor loading along the subpath (rs . . . rp) for the

factor-model uncertainty set. We assume that the values of the loading matrix Ψ for each factor are

sorted in non-increasing order, so that Ψ
(s,p)
1 ≥ · · · ≥ Ψ

(s,p)
F .

• σri : slack at node ri resulting from the time-window opening constraint in the deterministic case;

• ξ
(s,p)
f : worst-case realization for the subpath (rs . . . rp), given by ξ

(s,p)
f = sign(Ψ

(s,p)
f −λ∗) for Ψ(s,p)

f ̸= λ∗,
where λ∗ is the optimal breakpoint for the closed-form expression of the factor model uncertainty set,
while the factors tied at λ∗ split the residual budget equally (see Corollary C.4.1 in Appendix C).

• δ
(s,p)
ri−1ri =

∑F
f=1 ξ

(s,p)
f Ψri−1rif : deviation induced on arc (ri−1, ri) by the subpath-optimal realization

ξ(s,p).

• ς(s,p) : index of the scenario realization with highest total deviation for the subpath (rs . . . rp), i.e.

ς(s,p) ∈ argmaxj∈{1,...,D}
∑p

i=s+1 t̂
(j)
ri−1ri .

The coupled rows (factor model and discrete) carry the additional term wa
rk

− τ0rk ≤ 0 inside the inner
maximization. This term is the slack between the time-window opening and the deterministic service start at
the candidate reset node rk, and it accounts for realizations in which a negative deviation makes the vehicle
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reach rk before τ0rk , so that service starts at the window opening rather than on the deterministic schedule.
The term vanishes at nodes with τ0rk = wa

rk
, and in particular at every node for the separable rows, whose

nonnegative deviations never advance an arrival; it is therefore omitted there.
Furthermore, Table 1 reports the computational complexity of this calculation and the overall algorithm

for each uncertainty set. The derivation of each closed-form expression is provided in Appendix C.

Table 1: Mathematical expression and computational complexity used in the proposed algorithm

Uncertainty set Closed-Form
Computational Complexity

Single
verification

Algorithm

Cardinality-
constrained (UΓ)

τrsrp = τ0rs +
∑p

i=s+1(t̄ri−1ri + sri−1 )

+
∑min{Ps,⌊Γ⌋}

i=1 t̂(i) + 1Γ<Ps(Γ− ⌊Γ⌋)t̂(⌊Γ⌋+1)

n logn n3 logn

Knapsack (U∆)

τrsrp = τ0rs +
∑p

i=s+1(t̄ri−1ri + sri−1 )

+
∑

l∈L min

{
∆l,

∑p
i=s+1

(ri−1,ri)∈Sl

t̂ri−1ri

}
n n3

Ellipsoidal (UΩ)
τrsrp = τ0rs +

∑p
i=s+1(t̄ri−1ri + sri−1 )

+Ω
√∑p

i=s+1(t̂ri−1ri )
2

n n3

Factor model (UΨ)

τrsrp = τ0rs +

p∑
i=s+1

(
t̄ri−1ri + sri−1 + σri

)
+ max

0≤k≤p

[
(wa

rk
− τ0rk ) +

p∑
i=k+1

(
δ
(s,p)
ri−1ri − σri

)] nF n3F

Discrete (UD)

τrsrp = τ0rs +

p∑
i=s+1

(t̄ri−1ri + sri−1 + σri )

+ max
0≤k≤p

[
(wa

rk
− τ0rk ) +

p∑
i=k+1

(
t̂
(ς(s,p))
ri−1ri − σri

)] nD n3D

4 Branch-and-cut method

To solve the RVRPTW we first implemented a BC method using the proposed algorithm. This method
makes use of cuts developed for deterministic variants of the studied problems and strategies specifically
tailored to deal with the RO problems. The cuts designed for the deterministic problem are separated using
the CVRPSep package [25].

Three RO-based strategies are used in the proposed approach. First, we introduce a robust adaptation of
the classical time-window tightening and arc elimination preprocessing. This adaptation explicitly exploits
the structure of the uncertainty set and the associated deviation information, resulting in tighter bounds
compared to the traditional deterministic procedure. The second strategy is to use the separation algorithm
described in Section 3 and introduce no-good cuts if a route is found to be infeasible. This step is crucial
to ensure that the final solution obtained by the solution method is robustly feasible. Finally, we use the
information about the deviation to propose robust reachability cuts (R-cuts) adapted for each uncertainty
set. These cuts lead to stronger relaxation than their deterministic counterpart, as they account for deviation
along the routes. To the best of our knowledge, we are the first to develop and integrate robust reachability
cuts for the RVRPTW. In the remainder of this section, we describe the separation algorithm, the strategies
used to improve its performance, and how RO is incorporated into the procedure.
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4.1 Robust graph preprocessing.

The first step of the BC method is a preprocessing phase, in which we tighten the time windows and remove
arcs that cannot appear in any feasible solution. This is done by extending the standard preprocessing rules
developed for the deterministic problem [26], along with tailored rules for the robust counterpart [14]. We
assume that the triangular inequality holds for the nominal and maximum travel times of each arc, i.e.,
t̄ij ≤ t̄ik + t̄kj and t̄ij + t̂ij ≤ (t̄ik + t̂ik) + (t̄kj + t̂kj) for all i, j, k ∈ N .

The robust procedure follows the same general structure as its deterministic counterpart, replacing each
travel time with its worst-case value under the chosen uncertainty set U , captured through the closed-form
deviation parameter αij derived from the formulas of Table 1. This substitution requires some care, however,
as its effect is not uniform across the improvement strategies. Arc removal can become more effective than in
the deterministic case, since worst-case deviations may render additional arcs infeasible beyond those already
excluded deterministically. Conversely, time-window tightening can become less effective in some directions,
as a bound that holds under the deterministic travel time need not hold under its worst-case realization, so
the corresponding window can only be tightened by a smaller margin, if at all. The complete arc-removal
and time-window-tightening procedure is detailed in Appendix E.

4.2 No-good cuts.

Whenever a new solution of the LP relaxation is found, the solver invokes the separation algorithm discussed
in Section 3. If the solution is fractional, rounding strategies are used to generate routes to be evaluated.
If the LP relaxation contains an integer solution that is robust feasible, the solver accepts it as a candidate
for optimal solution. Conversely, if the solution is found infeasible by the separation algorithm in route
R = (r0, . . . , rp, . . . , rm+1) at node rp, the solver rejects the solution by adding the following no-good cut to
the model:

xr0r1 + xr1r2 + · · ·+ xrp−1rp ≤ p− 1. (16)

It is possible to strengthen these cuts by identifying the latest predecessor of rp in node sequence (r0, . . . , rp),
rs, from which the deviation can start to be considered such that the route becomes infeasible in node rp.
From Algorithm 1, this node rs is the latest predecessor whose subpath would result in τrp > wb

rp . With this
information, constraint (16) can be strengthened with the following expression:

xrsrs+1 + · · ·+ xrp−1rp ≤ (p− s)− 1. (17)

Expression (17) can be further strengthened using tournament cuts [26]. The central idea is that if the
subpath R′ = (rs, . . . , rp) is infeasible and the travel times satisfy triangle inequality (which is already
assumed in Section 4.1), then any other path that visits a subset of these nodes in the same order is also
infeasible. To exploit this property, we collect every arc that respects the order of R′ into the set

ζ(rs, rp) =
{
(ri, rj) : s ≤ i < j ≤ p

}
.

This set contains the p − s arcs of the original subpath together with every additional arc (ri, rj) that
connects two non-consecutive nodes of R′ while preserving their order. We partition ζ(rs, rp) into three
subsets according to which start and endpoint of R′ is involved:

ζ(rs, rp) = ζ ′(rs, rp) ∪ ζ ′′(rs, rp) ∪ ζ ′′′(rs, rp),

where ζ ′ contains the arcs leaving rs, ζ
′′ the arcs between internal nodes, and ζ ′′′ the arcs entering rp.

Depots require special treatment. When rs = 0, an arc (r0, rj) with j > 1 is not necessarily infeasible:
in another solution, it could be the first arc of a different route that does not visit r1, . . . , rj−1 beforehand.
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Hence, including these arcs in ζ ′ would risk cutting off feasible solutions. We thus keep only the original arc
(r0, r1) in ζ

′. A symmetric argument applies to arcs entering the sink depot rp = n+ 1. Formally,

ζ ′(rs, rp) =

{
{(rs, rs+1)}, if rs = 0,{
(rs, rj) : j = s+ 1, . . . , p

}
, otherwise,

ζ ′′(rs, rp) =
{
(ri, rj) : s+ 1 ≤ i < j ≤ p− 1

}
,

ζ ′′′(rs, rp) =

{
{(rp−1, rp)}, if rp = n+ 1,{
(ri, rp) : i = s+ 1, . . . , p− 1

}
, otherwise.

The tournament cut associated with the infeasible subpath R′ is then∑
(i,j)∈ζ(rs,rp)

xij ≤ (p− s)− 1. (18)

The right-hand side is the number of arcs in the original subpath minus one, so the cut forbids any selection
of p − s order-preserving arcs over R′. It strictly dominates the no-good cut (17), which only forbids the
specific sequence of consecutive arcs in R′.

4.3 Robust R-cuts.

We further extend the reachability cuts (R-cuts) of Lysgaard [27] to account for travel-time uncertainty and
implement them within our framework. As in the deterministic case, these cuts remove arcs that cannot lie
on a feasible path connecting the depot to a given customer, but the robust variant evaluates feasibility using
the worst-case path duration under the uncertainty set U , computed via the preprocessing step of Section 4.1,
rather than the deterministic travel time. Full details are provided in Appendix F.

5 Branch-price-and-cut method

BPC is currently the most effective exact method for solving the RCVRP [11] and the RVRPTW [6]. For this
reason, we implement a BPC method that uses our proposed separation algorithm to solve the RVRPTW.
The proposed approach is an adaptation of the robust cutting-plane approach developed by Wang et al. [11]
using the BPC from the VRPSolver [12] as a basis. The remainder of this section provides an overview of its
main components.

5.1 Set partitioning formulation

The BPC method is based on a set partitioning formulation of the problem. In this type of formulation,
instead of explicitly defining the routes of the vehicle, we are given a set of possible routes as input, and the
goal of the model is to decide which routes to take among those available. Let R be the set of all robust
feasible routes for the RVRPTW, cr be a parameter representing the cost associated with route r ∈ R, and
air be a binary parameter that takes the value 1 if node i is visited on route r ∈ R. Additionally, we define
a binary decision variable λr which is 1 if route r is used in the solution and 0 otherwise. With this, the
RVRPTW can be modeled as:

min
∑
r∈R

crλr (19)

s.t.
∑
r∈R

airλr = 1, i ∈ N ∗, (20)
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∑
r∈R

λr ≤ V, (21)

λr ∈ {0, 1}, r ∈ R. (22)

The objective function (19) minimizes the total routing cost. Constraints (20) ensure that each customer
is visited exactly once, while constraint (21) restricts the number of routes to the available fleet size V .
Finally, constraints (22) define the domains of the decision variables.

Enumerating all possible feasible routes and inserting them into the model is impractical due to the
prohibitively large number of routes. Therefore, it would take a significant amount of time and result in an
excessive number of unused variables. To address this issue, CG algorithms are commonly used to generate
a subset of promising routes to be inserted into the model. The set of routes in this reduced master problem
is denoted by R̃. The proposed CG algorithm is described in the next topic.

The combination of the CG algorithm with a branch-and-bound tree results in the so-called branch-price
method. Since the proposed method also uses cutting-plane procedures, it is called a BPC.

5.2 Robust cutting-plane approach

We ensure the robust feasibility of the solution by using a cutting plane strategy. Whenever the method
finds a candidate optimal solution, we use the separation procedure described in Section 3 to evaluate if
the columns used in the current solution are robust feasible. If the solution is infeasible due to a subpath
R′ = (rs, . . . , rp) within route R = (r0, r1, . . . , rs . . . , rp, . . . , rm+1), we add the tournament cuts to the RMP:∑

r∈R̃

ωrλr ≤ (p− s)− 1, (23)

where parameter ωr represents the number of arcs in route r ∈ R that are within subset ζ(rs, rp), the subset
of arcs on the left-hand side of the tournament cut associated to R′. When a new column is generated,
the parameter ωr is computed for each cut in the RMP. The only significant modifications to the labeling
algorithm are: incorporating the dual costs associated with the added cuts for each prospective column label,
and disabling the enumeration procedure that eliminates “similar” routes, i.e., routes that visit the same
customers in different sequences. This is because a route that appears cost-effective may later be identified
as not robust feasible.

It is worth noting that these adjustments do not increase the complexity of solving the pricing subproblem
[11]. This also highlights the modularity of the proposed separation algorithm, which can be easily integrated
into different solution methods.

5.3 Graph construction

While it is possible to construct the graph for the subproblem in the CG algorithm using deterministic travel
times and demands, this approach can be inefficient, as the labeling algorithm is more likely to generate
columns that will ultimately be eliminated by the cutting-plane algorithm. For this reason, it is advanta-
geous to extend the graph to account for uncertainty. An interesting strategy that balances the increase in
complexity of solving the subproblem with the generation of more relevant columns is to produce a subset
of scenarios for the uncertain parameters within the uncertainty set [11]. This strategy can significantly
improve the algorithm’s overall performance by filtering out routes that are not robustly feasible at the CG
stage. When well-chosen scenarios are incorporated into the labeling algorithm, a large proportion of in-
feasible routes are never explored. Consequently, fewer infeasible columns are generated, which reduces the
number of separation calls and no-good cuts required compared to a purely deterministic graph. Notably,
this improvement is achieved with a limited increase in pricing complexity. In fact, the main difference in
terms of complexity of the labeling algorithm, compared to the deterministic case, lies in the addition of
extra resources that must be extended and evaluated in the dominance rule for each scenario.
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For each uncertainty set U considered in this work, we design a tailored subset TU aimed at generating
useful scenarios that reduce the effort required to separate necessary constraints through the cutting-plane
algorithm. These subsets are constructed as follows:

• Cardinality-constrained set (TUΓ
): For the cardinality-constrained uncertainty set, we construct a

list TUΓ of ⌈Γ⌉ nodes for each scenario T i
UΓ

. Each list T i
UΓ

starts with the depot, and its second element

is the ith closest customer to the depot. The remaining elements are selected as the closest customer
to the preceding one in the list. If two lists end up containing the same customer, we restart one of
the conflicting lists using the next closest customer to the depot that has not yet been placed in the
first position of any other list. Each scenario is then generated as follows: for the nodes in the first ⌊Γ⌋
positions of the list TUΓ

, we assume that all arcs departing from those nodes attain their worst-case
values. If Γ is fractional, all arcs departing from the node in position ⌈Γ⌉ are assigned a deviation equal
to (Γ− ⌊Γ⌋)t̂ij . This construction is valid because each route must be feasible under any realization in
which at most Γ arcs experience their worst-case deviation, and in the worst case in these scenarios, a
single vehicle can traverse at most Γ such arcs, as each customer is only visited once. We note that the
scenarios proposed here are stronger than those in Wang et al. [11], which only included ⌈Γ⌉ arcs with
deviations per scenario.

• Knapsack set (TU∆): For this set, each scenario T i
U∆

is associated with two nodes, denoted by {i1, i2}.
The first node, i1, is randomly selected, and the second node, i2, is the closest customer to i1 such
that the arc (i1, i2) was not removed during the arc removal procedure, if no such arc exists, the
scenario is skipped. The scenario is then constructed as follows. All arcs departing from i1 attain
their worst-case travel time values, that is, ti1j = t̄i1j + min{t̂i1j ,∆l(i1,j)}, ∀j ∈ N ∗, where l(i1, j)
denotes the index of the knapsack containing arc (i1, j). Then, all arcs departing from the second
node i2 are also delayed, using the assumption that arc (i1, i2) was taken. Thus, for a given node
j, the travel time between i2 and j depends on whether arcs (i1, i2) and (i2, j) belong to the same
knapsack. If l(i1, i2) ̸= l(i2, j), then ti2j = t̄i2j + min{t̂i2j ,∆l(i2,j)}. Otherwise, if l(i1, i2) = l(i2, j),

then ti2j = t̄i2j +min
{
t̂i2j ,max

{
∆l(i2,j) − t̂i1i2 , 0

}}
.

• Ellipsoidal set (TUΩ): In the axis-parallel ellipsoidal uncertainty set, each scenario T i
UΩ

is associated
with a randomly selected node i in N ∗ ∪ {0}. In each scenario, all arcs departing from the selected
node are assumed to attain the value t̄ij + Ωt̂ij , j ∈ N\{0}, the worst-case realization achievable with
budget Ω.

• Factor model set (TUΨ
): For the factor model, we generate scenarios by modifying the variables ξf ,

which represent the magnitudes of the factors f . The procedure is as follows: if the budget βF = 0, we
select pairs of factors (f1, f2) and set ξf1 = 1 and ξf2 = −1, while all other factors are assigned ξf = 0.
If βF > 0, we first generate scenarios where a single factor f is set to ξf = βF , and the remaining
factors are set to zero. Since the instances considered in this work include four factors, we also generate
additional scenarios involving combinations of three factors (f1, f2, f3), setting ξf1 = 1, ξf2 = −1, and
ξf3 = βF . Notably, in our computational experiments, the budgets βF were limited to 1. For larger
values, it suffices to set ξf = min{1, βF}.

• Discrete set (TUD
): In this uncertainty set, we replicate the procedure proposed by Wang et al. [11].

We first eliminate dominated scenarios, i.e., any scenario s such that tsij ≤ ts
′

ij for all (i, j) ∈ A, for some
scenario s′ ̸= s. Then, we sort the remaining scenarios by their total arc traversal time in non-increasing
order and select the first |TUD

| scenarios to be added as additional resources in the graph.

The number of scenarios in each set can be empirically tuned to balance pricing subproblem complexity
and the number of constraints generated, with the goal of improving the overall performance of the method.
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5.4 Initial solution

An effective initial solution can accelerate the convergence of the BPC method by providing a feasible set
of routes to warm-start the master problem and reducing the number of unpromising labels generated. In
our implementation, we generate initial columns using two simple constructive heuristics and a local search
algorithm, executed in parallel. Throughout all heuristic procedures, time-window feasibility is verified
using our separation procedure described in Algorithm 1. The first constructive heuristic is a route-merging
heuristic based on the classical Clarke–Wright savings method. In this algorithm, each customer is initially
assigned to its own route, and we repeatedly merge the pair of routes that yields the greatest feasible savings
(i.e., the cheapest combined route) until no further merges are possible.

The second constructive heuristic is a greedy insertion heuristic. We first estimate the number of vehicles
to be used in the solution by dividing the total demand by the vehicle capacity, and then build that many
routes in parallel. Customers are inserted into each route in turn: in each iteration, the cheapest feasible
insertion of an unvisited customer is performed. If some customers cannot be inserted into any of the initial
routes, a new route is created, and the greedy insertion process continues until all customers have been
assigned.

To improve the quality of the initial heuristic solutions, each of the two initial solutions is refined using
a local search algorithm. We consider four move types, applied sequentially: single-customer relocation
(moving one customer to another position within the same route or to a different route); double-customer
relocation (moving two consecutive customers together to another position); customer swap (exchanging two
customers between routes); and 2-opt (reversing a segment within a route).

We run this algorithm twice in parallel, using two strategies: first-improvement and best-improvement.
In both cases, each move type tests every possible customer insertion. The main difference is that, in the
first-improvement strategy, the search in a particular move stops immediately after a feasible improvement is
found, whereas in the best-improvement strategy, all possible reassignments or swaps are evaluated, and the
most economical one is selected. Whenever a move yields a feasible improved solution, we update the current
solution. The search terminates when no improvement is found. The pseudocode presented in Algorithm 2
summarizes the local-improvement phase. The applyMove function in this algorithm describes the process
of checking the solution by a specific move and returns either an improved feasible solution, based on the
strategy chosen between first- and best-improvement, or the current solution a′ with no changes.

Algorithm 2: Local-search improvement procedure.

Input: Feasible solution a, local-search strategy (first improve, best improve).
Output: Locally improved solution a′.

1 a′ ← a
2 improved← true
3 while improved do
4 improved← false
5 foreach move ∈ {1-relocate, 2-relocate, swap, 2-opt} do // apply moves in sequence

6 a′′ ← applyMove(a′, move, strategy)
7 if f(a′′) < f(a′) then
8 a′ ← a′′

9 improved← true

10 end

11 end

12 end
13 return a′

Polynomial Time Separation Algorithms for Robust Vehicle Routing under Travel-time Uncertainty 

14 CIRRELT-2026-15



6 Computational results

This section presents the results of the computational study designed to evaluate the performance of proposed
robust solution approaches for the RVRPTW. We implement the BC and BPC methods, as described in
Sections 4 and 5, and assess their effectiveness under the uncertainty sets presented in Subsection 2.2.
Additionally, these experiments analyze the impact of incorporating robustness into the solutions, as well as
the resulting trade-offs in terms of solution reliability and the resulting objective function value.

In this computational study, we use benchmark instances from the RVRPTW literature. We adapted
the Solomon’s instances [28], originally designed for the VRPTW, to include uncertainty on travel times
similarly to other works in the RVRPTW literature [6]. It consists of 56 instances divided into six classes:
C1, C2, R1, R2, RC1, and RC2. Classes C1 and C2 are characterized by having the customers distributed
in clusters, R1 and R2 have the nodes randomly positioned, and classes RC1 and RC2 are a mix of random
and clustered structures. Moreover, problem sets C1, R1, and RC1 differ from C2, R2, and RC2 by having
smaller capacities and shorter planning horizons, which results in fewer customers per route. To incorporate
uncertainty into the instances, we defined t̂ij as 10%, 25%, and 50% of the nominal travel time (original
value for the instance), truncated to one decimal place. The remaining parameters, such as costs and time
windows, are identical to those in the corresponding deterministic instances.

These instances were tested in each uncertainty set considering different budgets. For the cardinality-
constrained uncertainty set, we considered the same budget Γ and deviation levels used by Munari et al. [6],
i.e., Γ = 1, 5, and 10.

To generate the instances with knapsack and factor-model uncertainty sets, we follow the strategy adopted
in the robust CVRP literature [5, 18], in which the nodes are partitioned into four geographic quadrants (NE,
SE, NW, and SW) according to their coordinates. Each quadrant defines a knapsack and a factor. For the
knapsack set, each arc (i, j) is assigned to the knapsack of its destination node’s quadrant. For the factor

model, each arc loads on all four factors through Ψijf =
t̂ij ψjf∑F
f ′=1 ψjf ′

, where ψjf is the inverse of the distance

between customer j and the centroid of quadrant f ∈ {NE, SE,NW, SW}. We set Ψ′ := βF and, with F = 4,
consider budgets ∆ = 20, 40, and 60 for the knapsack set and Ψ′ = 0, 0.25, 0.5, 0.75, and 1 for the factor
model.

For the axis-parallel ellipsoidal uncertainty set we also consider budgets Ω = 0.25, 0.5, 0.75 and 1. Finally,
for the discrete uncertainty set, we test the instances with different number of scenarios D = 10, 20, 30, and
40. Each scenario is randomly generated considering a uniform distribution in which the travel time between
two nodes attains a value ranging from t̄ij to t̄ij + t̂ij in each scenario. The information on these budgets is
summarized in Table 2.

The remainder of this section is structured as follows. In Subsection 6.1, we report the computational
results of the solution methods. In Subsection 6.2, we present a robustness analysis of the solutions, high-
lighting the trade-offs between solution cost and infeasibility risk. Finally, in Subsection 6.3, we examine the
structure of individual solutions under each uncertainty set with increasing budgets.

All experiments were carried out on a computer cluster with nodes equipped with an AMD Rome 7532 @
2.40 GHz 256M processor, using 32 GB of memory and a time limit of 3600 seconds. Up to 32 threads were

Table 2: Parameters for each uncertainty set used in the computational experiments

Uncertainty set Parameter Value
Cardinality-constrained (UΓ) Γ 1, 5 and 10

Knapsack (U∆) ∆ 20, 40 and 60
Ellipsoidal (UΩ) Ω 0.25, 0.5, 0.75 and 1

Factor model (UΨ) Ψ′ 0, 0.25, 0.5, 0.75 and 1
Discrete (UD) D 10, 20, 30 and 40
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available for each experiment. The BC method was coded in C++ using the Concert library of IBM CPLEX
Optimization Studio version 22.1 with default parameters. The BPC method was implemented through
the C++ interface of the VRPSolver within Bapcod (version 0.83.1). Except for disabling the enumeration
procedure, which is not compatible with the robust algorithm, all default parameters from the deterministic
VRPTW demo provided with the solver were used. In the graph construction step described in Subsection
5.3, we created 10 resources for each instance.

6.1 Computational performance

In this section, we assess the computational performance of the BPC approach for each uncertainty set.
We focus on this algorithm because it consistently outperforms the BC method described in Section 4. For
completeness, the computational results obtained with the BC method are reported in Appendix G.

The results obtained using the implemented BPC method are summarized in Tables 3 and 4. Table 3
reports, for each instance size in number of customers (nN), the number of instances tested (Ins), the number
of instances solved to optimality or proven infeasible (nS), the average computing time in seconds (T), the
average optimality gap (Gap) returned by the solver at termination, and the number of capacity (Capacity)
and tournament (Tourn) cuts generated throughout the execution of the solution algorithm. Table 4 provides
a more detailed breakdown of computing times, reporting the average BPC solution time for each combination
of budget and deviation level within each uncertainty set studied.

Overall, the BPC method demonstrates strong and consistent performance across the tested instance sizes.
Small instances (25 customers) are solved to optimality in nearly all cases, with success rates above 95% for
every uncertainty set. Medium-sized instances (50 customers) are also solved reliably, with optimality reached
in 69.4% to 83.5% of cases depending on the uncertainty set. For the largest instances tested (100 customers),
the method solves between 27.0% and 46.1% of instances to optimality; for those that remain open at the
time limit, the average optimality gaps stay relatively small, ranging from 5.7% to 8.8%, indicating that the
method still produces high-quality solutions even when optimality cannot be certified.

Although this approach does not outperform the state-of-the-art method of Munari et al. [6] for the
cardinality-constrained set, our proposed method is considerably easier to implement. It is simpler to integrate
the separation procedure into a framework for the deterministic problem than to introduce the substantial
modifications required to generate robust feasible columns efficiently. Furthermore, our approach can be
applied to a broader range of uncertainty sets, as it can be used under mild assumptions.

On average, the robust counterparts require more time than the deterministic problem. This behavior was
expected, as the method for the robust counterpart applies the separation procedure on top of the framework
for the deterministic problem. Consequently, in the best-case scenario, when the optimal solution of the
deterministic problem is already robust feasible, the method for the robust problem takes the same amount
of time as the method for the deterministic problem, plus the time required for a single verification. In most
cases, however, the optimal solution of the deterministic problem is rejected, and additional time is needed
to identify and verify new candidate solutions. Notably, this increase in computing time remained relatively
small, with most configurations showing increases of less than 400 seconds and all configurations requiring
less than twice the deterministic time. Additionally, the optimality gaps for instances not solved to optimality
were similar in both the deterministic and robust settings.

When analyzing the impact of budget size on computational performance, we note that, in general, larger
budgets for a given uncertainty set lead to longer computing times. This occurs because the method must
explore and remove more solutions in more conservative configurations. This trend is observable across
all uncertainty sets: for a fixed value of estimated deviation (Dev), computing time generally increases as
the budget grows. In some configurations, however, this trend is not strictly followed. For example, when
comparing average times for the factor model uncertainty set with budgets Ψ′ = 0.75 and 1 at maximum
deviations of 25% or 50% over the nominal, instances with Ψ′ = 1 actually require less time. In most
cases, this is because, as seen in Table 5, which reports the number of infeasible instances per configuration
of budget and deviation, more conservative configurations lead to a higher number of instances deemed
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Table 3: Computational results of the BPC solver for the RVRPTW instances

Solved Cuts

Uncertainty set nN Ins nS nS(%) T(s) Gap(%) Capacity Tourn

Deterministic
25 56 56 100.0 46.2 0.0 38.5 0.0
50 56 50 89.3 497.1 0.9 185.9 0.0
100 56 27 48.2 2144.3 7.3 2640.5 0.0

Cardinality
25 504 497 98.6 88.5 0.2 5120.0 50.7
50 504 391 77.6 1038.8 2.5 34430.3 1149.8
100 504 164 32.5 2750.8 7.2 23244.9 1219.1

Knapsack
25 504 483 95.8 204.1 0.7 10770.9 442.4
50 504 350 69.4 1303.3 3.9 39431.4 2464.6
100 504 136 27.0 2892.2 8.8 20948.5 1851.0

Ellipsoidal
25 672 671 99.9 27.9 0.0 343.8 4.5
50 672 561 83.5 808.8 1.6 25625.1 458.0
100 672 247 36.8 2602.4 5.7 29589.9 741.9

Factor Model
25 840 838 99.8 32.5 0.0 3228.1 8.8
50 840 676 80.5 942.4 2.9 21237.4 146.5
100 840 387 46.1 2405.5 8.6 9634.7 145.6

Discrete
25 672 645 96.0 175.5 0.0 216.8 1.0
50 672 482 71.7 1178.8 3.7 14341.1 108.1
100 672 210 31.3 2730.2 8.8 12816.7 149.1

Table 4: Average computing times of the solutions obtained for each uncertainty set considering different deviation
levels in the RVRPTW instances.

Time(s)

Det UΨ UD

Dev - 0 0.25 0.5 0.75 1 10 20 30 40

10% 900.9 1017.8 1108.7 1186.9 1055.0 1119.2 1010.7 1158.3 1275.2 1254.7
25% 900.9 1018.0 1127.7 1221.7 1190.3 1168.1 1095.6 1459.2 1523.5 1488.3
50% 900.9 1130.2 1204.5 1144.7 1157.0 1152.8 1207.7 1592.0 1603.0 1669.2

UΓ U∆ UΩ

Dev 1 5 10 20 40 60 0.25 0.5 0.75 1

10% 1057.3 1197.3 1179.4 1388.9 1349.7 1329.5 999.1 1076.2 984.7 1139.0
25% 1140.1 1400.1 1414.5 1441.5 1530.7 1443.0 983.0 1121.6 1272.9 1216.6
50% 1286.8 1519.5 1439.1 1511.3 1583.5 1620.5 1119.1 1229.6 1254.9 1285.8
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infeasible, which typically reduces computational time, since proving infeasibility is considerably faster than
obtaining and verifying an optimal solution. Nevertheless, the overall increase in time with higher budgets
is modest. The average difference between the shortest and longest times across budgets (for fixed deviation
and uncertainty set) ranges from only 59.37 seconds to 461.57 seconds.

Table 5: Number of infeasible RVRPTW instances for each configuration of budget and deviation level

Infeasible

Det UΨ UD

Dev - 0 0.25 0.5 0.75 1 10 20 30 40
10% 0 0 0 0 0 0 0 0 0 0
25% 0 0 0 0 0 8 0 1 1 1
50% 0 0 6 12 12 15 5 8 9 10

UΓ U∆ UΩ

Dev 1 5 10 20 40 60 0.25 0.5 0.75 1
10% 0 0 0 0 0 1 0 0 0 0
25% 7 7 7 7 7 7 0 0 0 7
50% 15 15 15 15 15 15 0 7 11 15

A similar pattern can be observed when evaluating the effect of worst-case travel-time deviations on the
method’s computational performance. As the problem considers larger deviations from nominal values, it
becomes more conservative, and average computing times tend to increase. This trend is evident in Table 4.
When an uncertainty budget is fixed, increasing Dev generally leads to longer computing times across almost
all uncertainty sets and budgets. The reason is analogous to the impact of budget size, since larger deviations
require the algorithm to explore and generate more potential solutions that are later removed by the separation
algorithm. From a decision-maker’s perspective, investing in more accurate estimates of worst-case travel
times, or in strategies to reduce deviations from nominal values, not only improves solution accuracy but can
also decrease overall computational times.

Another interesting finding is that differences in computing performance in terms of time, optimality
gaps and number of instances solved across uncertainty sets are relatively minor. Therefore the choice of
uncertainty set should be primarily based on how well it represents the system under study rather than
concerns about computational performance.

6.2 Robustness analysis

We analyze the impact of the proposed RO approach regarding the objective function value and robustness
of the solutions. The robustness of a solution can be interpreted as the probability of constraint violation,
which is an important metric for decision-making, as it provides a basis for assessing the trade-off between
the solution’s cost and its “safety” level. This information was estimated by implementing a Monte Carlo
simulation with 10,000 scenarios in which the travel times follow a continuous uniform distribution from their
nominal value to their maximum realization for a given deviation level Dev ∈ {10%, 25%, 50%}.

Figure 1 depicts, for each combination of uncertainty set, budget, and maximum deviation, the average
percentage of infeasible scenarios in the Monte Carlo simulation (Risk) and the average price-of-robustness
(PoR), defined as the percentage cost increase of the robust solution over the deterministic one. The un-
derlying values are reported in the tables of Appendix H. Across all uncertainty sets, increasing the budget
of uncertainty improves the robustness of the solution, reducing the probability of constraint violation at
the cost of higher expenses. This behavior is expected, since larger budgets correspond, by construction, to
larger sets of realizations that the solution must remain feasible against; consequently, larger budgets yield
safer but more constrained, and therefore more expensive, solutions. In some cases, however, the average
cost associated with a larger budget is lower than that of a smaller one, e.g., for budgets ∆ = 40 and ∆ = 60
under Dev = 10%. This apparent inconsistency arises because some instances become infeasible under the
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Figure 1: Price-of-robustness (PoR) and probability of constraint violation (Risk) for each uncertainty set.

larger budget and are consequently excluded from the average. This phenomenon can be observed in Table
5.

We note that each of the uncertainty sets behaved differently as the uncertainty budget increased. Some,
like the ellipsoidal and factor model uncertainty sets, had solutions’ risk level and costs changed more grad-
ually while others, like the cardinality-constrained, had a sharp increase in the robustness of the solution
between consecutive budgets. More specifically, the axis-parallel ellipsoidal uncertainty set never finds an
empirically risk-free configuration for all instances and presents relatively small increases in solution costs be-
tween each budget, while the cardinality-constrained set quickly reaches a conservative solution configuration
with near-zero risk in the simulated scenarios. We use the term empirically risk-free to denote solutions for
which no constraint violation was observed across the 10,000 Monte Carlo scenarios. Although this suggests
a very low infeasibility risk, out-of-sample scenarios may still lead to infeasible solutions.

Some uncertainty sets were able to provide empirically risk-free solutions, which allows them to be com-
pared based solely on cost. For example, for instances with deviation of 50% over the nominal travel time,
both the factor model (UΨ) and the knapsack (U∆) uncertainty sets provided empirically risk-free solutions
for some budgets with different costs. The empirically risk-free solutions with set UΨ were, on average,
16.18% more expensive than the deterministic solution, while the same type of solutions cost between 14.95%
and 15.12% more for the empirically risk-free solutions in set U∆ with budgets ∆ = 40 and ∆ = 60. In these
cases, the cheapest solution is the best choice because all three have the same risk of being infeasible.

Additionally, different configurations of the uncertainty set and budget can provide solutions that better
satisfy the decision maker’s strategy by offering a preferable trade-off between cost and risk, which would not
be achievable with the cardinality-constrained set. In fact, the cardinality-constrained set failed to provide
a wide range of solutions. Solutions with Γ = 10 showed similar or worse costs than those obtained with
Γ = 5, while providing a marginal improvement in terms of safety level, indicating a limited usefulness of
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these results.
Upon analyzing the behavior of the remaining uncertainty sets, we observed a more gradual transition

under the factor model set (UΨ), offering interesting intermediate solutions with a competitive trade-off
between cost and risk. However, in general, the empirically risk-free solutions obtained with this set were
more expensive than those obtained through the other tested uncertainty sets, indicating a higher level of
conservatism in the chosen budgets. Therefore, one should refrain from using this set unless it can accurately
explain the logistical system (which is not the case since the studied instances are randomly generated and
not bounded to any real-world factor).

The knapsack set (U∆) was relatively conservative in instances with small deviation, as even the budget
∆ = 20 was sufficient to absorb most of the deviation when considering deviations of 10% and 25% over
the nominal travel time. Larger budgets, such as those of 40 and 60, resulted in risk-free solutions. Because
the knapsack size is fixed, the decision maker must be especially careful when selecting a budget size that is
compatible with the worst-case values of a given instance in this set; otherwise, the set may result in either
fragile or overconservative solutions.

The axis-parallel ellipsoidal uncertainty set (UΩ) also provided progressively more robust solutions. This
set generally presented more intermediate options, but was unable to find empirically risk-free solutions with
the chosen budgets. Nevertheless, solutions from this uncertainty set presented significant trade-offs that
the decision maker could choose if willing to tolerate some risks. Notably, this set provided some solutions
that were strictly superior to those of other uncertainty sets. For example, for instances with deviation of
50% over the nominal travel times with Ω = 0.75, the solutions were, on average, less risky and less costly
than those found with the cardinality-constrained set with a budget of Γ = 1. Similarly, in cases with a
maximum deviation of 10% over the nominal travel time, solutions with Ω = 1 were less risky and more
economical than those obtained with the factor model set with Ψ′ = 0. It is worth noting that, prior to
this work, the only options available in the VRPTW literature were the cardinality-constrained uncertainty
set (UΓ), the knapsack uncertainty set (U∆) and the deterministic approach, and thus, one would lose these
more competitive solutions.

The discrete uncertainty set (UD) also produced distinct solutions that revealed significant trade-offs
between cost and risk. As the number of scenarios increases, the solutions tend to become more conservative,
since a larger number of potential realizations must be deemed feasible. Similar to the ellipsoidal uncertainty
set, this approach could not generate empirically risk-free solutions, but it yielded solutions that performed
better, on average, than those obtained with other sets and specific budgets. For example, in instances with a
maximum deviation of 10% over the nominal value, considering 40 scenarios resulted in solutions with lower
cost and risk than those obtained using the cardinality-constrained set with Γ = 1, the factor model with
budgets Ψ′ = 0 and 0.25, and the axis-parallel ellipsoidal uncertainty set with Ω = 1. These results highlight
the potential of the discrete uncertainty set when the scenarios are well constructed.

6.3 Design of an optimal robust route

In this section, we examine the structure of solutions generated with each uncertainty set. For this purpose,
we analyze the optimal solutions of the (arbitrarily chosen) instance R112 with 25 customers and deviation
of up to 50% over the nominal values under different uncertainty sets. In this instance, the customers were
randomly placed around a depot in the center of the graph. The instance and its deterministic solution
are illustrated in Figure 2, where the depot is represented by a square labeled 0, and the customers are
represented by nodes labeled from 1 to 25. The four distinct routes in the solution are shown in different
colors. Numerical details related to the travel times and time windows of the nodes on each route are provided
in Table 10 in Appendix I.

The optimal deterministic solution for this particular instance has an objective value of 393 and a risk of
constraint violation of 99.77%, indicating that it is highly vulnerable to uncertainty in travel times. Notably,
the northwest (blue) and southwest (red) routes are particularly sensitive to variability. Specifically, the red
route, the most fragile in the solution, becomes infeasible at node 6 if the total deviation exceeds 9, out of
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Figure 2: Optimal deterministic solution of instance R112 with an optimal value of 393 and a risk of 99.77%.

a maximum possible deviation of 44.4 (if all arcs up to node 6 reach their worst-case values). Similarly, the
blue route fails to serve customer 10, the customer most likely not to be served on that route, if the total
deviation exceeds 23.2 out of a maximum of 25.8 (computed by adding the deviation of every arc in the route
up to node 10, excluding the deviation from arc (0,18), which is always absorbed by the opening time window
of node 18). In contrast, the remaining routes (green and orange) are immunized to deviations; even if all
arcs in their paths reach their worst-case values, the solution remains feasible. Therefore, when designing a
robust solution, the emphasis is on modifying the blue and red routes, as will be analyzed next.

Figure 3 illustrates the optimal solutions for the cardinality-constrained uncertainty set, considering Γ = 1,
5, and 10. With Γ = 1, the solution remains identical to the deterministic one, as there is no arc in either
the blue or red route whose maximum deviation exceeds the deviation buffers. Specifically, the maximum
deviation for the red route is 9 and the maximum possible deviation for the blue route is 7.9. Neither of
these is sufficient to exceed the buffers at nodes 6 and 10, respectively.

Conversely, with Γ = 5, the total deviation for both routes results in arrival times that exceed the closing
time windows at these nodes. Consequently, in this more conservative scenario, the solution allocates node 6
to a new vehicle (purple route) and rearranges the order of the blue route so that node 10 is visited earlier.
While the blue route of the deterministic solution is cheaper and has 9.8 fewer time units, the blue route of
the more conservative solution reduces waiting time by 16.4 units, leading to an earlier expected arrival at
node 10. This robust solution has a total cost of 423.8 units, which is 30.8 units more than the deterministic
solution, but it reduces the risk of infeasibility, as estimated through Monte Carlo simulations, to 0%.

Although the solution with Γ = 5 did not fail in any of the 10,000 randomly generated scenarios, the
southwest (red) route might still fail at customer 5 if all six arcs leading to that node reach their worst-case
value. This is the main motivation for the changes observed in the solution with Γ = 10, which aims to
serve node 5 earlier. However, the resulting solution is more expensive than the one obtained with Γ = 5,
costing 429, even though it does not reduce the risk of constraint violations in the simulated scenarios. From
a decision-maker’s standpoint, there is little justification for adopting the solution with Γ = 10 over the
solution with Γ = 5, as the former incurs higher costs without offering additional robustness. It is also
worth noting that, since all routes in this solution visit fewer than ten arcs, it is fully protected against any
uncertainty. This is effectively the same as if the instance had been optimized under the assumption that all
parameters attain their worst-case values.

As seen in Figure 3, increasing the uncertainty budget in the cardinality-constrained set leads to more
conservative solutions. This trend also applies to the other uncertainty sets. Figure 4 presents the solution for
each of the remaining uncertainty sets that offers a significant trade-off between cost and constraint violation
that could not be achieved using the cardinality-constrained set.

The knapsack uncertainty set produced two distinct solutions across the studied budgets: one for ∆ =
20, shown in Figure 4, and another for ∆ > 20, equivalent to the solution obtained with the cardinality-
constrained uncertainty set with Γ = 10. The solution for ∆ = 20 has a cost of 409.9 and a risk of 7.30%,
serving as an intermediate option between the deterministic solution and the empirically risk-free solution
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Figure 3: Optimal solution of instance R112 for the cardinality-constrained uncertainty set with Γ = 1, 5, and 10.

Figure 4: Examples of optimal solution of instance R112 for the knapsack, ellipsoidal, factor model, and discrete sets.
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obtained with the cardinality-constrained set at Γ = 5. This solution reduces the number of nodes visited
on the red route to allow node 6 to be visited in time with a maximum deviation of 20, since the vehicle
would fail to serve customer 6 in the deterministic solution if the total deviation exceeds 9. However, the
blue route remains unchanged because the buffer at node 10, the most critical node on that route, is larger
than the budget of the knapsack containing all the arcs in the path (20). For larger values of ∆, this buffer
is insufficient, and the algorithm returns a solution equivalent to the conservative one obtained with Γ = 10.

The solutions obtained with the axis-parallel ellipsoidal uncertainty set were identical to the deterministic
one for Ω = 0.25 and 0.5. The solution for Ω = 0.75 and 1 is shown in Figure 4. This solution has a cost
of 401.7 and a corresponding risk of 9.36%, representing another interesting trade-off between cost and risk.
Notably, it is slightly cheaper and slightly riskier than the solution obtained with the knapsack uncertainty
set and budget of ∆ = 20. Compared to the deterministic solution, the main difference is reassigning node
2 to the southeast (orange) route to allow node 6 to be visited earlier. When comparing this solution with
the one obtained using the knapsack uncertainty set and ∆ = 20, we observe that the solution based on
the ellipsoidal set is cheaper because it allows node 25 to remain on the orange route, whereas the deviation
considered in the knapsack model prevents that assignment.

The factor model produced four unique solutions for this instance across the selected uncertainty budgets
Ψ′. The first, with cost 401.7, was obtained for Ψ′ = 0 and 0.25 and is identical to the one obtained
with the ellipsoidal uncertainty set with Ω = 0.75 and 1. The second solution, found for Ψ′ = 0.5 and
shown in Figure 4, has a cost of 420.2 and a risk of constraint violation of only 0.02%. This represents a
compelling trade-off between cost and risk when compared to the empirically risk-free solution obtained with
the cardinality-constrained set at Γ = 5, as it is 0.8% cheaper while maintaining a considerably low risk of
constraint violation. From a decision-maker’s standpoint, this solution is particularly attractive and should be
carefully considered when selecting the final routing strategy. This solution resembles the one obtained with
the cardinality-constrained set at Γ = 5, but differs in two main ways: it retains the northwest (blue) route
of the deterministic solution, exploiting the large buffer at node 10, and it serves node 13 via the southeast
(orange) route rather than the southwest (green) one, due to the larger travel-time deviation contributed
by the southwest-quadrant factor. The final two solutions obtained with the factor model, corresponding to
Ψ′ = 0.75 and Ψ′ = 1, have costs of 437.5 and 458.3, respectively, and no failed scenarios in the simulated
experiments. This also indicates the importance of correctly parameterizing this uncertainty set, as it can
potentially result in considerably conservative solutions, incurring extra costs with no practical benefit.

Finally, the discrete uncertainty set yielded the same solution for every budget D tested. This solution,
shown in Figure 4, is identical to those obtained using the axis-parallel ellipsoidal uncertainty set with budgets
Ω = 0.75 and 1.

These results highlight the importance, from a decision-maker’s perspective, of not relying on a single
uncertainty set. Instead, considering a combination of different uncertainty sets enables the identification
of a wider range of solutions with compelling trade-offs. For instance, if only the cardinality-constrained
set were considered, as is common in literature, the decision-maker would be limited to choosing between
the deterministic and the empirically risk-free solutions. Even when exploring additional values of Γ, the
only alternative solution would be the one corresponding to budgets Γ = 2 to 4 [6], which coincides with
the solution found by the discrete uncertainty set. Consequently, valuable solutions obtained through the
knapsack and factor model uncertainty sets, each offering particularly interesting cost-risk trade-offs, would
be overlooked.

7 Conclusion

We addressed the vehicle routing problem with time windows (VRPTW) under travel-time uncertainty
considering the paradigm of RO. We proposed a polynomial time separation algorithm that is able to evaluate
the robust feasibility of a solution for five different uncertainty sets, and that can be generalized for any closed,
bounded and convex uncertainty set. This differs from most works in the literature, which concentrates only
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on the traditional cardinality-constrained uncertainty set for the robust VRPTW (RVRPTW). To improve
the computational performance of the separation algorithm, we derived closed-form expressions for each
uncertainty set that compute the highest deviation in a subpath.

We evaluated the proposed algorithm within a branch-and-cut (BC) and a branch-price-and-cut (BPC)
framework to solve RVRPTW instances under various uncertainty sets, including the cardinality-constrained,
knapsack, ellipsoidal, factor model, and discrete sets. The BPC method incorporates a heuristic procedure
which applies the separation algorithm to ensure route feasibility to generate an initial solution. The variety
of solution approaches in this work also highlights the modularity and ease of implementation of the proposed
separation algorithm.

We analyzed the impact of each uncertainty set on solution cost, robustness, and computational perfor-
mance using benchmark instances from the literature, considering different uncertainty budgets and deviation
levels. The results indicate that using different uncertainty sets can be advantageous in route generation.
In particular, some of the studied uncertainty sets yielded solutions that achieved a trade-off between extra
costs and the risk of constraint violation that was not achievable using the traditional cardinality-constrained
uncertainty set. In fact, there were cases where using an alternative uncertainty set resulted in solutions
that were strictly superior in terms of costs and risk to the ones obtained with the cardinality-constrained
set. Furthermore, the computing times of the robust approach are comparable to those of the deterministic
approach, with some configurations requiring less than 10% additional time.

For future work, the proposed separation algorithm can be easily implemented within dedicated meta-
heuristic methods, allowing larger instances to be solved. Another interesting direction for this research is
the adaptation of this algorithm for other variants of the VRPTW, such as the pickup and delivery problem
with time windows, the heterogeneous VRPTW and the split delivery VRPTW.
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Appendix A Proof of Theorem 3.1

Before proving the theorem, we establish an auxiliary result that expresses the earliest service start time
induced by an arbitrary deviation vector in a form that isolates the role of the waiting times. This identity
holds for any vector of arc deviations, independently of the uncertainty set, and is the main tool used in the
proof that follows.

Lemma A.1. Let R = (r0, . . . , rm+1) be a route with deterministic earliest service start times τ0r and waiting
times σr defined by (12) for each node ri ∈ R. For any realization η, with ηri−1ri representing the deviation
on arc (ri−1, ri), and any node rp, the earliest service start time at rp induced by η satisfies

τrp(η) = τ0rp + max
0≤k≤p

[
(wa

rk
− τ0rk) +

p∑
i=k+1

(
ηri−1ri − σri

)]
, (24)

where the index k = p contributes the empty sum, equal to 0.

Proof. The induced service start times obey the recursion

τri(η) = max
{
wa

ri , τri−1
(η) + sri−1

+ t̄ri−1ri + ηri−1ri

}
, τr0(η) = wa

r0 . (25)

Let Lri(η) := τri(η) − τ0ri be the schedule offset, given by the signed difference between the realized and
the deterministic service start time at ri. It is positive when the realization delays service relative to the
deterministic schedule and negative when a reduction in upstream travel time allows service to start earlier.
We show by induction that

Lri(η) = max
{
wa

ri − τ0ri , Lri−1
(η) + ηri−1ri − σri

}
, Lr0(η) = 0. (26)

The base case holds since τr0(η) = wa
r0 = τ0r0 . For the inductive step, the definition of σri in (12) gives

τ0ri−1
+ sri−1

+ t̄ri−1ri = τ0ri − σri . Rewriting the predecessor term through the definition of the offset as

τri−1(η) = τ0ri−1
+ Lri−1(η) and substituting both into the recursion in (25) yields

τri(η) = max
{
wa

ri , τ
0
ri − σri + Lri−1

(η) + ηri−1ri

}
. (27)

Subtracting τ0ri from both sides produces (26). The floor wa
ri − τ0ri ≤ 0 is the largest amount by which

service at ri can start ahead of its deterministic time. Because service cannot begin before the window opens,
the realized start τri(η) is bounded below by wa

ri , so the offset Lri(η) cannot fall below wa
ri − τ0ri . Reducing

travel to node ri beyond this point does not advance service starting time further, as the vehicle then waits
for the window to open. The floor is zero at nodes where the deterministic start already coincides with the
window opening (τ0ri = wa

ri) and strictly negative where the deterministic start is later (τ0ri > wa
ri); in the

latter case a sufficiently negative deviation can make Lri(η) negative, so that service at ri begins ahead of
the deterministic schedule.

Expanding recursion (26) from Lr0 = 0, each application either carries the accumulated offset forward,
adding the increment ηri−1ri −σri , or resets to the floor wa

ri −τ
0
ri = 0 at a node where the window binds. The

surviving value at rp is therefore the largest, over every node rk taken as the last point at which the window

is active, of the floor wa
rk

− τ0rk plus the deviations accumulated after rk, Lrp = max0≤k≤p

[
(wa

rk
− τ0rk) +∑p

i=k+1

(
ηri−1ri −σri

)]
, in which the index k identifies the last node where service starts at the time-window

opening. Adding τ0rp yields (24).

With this identity in hand, we can now turn to the proof of the theorem.

Polynomial Time Separation Algorithms for Robust Vehicle Routing under Travel-time Uncertainty 

CIRRELT-2026-15 27



Proof. Proof of Theorem 3.1. By the definition of σri in (12), the deterministic arrival can be computed with
the following expression

τ0rp = τ0r0 +

p∑
i=1

(
t̄ri−1ri + sri−1 + σri

)
, (28)

so that the first two terms of (13) equal τ0rp . Combined with Lemma A.1, this shows that for any s ∈
{0, . . . , p − 1} the right-hand side of (13) is the arrival τrp(η

(s,p)) induced by the realization η(s,p), where

η(s,p) ∈ U maximizes the subpath sum
∑p

i=s+1 ηri−1ri ; such a maximizer exists because the objective is linear

and U is compact. As η(s,p) is feasible,

τ rsrp = τrp(η
(s,p)) ≤ max

η∈U
τrp(η) for every s ∈ {0, . . . , p− 1}, (29)

and the right-hand maximum is attained, since U is compact and τrp(·) is continuous; denote it τrp and let
η∗ be the realization that maximizes the arrival time at node rp, τrp .

It remains to show an index rs attaining τ rsrp = τrp . Applying Lemma A.1 to η∗, let k∗ attain its inner
maximum, so that

τrp = τrp(η
∗) = τ0rp + (wa

rk∗ − τ0rk∗ ) +

p∑
i=k∗+1

(
η∗ri−1ri − σri

)
. (30)

We may assume k∗ ≤ p− 1: if k∗ = p, then by (30) the maximum in the invariant is attained by the empty
suffix, so τrp = τ0rp + (wa

rp − τ0rp) = wa
rp , which equals the first argument wa

rp of the outer maximization (14)
and is therefore already attained there. For k∗ ≤ p− 1, we compare τrp with the value produced at the index

s = k∗. We do not claim that η∗ maximizes any subpath sum; rather, the constructed realization η(k
∗,p)

maximizes the subpath sum over (rk∗ , . . . , rp), and thus

p∑
i=k∗+1

η(k
∗,p)

ri−1ri ≥
p∑

i=k∗+1

η∗ri−1ri . (31)

Since the inner maximum in (13) at s = k∗ is taken over all 0 ≤ k ≤ p, it is at least the value of the single
candidate k = k∗, which carries the same floor wa

rk∗ − τ0rk∗ as (30). This floor is identical on both sides of
the comparison, so it does not affect it, and the bound reduces to the suffix deviation sum independently of
whether η(k

∗,p) induces waiting after rk∗ . Applying (31) and then (30),

τ rk∗
rp ≥ τ0rp + (wa

rk∗ − τ0rk∗ ) +

p∑
i=k∗+1

(
η(k

∗,p)
ri−1ri − σri

)
≥ τ0rp + (wa

rk∗ − τ0rk∗ ) +

p∑
i=k∗+1

(
η∗ri−1ri − σri

)
= τrp .

With the upper bound (29) at s = k∗, this forces τ rk∗
rp = τrp . Finally, since service cannot begin before the

window opens, τrp ≥ wa
rp ; combining this with (29) and the attaining index k∗ gives

τrp = max
{
wa

rp , max
0≤s≤p−1

τ rsrp

}
,

which is (14). The displayed form (13) follows by substituting (28) into the statement of Lemma A.1 for
η(s,p).

Appendix B Proof of Proposition 1

Proof. Each realization of travel-time deviations is a vector η ∈ U whose component ηij is the effective
deviation on arc (i, j) ∈ A, and τri(η) denotes the earliest service start time at node ri under realization η,
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so that τ∗rp = maxη∈U τrp(η). Since U is separable, each ηij is given by its own dedicated variable ξij through

a map that vanishes at ξij = 0, for instance, ηij = ξij t̂ij for the ellipsoidal set, subject only to constraints
of type g(ξ) ≤ b nondecreasing in each |ξij | separately. Consequently, if η ∈ U and η′ is obtained from η
by setting any subset of its components to zero, then η′ ∈ U as this relaxes every constraint g(ξ) ≤ b, so ξ
remains feasible and η′ ∈ U .

Adopt the convention τ0r0 = wa
r0 at the depot, so that 0 ∈ L. By Lemma A.1, for every η ∈ U :

τrp(η)− τ0rp = max
0≤k≤p

[(
wa

rk
− τ0rk

)
+

p∑
j=k+1

(
ηrj−1rj − σrj

)]
.

Substituting σrj = τ0rj − τ0rj−1
− srj−1

− t̄rj−1rj into the above expression and simplifying yields

τrp(η) = max
0≤k≤p

[
wa

rk
+

p∑
j=k+1

(
t̄rj−1rj + srj−1 + ηrj−1rj

)]
. (32)

Maximizing over η ∈ U and exchanging the two maximizations, which is valid because both are attained,
gives

τ∗rp = max
0≤k≤p

[
wa

rk
+

p∑
j=k+1

(
t̄rj−1rj + srj−1

)
+Mk

]
, Mk = max

η∈U

p∑
j=k+1

ηrj−1rj , (33)

where each Mk is attained because its objective is linear and U is compact. The term k = p equals wa
rp , and

for every k ∈ L with k < p the k-th term coincides with τrkrp as given by (15), since wa
rk

= τ0rk . It therefore
remains to show that every remaining index is dominated by an index of L.

Two observations prepare the dominance argument. First, for every k, the maximum defining Mk is
attained by a vector η(k) that is nonnegative and vanishes outside the arcs (rj−1, rj) with k < j ≤ p, which
are pairwise distinct because the route is elementary, so each component of η lies unambiguously inside or
outside this set. Starting from any maximizer, zeroing the components outside these arcs leaves the objective
unchanged, zeroing the negative components among them cannot decrease it, and both operations preserve
feasibility by the zero-substitution property established above. In particular, the realization optimizing the
subpath (rk, . . . , rp) can be taken to be zero on every arc preceding rk, as claimed in the statement. Second,
M is nonincreasing along the route: for ℓ ≤ k, the vector η(k) is feasible for the problem defining Mℓ, where
its objective value is Mk because its components on the arcs between rℓ and rk are zero; hence Mℓ ≥Mk.

Now let k /∈ L with k < p, and let ℓ be the largest index of L smaller than k, which exists because 0 ∈ L.
By the maximality of ℓ, no index j with ℓ < j ≤ k belongs to L, and positive deterministic waiting at a node
forces service to start at the opening of its time window, thus σrj = 0 for all such j:

τ0rk = τ0rℓ +
k∑

j=ℓ+1

(
t̄rj−1rj + srj−1

)
= wa

rℓ
+

k∑
j=ℓ+1

(
t̄rj−1rj + srj−1

)
.

Splitting τ rℓrp at index k and applying this identity,

τ rℓrp = wa
rℓ
+

p∑
j=ℓ+1

(
t̄rj−1rj + srj−1

)
+Mℓ = wa

rℓ
+

k∑
j=ℓ+1

(
t̄rj−1rj + srj−1

)
︸ ︷︷ ︸

= τ0
rk

+

p∑
j=k+1

(
t̄rj−1rj + srj−1

)
+Mℓ

> wa
rk

+

p∑
j=k+1

(
t̄rj−1rj + srj−1

)
+Mk,
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since Mℓ ≥ Mk and τ0rk > wa
rk
. The k-th term of (33) is therefore strictly dominated by the ℓ-th term.

Consequently,

τ∗rp = max
{
wa

rp , max
ℓ∈L

τ rℓrp

}
, (34)

with each τ rℓrp given by (15), which establishes the restriction of the outer maximization (14) to L.

Appendix C Proof of the closed-form expressions

C.1 Cardinality-constrained uncertainty set

Theorem C.1. The maximization subproblem associated with the cardinality-constrained uncertainty set in
expression (15) admits the closed-form solution

max
ξ∈[0,1]Ps

{
p∑

i=s+1

ξri−1ri t̂ri−1ri :

p∑
i=s+1

ξri−1ri ≤ Γ

}
=

min{Ps, ⌊Γ⌋}∑
i=1

t̂(i) + 1{Γ<Ps} (Γ− ⌊Γ⌋) t̂(⌊Γ⌋+1), (35)

where t̂(i) denotes the deviations along the subpath, indexed in non-increasing order, Ps = p−s is the number
of the arcs on subpath (rs, . . . , rp), and 1{·} is the indicator function.

Proof. The subproblem in (35) is an instance of the continuous (fractional) knapsack problem with Ps items,
each of unit weight and value t̂ri−1ri , i ∈ {s+1, . . . , p}, and total capacity Γ. Since all weights are equal, the
value-to-weight ratio reduces to the value itself, and the standard greedy algorithm constructs an optimal
solution by selecting items in non-increasing order of t̂ri−1ri .

Formally, the greedy procedure sets

ξ∗(i) =


1, i = 1, . . . ,min{Ps, ⌊Γ⌋},
Γ− ⌊Γ⌋, i = ⌊Γ⌋+ 1, if Γ < Ps,

0, otherwise.

Substituting ξ∗ into the objective function yields the right-hand side of (35). When Γ ≥ Ps, the budget is
large enough to fully exploit every arc, and the indicator term vanishes.

C.2 Knapsack uncertainty set

Theorem C.2. Assume that the knapsack subsets {Sl}l∈L are pairwise disjoint and cover the arc set. Then
the maximization subproblem associated with the knapsack uncertainty in expression (15) set admits the
closed-form solution

max
ξ∈[0,1]Ps

{
p∑

i=s+1

ξri−1ri t̂ri−1ri :

p∑
i=s+1

(ri−1,ri)∈Sl

ξri−1ri t̂ri−1ri ≤ ∆l, l ∈ L

}
=

∑
l∈L

min

{
∆l,

p∑
i=s+1

(ri−1,ri)∈Sl

t̂ri−1ri

}
.

(36)

Proof. Introduce the change of variable vri−1ri = ξri−1ri t̂ri−1ri , which represents the absolute deviation
actually realized on arc (ri−1, ri). The subproblem (36) can then be rewritten as the linear program

max
v∈RPs

+

{
p∑

i=s+1

vri−1ri : vri−1ri ≤ t̂ri−1ri ,

p∑
i=s+1

(ri−1,ri)∈Sl

vri−1ri ≤ ∆l, l ∈ L

}
. (37)
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Associate dual variables πri−1ri ≥ 0 with the upper bound constraints and θl ≥ 0 with the knapsack
constraints. By linear programming duality, (37) is equivalent to

min
π∈RPs

+

θ∈R|L|
+

{
p∑

i=s+1

πri−1ri t̂ri−1ri +
∑
l∈L

∆l θl : πri−1ri +
∑
l∈L

(ri−1,ri)∈Sl

θl ≥ 1, i = s+ 1, . . . , p

}
. (38)

Since the knapsacks are disjoint, each arc (ri−1, ri) belongs to exactly one subset; let l(i) ∈ L denote the
index of this knapsack. Then

∑
l∈L, (ri−1,ri)∈Sl

θl = θl(i), so the dual constraint simplifies to πri−1ri+θl(i) ≥ 1.
We can now construct an explicit dual-feasible solution that attains the claimed objective value. For each

l ∈ L, define

θ∗l =

1, if ∆l ≤
∑p

i=s+1
(ri−1,ri)∈Sl

t̂ri−1ri ,

0, otherwise,

and
π∗
ri−1ri = 1− θ∗l(i) ∈ {0, 1}.

By construction, (π∗, θ∗) is dual feasible and non-negative. Substituting into the dual objective function
yields ∑

l∈L

[
θ∗l ∆l +

p∑
i=s+1

(ri−1,ri)∈Sl

(1− θ∗l ) t̂ri−1ri

]
=

∑
l∈L

min

{
∆l,

p∑
i=s+1

(ri−1,ri)∈Sl

t̂ri−1ri

}
.

To see that (π∗, θ∗) is optimal, observe that any dual-feasible solution must satisfy πri−1ri + θl(i) ≥ 1;
reducing either variable below the value prescribed above would violate this constraint, while increasing either
variable would increase the objective because all coefficients are non-negative. Hence (π∗, θ∗) is optimal and,
by strong LP duality, the primal optimum coincides with the right-hand side of (36).

C.3 Ellipsoidal uncertainty set

Theorem C.3. The maximization subproblem associated with the axis-parallel ellipsoidal uncertainty in
expression (15) set admits the closed-form solution:

max
ξij∈R

( p∑
i=s+1

ξri−1ri t̂ri−1ri :

p∑
i=s+1

(ξri−1ri)
2 ≤ Ω2

)
= Ω

√√√√ p∑
i=s+1

(t̂ri−1ri)
2, (39)

for Ω ∈ [0, 1].

Proof. Treating ξ = (ξri−1ri) and t̂ = (t̂ri−1ri) as vectors in RPs, the Cauchy–Schwarz inequality gives

p∑
i=s+1

ξri−1ri t̂ri−1ri ≤

√√√√ p∑
i=s+1

ξ 2
ri−1ri

√√√√ p∑
i=s+1

t̂ 2ri−1ri

based on the feasibility condition of the uncertainty set
∑p

i=s+1(ξri−1ri)
2 ≤ Ω2, the following inequality holds:√√√√ p∑

i=s+1

ξ 2
ri−1ri

√√√√ p∑
i=s+1

t̂ 2ri−1ri ≤ Ω

√√√√ p∑
i=s+1

t̂ 2ri−1ri ,
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Equality in Cauchy–Schwarz holds if and only if ξ is a non-negative scalar multiple of t̂. Setting

ξ∗ri−1ri =
Ω t̂ri−1ri√∑p
k=s+1 t̂

2
rk−1rk

, i = s+ 1, . . . , p, (40)

yields
p∑

i=s+1

(ξ∗ri−1ri)
2 =

Ω2
∑p

i=s+1 t̂
2
ri−1ri∑p

k=s+1 t̂
2
rk−1rk

= Ω2,

so the ellipsoidal constraint is active at ξ∗, and the upper bound is attained. This establishes (39).

C.4 Factor model uncertainty set

For notational convenience, throughout this proof we write

Ψf :=

p∑
i=s+1

Ψri−1rif , f = 1, . . . , F,

for the aggregate factor loading along the subpath, and assume that the columns of the loading matrix Ψ are
ordered so that Ψ1 ≥ Ψ2 ≥ · · · ≥ ΨF . Let also

f+ =

⌈
(1 + β)F

2

⌉
, f− = max

{⌈
(1− β)F

2

⌉
, 1

}
.

Theorem C.4. The maximization subproblem associated with the factor model uncertainty set admits the
closed-form solution

max
ξ∈[−1,1]F

{
F∑

f=1

ξf Ψf : −βF ≤
F∑

f=1

ξf ≤ βF

}
= min

λ∈Λ

{
F∑

f=1

∣∣Ψf − λ
∣∣+ βF |λ|

}
, (41)

where Λ =
{
0, Ψf+ , Ψf−

}
.

Proof. This proof is based on the one described in [5]. The primal problem is a linear program in ξ. Asso-
ciating dual multipliers η+f , η

−
f ≥ 0 with the upper and lower bounds on ξf , and θ

+, θ− ≥ 0 with the upper
and lower bounds on

∑
f ξf , LP duality yields the equivalent problem

min
η+,η−∈RF

+

θ+,θ−∈R+

{
F∑

f=1

(η+f + η−f ) + βF (θ+ + θ−) : (η+f − η−f ) + (θ+ − θ−) = Ψf , f = 1, . . . , F

}
. (42)

Since all objective coefficients in (42) are non-negative, there exists an optimal solution in which η+f η
−
f = 0

for every f and θ+θ− = 0. If both components of a pair were strictly positive, reducing them by the smaller of
the two values would preserve dual feasibility while strictly decreasing the objective. Defining the unrestricted
variables ηf := η+f − η−f and θ := θ+ − θ−, the relations η+f + η−f = |ηf | and θ+ + θ− = |θ| hold at any such
optimal solution, so (42) reduces to

min
η∈RF

θ∈R

{
F∑

f=1

|ηf |+ βF |θ| : ηf + θ = Ψf , f = 1, . . . , F

}
. (43)
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The equality constraint in (43) gives ηf = Ψf − θ, and substituting back produces the univariate convex
program

min
θ∈R

Φ(θ) :=
F∑

f=1

∣∣Ψf − θ
∣∣+ βF |θ|. (44)

The function Φ is convex and piecewise linear, with breakpoints at θ = 0 and at θ = Ψf for f = 1, . . . , F .
Since Φ(θ) → +∞ as |θ| → ∞, the minimum is attained at one of these breakpoints.

To identify the optimal breakpoint, suppose first that θ∗ > 0. The left and right derivatives of Φ at a
generic point θ are

Φ′
−(θ) =

∣∣{f : Ψf < θ}
∣∣− ∣∣{f : Ψf ≥ θ}

∣∣+ βF,

Φ′
+(θ) =

∣∣{f : Ψf ≤ θ}
∣∣− ∣∣{f : Ψf > θ}

∣∣+ βF.

Let ℓ ∈ {1, . . . , F} index the candidate breakpoint, so that θ∗ = Ψℓ corresponds to choosing the ℓ-th largest
aggregate loading. Under the ordering Ψ1 ≥ · · · ≥ ΨF , evaluating these derivatives at θ∗ = Ψℓ gives
Φ′

−(Ψℓ) = (1 + β)F − 2ℓ and Φ′
+(Ψℓ) = (1 + β)F − 2ℓ+ 2. By convexity of Φ, the point θ∗ = Ψℓ is optimal

if and only if Φ′
−(θ

∗) ≤ 0 ≤ Φ′
+(θ

∗), which simplifies to

(1 + β)F

2
≤ ℓ ≤ (1 + β)F

2
+ 1.

The smallest integer satisfying these inequalities is f+ = ⌈(1 + β)F/2⌉, so θ∗ = Ψf+ . When ties are present
in the Ψf , the same argument applies with the subdifferential replacing left and right derivatives, and the
optimum is attained at the same breakpoint value. By a symmetric argument, if θ∗ < 0, the optimum
is attained at θ∗ = Ψf− ; the outer max in the definition of f− ensures the index is well defined when
(1− β)F/2 = 0. The remaining candidate θ∗ = 0 corresponds to the case in which the constraint on

∑
f ξf

is non-binding.
Hence the optimum of Φ is attained for some λ ∈ Λ = {0, Ψf+ , Ψf−}, and substituting θ = λ in (44)

yields the right-hand side of (41).

Corollary C.4.1. Let λ∗ ∈ Λ attain the minimum in (41), and set a = |{f : Ψf > λ∗}|, b = |{f : Ψf < λ∗}|,
and T = {f : Ψf = λ∗}. A worst-case realization ξ∗ attaining the left-hand side of (41) is recovered in O(F )
operations by setting ξ∗f = sign(Ψf − λ∗) for f /∈ T and, when T ̸= ∅, ξ∗f = S/|T | for f ∈ T , where

S = sign(λ∗)βF − (a − b) if λ∗ ̸= 0, and S is the projection of 0 onto the interval
[
max{−|T |,−βF − (a −

b)}, min{|T |, βF − (a − b)}
]
if λ∗ = 0. The induced per-arc deviations δ∗ri−1ri =

∑F
f=1 ξ

∗
fΨri−1rif satisfy∑p

i=s+1 δ
∗
ri−1ri =

∑F
f=1 ξ

∗
fΨf , the optimal value of (41).

Proof. Fix the subpath (rs, . . . , rp) and write Ψf := Ψ
(s,p)
f =

∑p
i=s+1 Ψri−1rif , ordered so that Ψ1 ≥ · · · ≥

ΨF . By LP duality applied to (41), the optimal multiplier of the budget constraint equals the minimizing
breakpoint: writing it as θ = θ+ − θ−, with θ+, θ− ≥ 0 the multipliers associated with

∑
f ξf ≤ βF and

−
∑

f ξf ≤ βF , we have θ = λ∗. Fixing θ = λ∗, the Lagrangian of the inner maximization separates across
factors into the scalar problems max−1≤ξf≤1(Ψf − λ∗)ξf , so ξ

∗
f = sign(Ψf − λ∗) is optimal for every f /∈ T ,

while any value in [−1, 1] is optimal for a tied factor (those in subset T ), provided the budget constraint
remains satisfied and, when λ∗ ̸= 0, tight on the appropriate side.

If λ∗ ̸= 0, then θ+ > 0 or θ− > 0, and by complementary slackness
∑

f ξ
∗
f = sign(λ∗)βF . The non-tied

factors contribute a− b to this sum, so the tied ones must supply S = sign(λ∗)βF − (a− b). Evaluating the
one-sided derivatives of the dual objective Φ at λ∗ (stated for λ∗ > 0; the case λ∗ < 0 is symmetric) gives
Φ′

−(λ
∗) = b−(a+|T |)+βF and Φ′

+(λ
∗) = (b+|T |)−a+βF , so the breakpoint optimality condition Φ′

−(λ
∗) ≤

0 ≤ Φ′
+(λ

∗) is equivalent to −|T | ≤ S ≤ |T |, and the equal split ξ∗f = S/|T | is feasible. If instead λ∗ = 0, the
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budget constraint need not be active: the tied factors are only required to keep
∑

f ξ
∗
f ∈ [−βF, βF ], that is,

to supply a sum in
[
max{−|T |,−βF − (a− b)}, min{|T |, βF − (a− b)}

]
. This interval is nonempty, because

the breakpoint optimality conditions Φ′
−(0) = b − (a + |T |) − βF ≤ 0 and Φ′

+(0) = (b + |T |) − a + βF ≥ 0
amount to |a− b| ≤ βF + |T |, and it contains S by construction. In both cases every tied entry lies in [−1, 1],
since |S| ≤ |T |.

Optimality of ξ∗ follows by direct substitution: using the identities sign(Ψf − λ∗)Ψf = |Ψf − λ∗| +
sign(Ψf − λ∗)λ∗ and λ∗(a− b+ S) = βF |λ∗|, valid in both cases,

F∑
f=1

ξ∗fΨf =
∑
f /∈T

sign(Ψf − λ∗)Ψf + λ∗S =
F∑

f=1

∣∣Ψf − λ∗
∣∣+ βF

∣∣λ∗∣∣ = Φ(λ∗),

the optimal value of (41). Finally,
∑p

i=s+1 δ
∗
ri−1ri =

∑F
f=1 ξ

∗
f

∑p
i=s+1 Ψri−1rif =

∑F
f=1 ξ

∗
fΨf , by exchanging

the order of summation. Substituting the per-arc deviations δ∗ of Corollary C.4.1 for η(s,p) in (13) gives the
factor-model closed form

τ rsrp = τ0rs +

p∑
i=s+1

(
t̄ri−1ri + sri−1 + σri

)
+ max

0≤k≤p

[
(wa

rk
− τ0rk) +

p∑
i=k+1

(
δ(s,p)ri−1ri − σri

)]
, (45)

with δ
(s,p)
ri−1ri =

∑F
f=1 ξ

∗
fΨri−1rif .

Remark. When T ̸= ∅, the maximizer of (41) is not unique: any feasible allocation of S among the tied
factors is optimal, and different allocations induce different per-arc deviations, hence different intermediate
values τ rsrp in (13), since a tied factor’s loading over a range (rk, . . . , rp) with k ̸= s need not equal its aggregate
Ψf = λ∗ over the subpath. Nevertheless, by Theorem 3.1 and the remark following it, the outer maximization
(14) returns the same worst-case arrival τrp for every choice of maximizer, so the fixed split of Corollary C.4.1
may be used throughout. Reoptimizing the tied allocation for each reset point k is a valid alternative that can
only enlarge the intermediate values τ rsrp , possibly triggering the infeasibility test at an earlier predecessor, but
it leaves τrp unchanged.

C.5 Discrete uncertainty set

Theorem C.5. The maximization subproblem associated with the discrete uncertainty set in expression (13)
admits the closed-form solution

max
t∈UD

p∑
i=s+1

(
tri−1ri − t̄ri−1ri

)
= max

{
p∑

i=s+1

t̂(j)ri−1ri : j ∈ {1, . . . , D}

}
. (46)

Proof. The objective is a linear function of the realization t, and the uncertainty set UD = conv{t(1), . . . , t(D)}
is a bounded polytope whose vertices are (a subset of) the scenarios t(j). By the fundamental theorem of linear
programming, the maximum of a linear function over a bounded polytope is attained at a vertex. Therefore,

the optimum is attained at some scenario t(j
∗), and the optimal value equals maxj∈{1,...,D}

∑p
i=s+1 t̂

(j)
ri−1ri .

We note that scenarios dominated componentwise by another scenario can be omitted without affecting
the optimum, since they cannot be optimal vertices of the maximization.

Appendix D Algorithm example

This appendix illustrates the behavior of the proposed feasibility algorithm through an example under the
axis-parallel ellipsoidal uncertainty set. The example highlights a key distinction between travel-time and
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demand uncertainty. In robust optimization problems under demand uncertainty, the worst-case realization
is typically obtained by maximizing the cumulative deviation along the route. Under travel-time uncertainty
with (non-zero) opening time windows, however, this approach is no longer valid, as part of the realized
delay may be absorbed by waiting times. Consequently, a realization with a smaller cumulative travel-time
deviation may produce a later arrival than another realization with a larger total delay.

Figure 5 illustrates this phenomenon by computing the latest arrival time at node r5 in the route R =
(r0, . . . , r5, . . . , rm+1). Each row assumes that travel-time deviations are considered only on the route suffix
beginning after node rs, where s ∈ {0, . . . , 4}. The node time windows are shown above each customer, while
the nominal travel times t̄ij and the maximum deviations t̂ij are displayed below and above the corresponding
arcs, respectively. Service times are omitted for simplicity.

𝑟0 10
𝜉𝑟0𝑟1
∗ : 0

𝑟1 35
𝜉𝑟1𝑟2
∗ : 0

𝑟2 20
𝜉𝑟2𝑟3
∗ : 0

𝑟3 15
𝜉𝑟3𝑟4
∗ : 0

𝑟4 10+4
𝜉𝑟4𝑟5
∗ : 1.000

𝑟5 𝒯= 4.00

𝜏r5: 114.00

𝑤r5: 114.00

𝜏r4: 100.00

𝑤r4: 100.00

𝝉r3: 70.00

𝒘r3: 85.00

𝝉r2: 45.00

𝒘r2: 50.00

𝜏r1: 10.00

𝑤r1: 10.00

Delay from 𝒓𝟒:

𝑟0 10
𝜉𝑟0𝑟1
∗ : 0

𝑟1 35
𝜉𝑟1𝑟2
∗ : 0

𝑟2 20
𝜉𝑟2𝑟3
∗ : 0

𝑟3 15+3.90
𝜉𝑟3𝑟4
∗ : 0.781

𝑟4 10+2.49
𝜉𝑟4𝑟5
∗ : 0.624

𝑟5 𝒯= 6.39

𝝉𝒓𝟓: 116.39

𝒘𝒓𝟓: FAILURE
𝜏r4: 103.90

𝑤r4: 103.90

𝝉r3: 70.00

𝒘r3: 85.00

𝝉r2: 45.00

𝒘r2: 50.00

𝜏r1: 10.00

𝑤r1: 10.00

Delay from 𝒓𝟑:

𝑟0 10
𝜉𝑟0𝑟1
∗ : 0

𝑟1 35
𝜉𝑟1𝑟2
∗ : 0

𝑟2 20+7.33
𝜉𝑟2𝑟3
∗ : 0.814

𝑟3 15+2.26
𝜉𝑟3𝑟4
∗ : 0.453

𝑟4 10+1.44
𝜉𝑟4𝑟5
∗ : 0.362

𝑟5 𝒯= 11.03

𝜏r5: 113.70

𝑤r5: 113.70
𝜏r4: 102.26

𝑤r4: 102.26

𝝉r3: 77.33

𝒘r3: 85.00

𝝉r2: 45.00

𝒘r2: 50.00

𝜏r1: 10.00

𝑤r1: 10.00

Delay from 𝒓𝟐:

𝑟0 10
𝜉𝑟0𝑟1
∗ : 0

𝑟1 35+12.07
𝜉𝑟1𝑟2
∗ : 0.805

𝑟2 20+4.34
𝜉𝑟2𝑟3
∗ :0.483

𝑟3 15+1.34
𝜉𝑟3𝑟4
∗ : 0.268

𝑟4 10+0.86
𝜉𝑟4𝑟5
∗ : 0.214

𝑟5 𝒯= 18.61

𝜏r5: 112.20

𝑤r5: 112.20
𝜏r4: 101.34

𝑤r4: 101.34

𝝉r3: 81.41

𝒘r3: 85.00

𝜏r2: 57.07

𝑤r2: 57.07

𝜏r1: 10.00

𝑤r1: 10.00

Delay from 𝒓𝟏:

𝑟0 10+1.29
𝜉𝑟0𝑟1
∗ : 0.259

𝑟1 35+11.66
𝜉𝑟1𝑟2
∗ : 0.777

𝑟2 20+4.19
𝜉𝑟2𝑟3
∗ : 0.466

𝑟3 15+1.29
𝜉𝑟3𝑟4
∗ : 0.259

𝑟4 10+0.82
𝜉𝑟4𝑟5
∗ : 0.207

𝑟5 𝒯 = 19.28

𝜏𝑟5: 112.11

𝑤r5: 112.11
𝜏r4: 101.29

𝑤r4: 101.29

𝝉r3: 82.14

𝒘r3: 85.00

𝜏r2: 57.95

𝑤r2: 57.95

𝜏r1: 11.29

𝑤r1: 11.29

Delay from 𝒓𝟎:

𝑟0 𝑟1
5

10

[8,15][0,120]

𝑟2
15
35

[50,65]

𝑟3
9

20

[85,93]

𝑟4
5

15

[90,105]

𝑟5
4

10

[100,115]

Ƹ𝑡𝑖𝑗:
ҧ𝑡𝑖𝑗:

Data:

𝒯= 0.00

𝜏r5: 110.00

𝑤r5: 110.00

𝜏r4: 100.00

𝑤r4: 100.00

𝝉r3: 70.00

𝒘r3: 85.00

𝝉r2: 45.00

𝒘r2: 50.00

𝜏r1: 10.00

𝑤r1: 10.00

Figure 5: Illustration of the feasibility algorithm.

For each route suffix, the worst-case realization is computed under an axis-parallel ellipsoidal uncertainty
set with Ω = 1 by solving

max
ξ∈Rn×n

{
5∑

i=s+1

ξri−1ri t̂ri−1ri :
5∑

i=s+1

(ξri−1ri)
2 ≤ 1

}
, (47)

Bold arcs indicate where deviations are allowed. For each case, the figure reports the optimal realization,
the corresponding arrival time τi, the service start time at each customer, and the cumulative travel-time
deviation

T =

5∑
i=s+1

ξ∗ri−1ri t̂ri−1ri . (48)
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The worst-case arrival time at node r5 is obtained when deviations are considered only on the suffix
beginning after node r3, yielding τr5 = 116.39 with a cumulative deviation of T = 6.39. Interestingly,
allowing deviations on additional arcs produces larger cumulative deviations but earlier arrivals at node r5.
This occurs because the waiting time induced by the opening time window at node r3 completely absorbs the
delays accumulated before this node. Hence, unlike robust optimization problems under demand uncertainty,
maximizing the cumulative travel-time deviation does not necessarily identify the realization yielding the
latest arrival time. This observation motivates the proposed feasibility algorithm, which explicitly accounts
for the interaction between travel-time deviations and waiting times.

Appendix E Robust graph preprocessing

This appendix details the robust preprocessing procedure summarized in Section 4.1, which extends the
deterministic preprocessing rules of Ascheuer et al. [26] to account for travel-time uncertainty, following
Bartolini et al. [14].

The total time, including travel and service times, of any subpath P under uncertainty set U is denoted
SU
P . Parameter αij represents the maximum deviation on arc (i, j) for a given uncertainty set U , computed

using the expressions in Table 6; these closed-form expressions are obtained from the non-deterministic
components of the formulations in Table 1 by specializing them to a path R = (i, j), with rs = i and rp = j.

Table 6: Mathematical expression of parameter αij used in the time windows tightening and basic robust arc removal
steps.

Uncertainty set Closed-Form

Cardinality-constrained (UΓ) αij = min{t̂ij ,Γt̂ij}
Knapsack (U∆) αij = min{t̂ij ,

∑
l∈L

(i,j)∈Sl

∆l}

Ellipsoidal (UΩ) αij = min{t̂ij ,Ωt̂ij},

Factor model (UΨ) αij = min

(∑F
f=1 |λ−Ψijf |+ βF |λ| : λ ∈

{
0,Ψijf+ ,Ψijf−

})
Discrete (UD) αij = maxd∈{1...,D}{t̂dij}

With these definitions in place, we detail the arc-removal and time-window-tightening procedures below.
These steps are applied iteratively until no further changes occur in the instance graph G at the end of an
iteration, defined as a complete execution of all the proposed steps.

Time windows tightening

Step 1: Let w̄a
i := min{wb

i ,min (j,i)∈A
j ̸=n+1

{wa
j + sj + t̄ji}} and set wa

i := max{w̄a
i , w

a
i }, ∀i ∈ N ∗;

Step 2: Let w̄b
i := max{wa

i , t̄0i + α0i,max (i,j)∈A
j ̸=0

{wb
j − si − t̄ij − αij}} and set wb

i := min{w̄b
i , w

b
i}, ∀i ∈ N ;

Basic robust arc removal

Step 1: Remove from A all arcs (i, j) in which wa
i + si + t̄ij + αij > wb

j ;

Generation of precedence list for arc removal

Step 1: For each pair of nodes i and j, flag node i that precedes j (i ≺ j) if, and only if, wa
j + SU

(j,i) > wb
i ;

Step 2: For each pair of nodes i and j, if there is a node k ∈ N such that i ≺ k and k ≺ j, then i ≺ j. Repeat
this step until no new precedence is detected.
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Arc removal due precedence

Step 1: Remove from A all arcs (j, i) in which node i precedes node j (i ≺ j).

Step 2: Remove all arcs (i, j) such that:

• k ≺ i or k ≺ j or wa
i + SU

(i,j)∪(j,k) > wb
k,

and

• i ≺ k or j ≺ k or wa
k + SU

(k,i)∪(i,j) > wb
j ,

for some k ∈ N .

Appendix F Robust R-cuts

This appendix details the robust extension of the reachability cuts (R-cuts) introduced by Lysgaard [27],
summarized in Section 4.3.

Let A−
U (l) be the set of arcs that can be traversed on a path from the depot to customer l without violating

any time window, under the worst-case realization in U . An arc (i, j) belongs to A−
U (l) if and only if:

1. max{wa
0 + SU

(0,i)∪(i,j), w
a
i + tij} ≤ wb

j , tij ∈ U ;

2. max{wa
0 + SU

(0,i)∪(i,j)∪(j,l), w
a
i + SU

(i,j)∪(j,l), w
a
j + SU

(j,l)} ≤ wb
l .

These conditions mirror the deterministic construction of Lysgaard [27], with each travel time or path duration
replaced by its worst-case counterpart under U (SU

p ). The set A+
U (l), used for paths from customer l back to

the depot, is defined symmetrically. Given these sets, the reachability cut for a set S ⊂ N ∗ and customer l is∑
(i,j)∈A−

U (l)
i/∈S, j∈S

xij ≥ 1. (49)

Following Lysgaard et al. [25], the separation of cut (49) for a given solution x∗ is based on a max-
flow (Edmonds–Karp) algorithm, applied for each node l ∈ N ∗ on a directed graph whose vertices are the
instance’s nodes, with arc capacities x∗ij if (i, j) ∈ A−

U (l) and 0 otherwise. Computing the maximum flow
between the depot 0 and node l, and subtracting it from the right-hand side of (49), gives the violation of the
corresponding constraint; the node l with the greatest violation is selected, with S taken as the set of nodes
visited in the max-flow solution. If every node has zero violation, no cut is returned. The same procedure
applies to A+

U (l), computing maximum flow between customer l and the depot n+ 1.

Appendix G Results of the Branch-and-cut method.

Table 7, whose structure is similar to that of Table 3, summarizes the results of the proposed BC method
for each uncertainty set and budget value. The only difference between this table and the one reporting
the results of the BPC algorithm is that it includes two different columns: one for the cuts generated by
CVRPSep, such as capacity and comb inequalities, and another for the robust fractional reachability cuts
(R-Cuts), which are not used in the BPC algorithm.
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Table 7: Computational results of the BC algorithm for the RVRPTW instances

Solved Cuts

Uncertainty set nN Ins nS nS(%) T(s) Gap(%) CVRPSep Tourn R-Cuts

Deterministic
25 56 54 96.4 240.67 0.4 36.7 0.0 0.0
50 56 25 44.6 2063.4 5.4 112.9 0.0 0.0
100 56 18 32.1 2502.0 12.1 545.5 0.0 0.0

Cardinality
25 504 465 92.3 348.8 0.9 32.3 38948.5 64.3
50 504 226 44.8 2071.4 8.8 68.3 42550.5 291.4
100 504 164 32.5 2546.3 18.4 119.5 53823.8 573.0

Knapsack
25 504 476 94.4 253.8 0.6 35.9 36096.9 4.5
50 504 216 42.9 2111.7 6.7 109.7 54931.7 19.7
100 504 144 28.6 2649.2 18.4 219.7 14996.6 99.8

Ellipsoidal
25 672 634 94.3 255.7 0.6 35.0 53869.6 11.7
50 672 310 46.1 2047.5 6.9 93.1 90142.4 76.6
100 672 209 31.1 2597.8 18.2 173.8 39543.6 259.1

Factor model
25 840 772 91.9 357.5 0.9 31.3 48202.8 66.9
50 840 371 44.2 2085.0 9.3 73.9 54704.1 375.1
100 840 252 30.0 2646.1 18.1 86.8 86900.0 766.5

Discrete
25 672 630 93.8 394.8 0.8 36.7 13575.0 0.2
50 672 261 38.8 2313.6 7.9 115.9 7560.3 0.4
100 672 147 21.9 2880.3 19.0 537.3 1659.5 0.2

Appendix H Detailed results for the robustness analysis

Tables 8 and 9 show the average results for each configuration of uncertainty set, budget, and maximum devi-
ation over the nominal value of 10%, 25%, and 50% (Dev). The deterministic results are shown under column
Det. Table 8 presents the average percentage of infeasible scenarios in the Monte Carlo simulation (Risk) for
each configuration. Similarly, Table 9 presents the average price-of-robustness (PoR), which constitutes the
percentage increase in costs of the robust solution over the deterministic one, for each combination of budget
and deviation level. All values are presented as percentages.

Table 8: Average probability of constraint violation (Risk) of the solutions obtained for each uncertainty set considering
different deviation levels in the RVRPTW instances.

Risk (%)

Det UΨ UD

Dev - 0 0.25 0.5 0.75 1 10 20 30 40

10% 29.91 18.73 5.60 2.95 0.24 0.0 19.05 6.13 6.58 3.57
25% 45.01 29.49 17.58 3.79 0.89 0.0 21.01 9.65 7.83 6.78
50% 54.88 40.40 22.37 7.42 1.49 0.0 22.85 13.90 10.78 8.89

UΓ U∆ UΩ

Dev 1 5 10 20 40 60 0.25 0.5 0.75 1

10% 19.46 0.005 0.00 0.00 0.00 0.00 25.14 23.37 14.59 10.98
25% 22.74 0.006 0.00 0.02 0.00 0.00 30.43 25.31 22.00 12.73
50% 20.55 0.091 0.03 4.46 0.00 0.00 32.78 28.64 20.36 13.38

Appendix I Numerical information for the deterministic solution
of instance R112 with 25 customers.

Table 10 reports the detailed deterministic solution for instance R112 with 25 customers. For each route, it
provides the sequence of traversed arcs, the nominal travel times (tij), the maximum travel time deviations
(t̂ij), and the customer time windows ([wa

j , w
b
j ]) at each customer.
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Table 9: Average price-of-robustness (PoR) of the solutions obtained for each uncertainty set considering different
deviation levels in the RVRPTW instances.

PoR (%)

Det UΨ UD

Dev - 0 0.25 0.5 0.75 1 10 20 30 40

10% 0.0 5.76 6.36 6.60 6.65 7.06 3.52 4.00 4.62 4.55
25% 0.0 6.76 7.91 9.07 9.23 9.63 4.27 4.33 5.04 5.61
50% 0.0 9.12 11.56 12.89 13.85 16.18 5.27 5.42 6.18 7.63

UΓ U∆ UΩ

Dev 1 5 10 20 40 60 0.25 0.5 0.75 1

10% 4.69 5.35 5.44 6.14 6.15 5.97 4.53 4.71 4.95 4.98
25% 5.24 7.70 8.01 8.37 8.17 8.94 4.69 5.24 5.83 5.76
50% 8.64 13.58 14.09 10.69 14.95 15.12 6.28 6.56 7.32 9.68

Table 10: Deterministic solution for the instance R112 with 25 customers

Route 1:
(Blue)

Arc (0, 18) (18, 8) (8, 7) (7, 19) (19, 11) (11, 10) (10, 0) - -
tij 15.8 10.4 12.2 11.1 7 11.1 25.4 - -
t̂ij 7.9 5.2 6.1 5.5 3.5 5.5 12.7 - -

[wa
j , w

b
j ] [47, 136] [50, 149] [36, 135] [32, 146] [33, 152] [85, 172] [0, 230] - -

Route 2:
(Green)

Arc (0, 12) (12, 3) (3, 9) (9, 20) (20, 1) (1, 0) - - -
tij 15 11.1 15 11.1 16.4 15.2 - - -
t̂ij 7.5 5.5 7.5 5.5 8.2 7.6 - - -

[wa
j , w

b
j ] [15, 133] [76, 165] [47, 156] [79, 182] [73, 204] [0, 230] - - -

Route 3:
(Orange)

Arc (0, 21) (21, 22) (22, 23) (23, 4) (4, 25) (25, 24) (24, 0) - -
tij 18 10 11.1 15 10 15 30 - -
t̂ij 9 5 5.5 7.5 5 7.5 15 - -

[wa
j , w

b
j ] [18, 136] [50, 165] [36, 156] [73, 182] [56, 204] [58, 230] [0, 230] - -

Route 4:
(Red)

Arc (0, 2) (2, 15) (15, 14) (14, 16) (16, 17) (17, 5) (5, 6) (6, 13) (13, 0)
tij 18 13 15.8 11.1 11.1 10 10 7 11.1
t̂ij 9 6.5 7.9 5.5 5.5 5 5 3.5 5.5

[wa
j , w

b
j ] [18, 147] [30, 152] [32, 187] [29, 139] [60, 189] [20, 167] [49, 158] [79, 208] [0, 230]
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